kews Txtaeanh tens 
Eemniaied 


Sreseestre ee — 
= : poe oat 


Esra a5 


epee see 
Siete 


KLEMENTARY CALCULUS 


BY 
FREDERICK S. WOODS 


AND 


FREDERICK H. BAILEY 


PROFESSORS OF MATHEMATICS IN THE MASSACHUSETTS 
INSTITUTE OF TECHNOLOGY 


REVISED EDITION 


GINN AND COMPANY 


BOSTON - NEW YORK - CHICAGO + ATLANTA -: DALLAS 
PALO ALTO - TORONTO 


© COPYRIGHT, 1950, BY FREDERICK S. WOODS AND FREDERICK H. BAILEY 


COPYRIGHT, 1928, 1922, BY FREDERICK 8. WOODS AND FREDERICK H. BAILEY 


ALL RIGHTS RESERVED 


PREFACE 


This book is adapted to the use of students in the first year 
in technical school or college, and is based upon the experience 
of the authors in teaching calculus to students in the Massa- 
chusetts Institute of Technology immediately upon entrance. 
It is accordingly assumed that the student has had college- 
entrance algebra, including graphs, and an elementary course 
in trigonometry, but that he has not studied analytic geometry. 

The first three chapters form an introductory course in 
which the fundamental ideas of the calculus are introduced, 
including derivative, differential, and the definite integral, but 
the formal work is restricted to that involving only the poly- 
nomial. These chapters alone are well fitted for a short course 
of about a term. 

The definition of the derivative is obtained through the 
concept of speed, using familiar illustrations, and the idea 
of a derivative as measuring the rate of change of related quan- 
tities is emphasized. The slope of a curve is introduced later. 
This is designed to prevent the student from acquiring the 
notion that the derivative is fundamentally a geometric concept. 
For the same reason, problems from mechanics are prominent 
throughout the book. 

With Chapter IV a more formal development of the subject 
begins, and certain portions of analytic geometry are introduced 
as needed. These include, among other things, the straight line, 
the conic sections, the cycloid, and polar codrdinates. 

The book contains a large number of well-graded exercises for 
the student. Drill exercises are placed at the end of most sec- 
tions, and a miscellaneous set of exercises, for review or further 
work, is found at the end of each chapter except the first. 

Throughout the book, the authors believe, the matter is pre- 
sented in a manner which is well within the capacity of a first- 


year student to understand. They have endeavored to teach 
iii 
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the calculus from a common-sense standpoint as a very useful 
tool. They have used as much mathematical rigor as the 
student is able to understand, but have refrained from raising 
the more difficult questions which the student in his first 
course is able neither to appreciate nor to master. 

Students who have completed this text and wish to continue 
their study of mathematics may next take a brief course in 
differential equations and then a course in advanced calculus, 
or they may take a course in advanced calculus which includes 
differential equations. It would also be desirable for such stu- 
dents to have a brief course in analytic geometry, which may 
either follow this text directly or come later. 

This arrangement of work the authors consider preferable to 
the one — for a long time common in American colleges — by 
which courses in higher algebra and analytic geometry precede 
the calculus. However, the teacher who prefers to follow the 
older arrangement will find this text adapted to such a program. 


F.S. WOODS 
F. H. BAILEY 


PREFACE TO THE REVISED EDITION 


The text has been carefully revised as suggested by ex- 
perience in the classroom, and the exercises for the use of the 
student have been largely changed. In addition there has been 
an extension of the work in analytic geometry, and the process 
of integration has been more closely interwoven with that of 
differentiation. Certain topics previously treated by double 
integration have been transferred to the chapter on simple 
integration, and new applications of integration have been 


added. 
F.S. WOODS 
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ELEMENTARY CALCULUS 


CHAPTER I 
RATES 


1. Limits. Since the calculus is based upon the idea of a limit, 
it is necessary to have a clear understanding of the word. Two 
examples already familiar to the student will be sufficient. 

In finding the area of a circle in plane geometry it is usual to 
begin by inscribing a regular polygon in the circle. The area of 
the polygon differs from that of the circle by a certain amount. 
As the number of sides of the polygon is increased, this differ- 
ence becomes less and less. Moreover, if we take any small 
number e, we can find an inscribed polygon whose area differs 
from that of the circle by less than e; and if one such polygon 
has been found, any polygon with a larger number of sides will 
still differ in area from the circle by less than e. The area of the 
circle is said to be the lamzt of the area of the inscribed polygon. 

As another example of a limit consider the geometric progres- 
sion with an unlimited number of terms 

I+etatet 

The sum of the first two terms of this series is 13, the sum 
of the first three terms is 12, the sum of the first four terms is 
17, and so on. It may be found by trial and is proved in the 
algebras that the sum of the terms becomes more nearly equal 
to 2 as the number of terms which are taken becomes greater. 
Moreover, it may be shown that if any small number e¢ is as- 
sumed, it is possible to take a number of terms n so that the 
sum of these terms differs from 2 by less than e. If a value of n 
has thus been found, then the sum of a number of terms greater 
than n will still differ from 2 by less than e. The number 2 is 


said to be the limit of the sum of the first terms of the series. 
1 
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In each of these two examples there is a certain variable — 
namely, the area of the inscribed polygon of n sides in one case 
and the sum of the first m terms of the series in the other case — 
and a certain constant, the area of the circle and the number 2 
respectively. In each case the difference between the constant 
and the variable may be made less than any small number e by 
taking n sufficiently large, and this difference then continues to 
be less than e for any larger value of n. 

This is the essential property of a limit, which may be defined 
as follows: 


A constant A is said to be the limit of a variable X if, as the 
variable changes its value according to some law, the numerical dif- 
ference between the variable and the constant becomes and remains 
less than any small positive quantity which may be assigned. 


The definition does not say that the variable never reaches its 
limit. In most cases in this book, however, the variable fails to 
do so, as in the two examples already given. For the polygon is 
never exactly a circle, nor is the sum of the terms of the series 
exactly 2. Examples may be given, however, of a variable 
becoming equal to its limit, as in the case of a swinging pendulum 
finally coming to rest. But the fact that a variable may never 
reach its limit does not make the limit inexact. There is nothing 
inexact about the area of a circle or about the number 2. 

The student should notice the significance of the word 
“remains” in the definition. If a railroad train approaches a 
station, the difference between the position of the train and 
a point on the track opposite the station becomes less than any 
number which may be named; but if the train keeps on by the 
station, that difference does not remain small. Hence there is 
no limit approached in this case. 

If X is a variable and A a constant which X approaches as a 
limit, this fact is expressed by the notation 


XA, (1) 
It follows from the definition that we may write 
X=Ar+e, (2) 


where ¢ is a quantity (not necessarily positive) which may be 
made, and then wil] remain, as small as we please. 
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Conversely, if as the result of any reasoning we arrive at a 
formula of the form (2), where X is a variable and A a constant, 
and if we see that we can make e as small as we please and 
that it will then remain just as small or smaller as X varies, 
we can say that A is the limit of X. It is in this way that we 
shall determine limits in the following pages. 

2. Average speed. Let us suppose a body (for example, an 
automobile) moving from a point A to a point B (Fig. 1), a 
distance of 100 mi. If the automobile takes 5 hr. for the trip, 
we are accustomed to say that it has traveled at the rate of 
20 mi. an hour. Everybody knows mi Po 2 
posits doesnot mean that the °—+——__- 
automobile went exactly 20 mi. Bi 
in each hour of the trip, exactly 10 mi. in each half hour, ex- 
actly 5 mi. in each quarter hour, and so on. Probably no auto- 
mobile ever ran in such a way as that. The expression ‘‘ 20 mi. 
an hour” may be understood as meaning that a fictitious auto- 
mobile traveling in the steady manner just described would 
actually cover the 100 mi. in just 5 hr.; but for the actual 
automobile which made the trip, ‘‘20 mi. an hour”’ gives only 
a certain average speed. 

So if a man walks 9 mi. in 3 hr., he has an average speed of 
3 mi. an hour. If astone falls 144 ft. in 3 sec., it has an aver- 
age speed of 48 ft. per second. In neither of these cases, how- 
ever, does the average speed tell us what we should properly 
call the true speed at any given instant. In other words, we do 
not yet know how fast the body is actually moving at a given 
instant. 

The point we are making is so important, and it is so often 
overlooked, that we repeat it in the following statement : 


If a body traverses a distance in a certain tame, the average 
speed of the body in that time is given by the formula 


distance 


Average speed = aa 


but this formula does not in general give the true speed at any 
given time. 
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EXERCISES 


1. A man runs a quarter mile in 50 sec. What is his average 
speed in feet per second? 

9. A man runs a mile in 4 min. 25 sec. What is his average speed 
in yards per second? 

3. A stone is thrown directly downward from the edge of a ver- 
tical cliff. Three seconds afterwards it passes a point 204 ft. down 
the side of the cliff, and 6 sec. after it is thrown it passes a point 
696 ft. down the side of the cliff. What is the average speed of the 
stone in falling between the two mentioned points? 


4. A flywheel 2 ft. in diameter is making 1500 revolutions pei 
minute. What is the average speed in feet per second of any point 
on the outer rim of the wheel? 


5. A bead slides on a wire bent into a circle of radius 4 ft. If the 
plane of the circle is vertical and it takes the bead one minute to 
go from the highest point to the lowest point of the circle, what is 
its average speed in inches per second? 


6. A man rows across a river 2 mi. wide and lands at a point 
1 mi. farther down the river. If the banks of the river are parallel 
straight lines and he takes ? hr. to cross, what is his average speed 
in feet per minute if his course is a straight line? 


7. A trolley car is running along a straight street at an average 
speed of 10 mi. per hour. A house is 60 yd. back from the car 
track and 150 yd. up the street from a car station. A man comes out 
oi the house when a car is 300 yd. away from the station. What 
must be the average speed of the man in yards per minute if he goes 
in a straight line to the station and arrives at the same instant as 
the car? 

8. AB is the diameter of a circular track and is 100 yd. long. Two 
men, C and D, start from A at the same time. C goes directly to B 
at an average speed of 300 yd. per minute. D goes around the track. 


What must be D’s average speed in yards per minute if he arrives 
at B at the same moment as C? 


3. True speed. How, then, shall we determine the speed at 
which a moving body passes any given fixed point P in its 
motion (Fig.1)? In answering this question the mathemati- 
clan begins exactly as does the policeman in setting a trap 
for speeding. He takes a point Q near P and determines the 
distance PQ and the time it takes to pass over that distance. 
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Suppose, for example, that the distance PQ is } mi. and the 
time is 1 min. Then, by § 2, the average speed with which the 
distance is traversed is 

4mi. 3m. : 
a sis = 80 mi. per hour. 

This is merely the average speed, however, and can no more 
be taken for the true speed at the point P than could the 20 mi. 
an hour which we obtained by considering the entire distance 
AB. It is true that the 30 mi. an hour obtained from the in- 
terval PQ is likely to be nearer the true speed at P than was 
the 20 mi. an hour obtained from AB, because the interval PQ 
is shorter. 

The last statement suggests a method for obtaining a still 
better measure of the speed at P; namely, by taking the interval 
PQ still smaller. Suppose, for example, that PQ is taken as 
76 mi. and that the time is 6} sec. A calculation shows that the 
average speed at which this distance was traversed was 36 mi. 
an hour. This is a better value for the speed at P. 

Now, having seen that we get a better value for the speed at 
P each time that we decrease the size of the interval PQ, we 
can find no end to the process except by means of the idea of a 
limit defined in §1. We have, then, the definition: 


The speed of a moving body ai any point of rts path is the lamit 
approached by the average speed computed for a small distance be- 
ginning at that point, the limit to be determined by taking this 
distance smaller and smaller. 


This definition may seem to the student a little intricate, and 
we shall proceed to explain it further. 

In the case of the automobile, which we have been using for 
an illustration, there are practical difficulties in taking a very 
small distance, because neither the measurement of the distance 
nor that of the time can be exact. This does not alter the fact, 
however, that theoretically to determine the speed of the car 
we ought to find the time it takes to go an extremely minute 
distance, and the more minute the distance the better the result. 
For example, if it were possible to discover that an antomobile 
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ran ;/y in. in sylgq sec., we should be pretty safe in saying that 
it was moving at a speed of 30 mi. an hour. 

Such fineness of measurement is, of course, impossible; but 
if an algebraic formula connecting the distance and the time is 
known, the calculation can be made as fine as this and finer. 
We will therefore take a familiar case in which such a formula 
is known; namely, that of a falling body. 

Let us take from physics the formula for a body falling from 


rest, s = 16 ??, (1) 


where s is the distance from the point O (Fig. 2) from which the 
body fell and ¢ is the time which has elapsed since the body 
began to fall, and let us ask what is the speed of the body 
at the instant when t=2. In Fig. 2 let Pi be its position {9 
when ¢ = 2, and Pz its position a short time later. The 
average speed with which the body falls through the dis- 
tance PP2 is, by § 2, that distance divided by the time 
it takes to traverse it. We shall proceed to make several 
successive calculations of this average speed, assuming 
P,P2 and the corresponding time smaller and smaller. 
In so doing it will be convenient to introduce a notation 
as follows: Let ¢; represent the time at which the body 
reaches P;, and tz the time at which it reaches P2. Also 
let s, equal the distance OPi, and sz the distance OP2. yg 9 
Then s2—s, = PiP2, and tz —t, is the time it takes to 
traverse the distance PiP2z. Then the average speed at which 
the body traverses P;P2 is 


wu aye) 


$2915 2 

ar (2) 
Now, by the statement of our particular problem, 

i = 2. 


Therefore, from (1), 8; = 16(2)? = 64. 


We shall assume a value of ¢ a little larger than 2 and compute 
se from (1) and the average speed from (2). That having been 
done, we shall take tz a little nearer to 2 than it was at first, and 


again compute the average speed. This we shall do repeatedly, 
each time taking ft. nearer to 2. 
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Our results can best be exhibited in the form of a table, as 
tollows: ; 


s82— $81 
lo — ta 


70.56 : 6.56 65.6 
64.6416 : .6416 64.16 
64.064016 : -064016 64.016 
64.00640016 : -00640016 64.0016 


S2 S2—S1 


It is fairly evident from the above arithmetical work that as 
the time ¢2 — t; and the corresponding distance s2 — s,; become 
smaller, the more nearly is the average speed equal to 64. 
Therefore we are led to infer, in accordance with §1, that the 
speed at which the body passes the point P, is 64 ft. per second. 

In the same manner the speed of the body may be estimated 
at any point of its path by means of a purely arithmetical cal- 
culation. In the next section we shall go farther with the same 
problem and employ algebra. 

We may, however, sum up what we have now obtained in the 


formula ee 
change in distance 


d = limi =a 
Se fine Oe change in time 


EXERCISES 


1. Estimate the speed of a falling body at the end of the fourth 
second, given that s = 16 ¢?, exhibiting the work in a table. 


2. Estimate the speed of the body in Ex. 1 at the end of the fifth 
second, exhibiting the work in a table. 


3. The distance of a falling body from a fixed point at any time 
is given by the equation s = 150 + 16 ¢?. Estimate the speed of the 
body at the end of the third second, exhibiting the work in a table. 

4. A body is falling so that its distance s from a fixed point O at 
any time ¢ is given by the equation s = 16 t? + 201. Estimate the 
speed of the body when f = 2 sec., exhibiting the work in a table. 

5. A body is thrown upward with such a speed that at any time 
its distance from the surface of the earth is given by the equation 
3s = 200t— 1622. Estimate its speed at the end of the third second, 
exhibiting the work in a table. 
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6. The distance of a falling body from a fixed point at any time 
is given by the equation s=100 +10¢+ 16%. Estimate its speed 
at the end of the first second, exhibiting the work in a table. 


7. A body is thrown upward with such a speed that at any time ¢ 
its distance from the surface of the earth is given by the equation 
s—100+70t—16?2. Estimate its speed when t = 2, exhibiting the 
work in a table. 


4. Algebraic method. In this section we shall show how it is 
possible to derive an algebraic formula for the speed, still con- 
fining ourselves to the special example of the falling body whose 


equation of motion is 
gs 168": (1) 


Instead of taking a definite numerical value for t;, we shall 
keep the algebraic symbol t;. Then 


& = 16.i;7. 


Also, instead of adding successive small quantities to t to 
get t2, we shall represent the amount added by the algebraic 
bol h. That is, 
ie t2a=ti +h, 


and, from CLs Sa 16 fe = 164 + h)?. 
Hence 8s - 3 = 16(t + h)? — 16 fio oe tih + 16 h?. 


This is a general expression for the distance P,P: in Fig. 2. 
Now t2—t; =h, and therefore the average speed with which 
the body traverses Pi P2 is represented by the expression 


32 th + 16 h? 


y = 324 +16h. 


It is obvious that if hk is taken smaller and smaller, the aver- 
age speed approaches 32 t, as a limit. In fact, the quantity 
32 t, satisfies exactly the definition of limit given in § 1. For if 
eis any number, no matter how small, we have simply to take 
16 h < e in order that the average speed should differ from 32 t, 
by less than e; and after that, for still smaller values of h, this 
difference remains less than e. 
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We have, then, the result that if the distance of a falling body 
from a fixed point is given by the formula 


ce ope 
the speed of the body at any time is given by the formula 
Speed = 382. 


It may be well to emphasize that this is not the result which 
would be obtained by dividing s by t. 


EXERCISES 


1. Find the speed in each of the problems 3-7 of § 8 by the method 
explained in this section. 


In each of the following equations s is the distance of a body mov- 
ing along a straight line from a fixed point O ef that line at any 
time ¢. In each case find an expression for the true speed of the body 
at any time ¢. 

2.s=3174+4t+6. 4,s=8., 6.s=Zb+SP. 

8.s=412+2¢+10. Ons 200 te %7s=8b+3t+7, 


5. Acceleration. Let us consider the case of a body which is 
supposed to move along a straight line so that if s is the distance 
in feet from a fixed point of that line and ¢ is the time in seconds, 


ea ie (1) 
Then, by the method of § 4, we find that if v is the speed in 
feet per second, Rope (2) 


We see that whent=1,v=3; whent=2Z,v=12; whent=8, 
y = 27; andsoon. That is, the body is gaining speed with each 
second. We wish to find how fast it is gaining speed. To find 
this out, let us take a specific time 


teal: 
The speed at this time we call 1, so that, by (2), 
» = 8(4)? = 48 ft. per second. 


Take (a0; 
then vo = 3(5)2 = 75 ft. per second. 
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Therefore the body has gained 75 — 48 = 27 units of speed in 
1 sec. This number, then, represents the average rate at which 
the body is gaining speed during the particular second con- 
sidered. It does not give exactly the rate at which the speed 
is increasing at the beginning of the second, because the rate 
is constantly changing. 

To find how fast the body is gaining speed when t; = 4, we 
must proceed exactly as we did in finding the speed itself. 
That is, we must compute the gain of speed in a very small 
interval of time and compare that with the time. 


Let us take ip — Aa 
Then %2 = 50.43 
and V2 — 1, = 2.48. 


Then the body has gained 2.43 units of speed in .1 sec., which 
is at the rate of os = 24.3 units per second. 


Again, take to= 4.01, 
Then V2 = 48.2408 
and V2 — vy = .2408. 


A gain of .2403 unit of speed in .01 sec. is at the rate of 
2403 
01 
one other obtained in the same way, in a table: 


= 24.03 units per second. We exhibit these results, and 


02 = U1 
(2) 


50.43 all 2.48 24.3 


v2 te — ty v2—01 


48.2403 01 2403 24.03 
48.024003 001 0240038 24.003 


The rate at which a body is gaining speed is called its accelera- 
tzon. Our discussion suggests that in the example before us the 
acceleration is 24 units of speed per second. But the unit of 
speed is expressed in feet per second, and so we say that the 
acceleration is 24 ft. per second per second. 
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By the method used in determining speed, we may get a 
general formula to determine the acceleration from equation (2)e 


We take 
te=h +A. 
Then Vo = 3 to? = 38(4 + h)2 
and 22-4 = 6th+3h?2. 
The average rate at which the speed is gained is then 
Shh fal =6u+3h, 


and the limit of this, as h becomes smaller and smaller, is 
obviously 6 fy. 

This is, of course, a result which is valid only for the special 
example that we are considering. A general statement of the 
meaning of acceleration is as follows: 


Acceleration = limit of change in speed | 
change in time 


EXERCISES 


1. At any time ¢ the speed v of a moving body is given by the 
equation v = 8t+ 21. What is the speed when ¢t = 2, and how rap- 
idly is the speed changing ? 

2. At any time ¢ the speed v, measured in feet per second, is given 
by the equation v= 5t+ 10. By how much does the speed increase 
during the third second, and how fast is v increasing at the end of 
the third second ? 


3. If v= at+ 5, a and b being constants, show that the acceler- 
ation is constant. 


4, At any time? the speed v is given by the equation »=6??+1+3. 
What is the speed when ¢ = 8 and how rapidly is it changing? 


5. If v=2t2+3¢+10, measured in feet per second, by how 
much does the speed increase during the fifth second, and how fast 
is the speed increasing at the beginning of that second? 

6. If v= t2+3¢+4, measured in feet per second, determine the 
acceleration at the beginning of the fourth and at the end of the 
fifth second, also the average acceleration during the fourth and 
fifth seconds 
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7. If v=t3 +42, measured in feet per second, determine the 
acceleration at the beginning of the second second and at the end 
of the third second, also the average acceleration during the second 
and third seconds. 

8. Ifs=212+4t+7, s being measured in feet and ¢ in seconds, 
how far has the body moved between the times = 0 and t=4? 
Determine the speed and the acceleration when t = 4. 

9. If s= al? + bt +c, a, b, and ¢ being constants, show that the 
acceleration is constant. 

10. If s=¢#3+t2+2t+ 5, measured in feet per second, (a) how 
far will the body move during the third and fourth seconds? (b) how 
fast will the body be moving at the beginning and the end of the 
period noted in (a)? (c) how fast will the speed be increasing at the 
beginning and the end of the period noted in (a)? 


6. Rate of change. Let us consider another example which 
may be solved by processes similar to those used for determining 
speed and acceleration. 

A stone is thrown into still water, 
forming ripples which travel from 
the center of disturbance in the 
form of circles (Fig. 3). Let r be 
the radius of a circle and A its 
area. Then yeaa (1) 

In Fig. 3 the circles drawn are 
for the successive values of r = 1, 
2, 38, and so on. Hence the area of 
each circular ring is the area which 
is added to the circle inside the ring as the radius of the circle 
is increased by unity. It is obvious that these rings increase in 
area as r increases, and hence the changes in A as r increases 
from 0 by successive increases of unity are not all the same. 
How then do the changes in A compare with the changes in r? 

To answer this question we first let r; = 3, whence A; = 9 mr. 
We now give rz the successive values noted in the first column 
of the table on page 13, and compute the corresponding values 


of As, r2— 7, A2— Ai, and finally the ratio 42— 41 
the last column. T2—171 


Fig. 3 


given in 
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In the first line we see that a oe. of .1 in r causes a change 
of .61 7 in A, and the ratio 42—41 
Ui} Tact i} 


change of A per unit change in 1, as r increases from 3 to 3.1. 
In like manner, in the second line we see that the average change 
in A per unit change in r is 6.01 7 as r increases from 3 to 3.01; 
and finally in the third line the average change of A per unit 
change in r is found to be 6.001 7 as r changes from 8 to 3.001. 


= 6.1 7 is the average 


A2— Ay 
DD enya 


r2 Ag Ao—Aj 


3.1 9.61 7 dil 61 7 6.1 7 
3.01 9.0601 7 01 .0601 7 6.01 a 
3.001 9.006001 a .001 .006001 7 6.001 7 


The average change of A per unit change in r may be called 
the average rate of change of A with respect to r for the interval 
r2 — 7, to which it corresponds. 

These average rates of change of A with respect to r vary but 
seem to approach a limit 6 7. Hence we say, as definition, that 
the limit of the average rate of change of A with respect to 1, 
as the change in r approaches zero, is the true rate, or simply 
the rate of change of A with respect to r. 

Using this definition and following the algebraic method of 
§ 4 we determine the rate of change of A with respect to 1, 
starting from any value of 7, as 71. Then 


Ay = FTi7. 
Next take re=nth. 
Then Ag = Tre? = w(n1? + 2 nih + h?) 
and Ag — Ai = (2 nh +h?) ; 
so that 1M leas aT wry + th. 
PE — | 


As ro —1 =h is taken smaller and smaller, the limit of 


A2— Al jg 9 mr, which is accordingly the rate of change of A 
1 Boy ad iat 
with respect to r when r=17. As this is an entirely general 


statement, we may drop the subscript 1 and state the general 
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result that the rate of change of A with respect to r is 2 mr. 
In case r = 8, 2 rr =6 7, the limit that was inferred from the 
table. 

The above is only one of many cases. For example, it may 
be desired to compare the change of length of an iron bar with 
the change in temperature which causes the bar to change in 
length, or it may be desired to compare the change in the 
temperature of a gas with the change in the pressure to which 
it is subjected. In these, and all similar cases, we have two 
related quantities such that a change in one causes a change 
in the other. In such a case, if we denote the quantities by 
x and y, and if the change in x causes the change in y, we write 
the following definition : 


Rate of change of "| = pate change in y. 
with respect to x change in x 


In the above discussion the element of time does not enter. 
We are concerned only in comparing the changes in two quan- 
tities without considering how fast in respect to time either is 
changing. The latter question will be taken up in a subsequent 
section. 


EXERCISES 


1. In the example of the text find a general expression for the 
rate of change of the area with respect to the circumference. 


2. A soap bubble is expanding, always remaining spherical. Find 
the general expression for the rate of change of the volume with 
respect to the radius. 


3. In Ex. 2 find the general expression for the rate of change of 
the surface with respect to the radius. 


4, A cube of metal is expanding under the influence of heat. 
Assuming that the metal retains the form of a cube, find the rate of 
change at which the volume is increasing with respect to an edge. 


5. The altitude of a right circular cylinder is always equal to the 
diameter of the base. If the cylinder is assumed to expand, always 
retaining its form and proportions, what is the rate of change of the 
volume with respect to the radius of the base? 


6. Find the rate of change of the area of a sector of a circle of 
radius 6 ft. with respect to the angle at the center of the circle. 
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7. Find the rate of change of the area of a sector of a circle with 
respect to the radius of the circle if the angle at the center of the 
circle is always ri What is the value of the rate when the radius 
is 8in.? : 

8. Find the rate of change of the area of an equilateral triangle 
with respect to its side as the side varies in length. 


9. The kinetic energy of a body of mass m moving with a velocity v 
2 
is ae: Find the rate of change of the kinetic energy with respect 
to the velocity. 


10. The slant height of a certain right circular cone is always 6 ft. 
in length. Find the rate of change of the volume of the cone with 
respect to its altitude as the vertex of the cone settles toward the base. 


11. The length of a bar of metal at different temperatures is given 
by the formula L = Lo(1 + at + bi”), where t is the temperature, Lo 
is the length of the bar at zero temperature, and a and 6 are small 
constants depending upon the nature of the metal. Find the rate 
of change of the length with respect to the temperature. 


12. A balloon is in the form of a right circular cone with a hemi- 
spherical top. The radius of the largest cross section is equal to 
the altitude of the cone. The shape and proportions of the balloon 
are assumed to be unaltered as the balloon is inflated. Find the 
rate of increase of the volume with respect to the total height of 
the balloon. 

13. A spherical shell of ice surrounds a spherical iron ball concen- 
tric with it. The radius of the iron ball is 6in. As the ice melts, 
how fast is the mass of the ice decreasing with respect to its thickness ? 


CHAPTER Ii 
DIFFERENTIATION 


”. The derivative. The examples we have been considering 
in the foregoing sections of the book are alike in the methods 
used to solve them. We shall proceed now to examine this 
method so as to bring out its general character. 

In the first place, we notice that we have to do with two 
quantities so related that the value of one depends upon the 
value of the other. Thus the distance traveled by a moving 
body depends upon the time, and the area of a circle depends 
upon the radius. In such a case one quantity is said to be 
a function of the other. That is, a quantity y is said to be a 
function of another quantity, x, if the value of y is determined by 
the value of x. 

The fact that y is a function of x is expressed by the equation 


y =f), 


and the particular value of the function when «x has a definite 
value a is then expressed as f(a). Thus, if 


f(x) =a22 —82?4+427+1, 
f(2} = 28 — 3(2)? + 4(2) +1=5, 
f(0) =0-—3(0)+40)+1=1. 


It is in general true that a change in x causes a change in 
the function y, and that if the change in z is sufficiently small, 
the change in y is small also. Some exceptions to this may be 
noticed later, but this is the general rule. A change in x is 
called an increment of x and is denoted by the symbol Az (read 
“delta x”). Similarly, a change in y is called an increment of 
y and is denoted by Ay. For example, consider 

y=2?+32442. 
16 


a a ee 
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When x= 2, y=12. When x = 2.1, y=12.71. The change 
in x is .1, and the change in y is .71, and we write 


ieee de (Nod, 
So, in general, if x; is one value of x, and x2 a second value 


of x, then Ag=%e—%, or t2=%,+ Az; (1) 
and if y; and y2 are the corresponding values of y, then 
Ay=y2—-%"m, or yo=yi+ Ay. (2) 


The word increment really means “increase,” but as we are 
dealing with algebraic quantities, the increment may be nega- 
tive when it means a decrease. For example, if a man invests 
$1000 and at the end of a year has $1200, the increment of his 
wealth is $200. If he has $800 at the end of the year, the 
increment is — $200. So, if a thermometer registers 65° in the 
morning and 57° at night, the increment is — 8°. The incre- 
ment is always the second value of the quantity considered 
minus the first value. 

Now, having determined increments of x and of y, the next 
step is to compare them by dividing the increment of y by 
the increment of x. This is what we did in each of the three 
problems we have worked in §§ 3-6. In finding speed we began 
by dividing an increment of distance by an increment of time, 
in finding acceleration we began by dividing an increment of 
speed by an increment of time, and in discussing the ripples in 
the water we began by dividing an increment of area by an 
increment of radius. 


The quotient thus obtained is at That is, 


Ay _ increment of y _ change in y_ 
Ax increment of x change in x 


Anexamination of the tables of numerical values in §§3, 5,and 6 
shows that the quotient au depends upon the magnitude of Az, 
x 


and that in each problem it was necessary to determine its limit 
as Az approached zero. This limit is called the derivative of y 


with respect to x, and is denoted by the symbol a. We have then 
ou = limit of change in y __ em Y¥— Lim Ay, 


change in x az+0 Ax 
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At present the student is to take the symbol “ not as a 
fraction but as one undivided symbol to represent the deriva- 
tive. Later we shall consider what meaning may be given to 


ve suggests simply 


the fraction au, which has approached a definite limiting value. 


dx and dy separately. At this stage the form 


We may accordingly write the results of the previous chapter 
as follows: Te 
Speed = ra, v, 


Acceleration = dv 
dt’ 


Rate of change of y }= dy 
with respect to x dx” 


The process of finding the derivative is called differentiation 
and we are said to differentiate y with respect to x. From the 
definition and from the examples with which we began the book, 
the process is seen to involve the following four steps: 

1. The assumption at pleasure of Av. 

2. The determination of the corresponding Ay. 


3. The division of Ay by Ax to form 
z 


4. The determination of the limit approached by the quo- 
tient in step 3 as the increment assumed in step 1 approaches 
zero. 


Let us apply this method to finding " when y = 1 Let x1 
x 


be a definite value of x, and y,; = -. the corresponding value of y. 
1 


1. Take [eid 
Then, by (1), %2=M1+h. 
if 1 
Peele — = 
: On v2 Abel -- h / 
1 il h 
whence by: (2),  Ayg=—— = 
a i Lith x1 wy? + hay 


a xX 
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3. By division, aes ae ae Yes ae ‘ 


4, By inspection it is evident that the limit, as h approaches 


5 1 ‘ f : ; 
zero, is — 72 which is the value of the derivative when x = 2}. 
1 


But 2 may be any value of x; so we may drop the subscript 1 
and write as a general formula 


dy _ 1. 
\ dx x2 

ae ey Dy +t) 
= Me EXERCISES 


Find from the definition the derivatives of the following ex- 
pressions: 


= 2 Zs 
l. y= 5(a@? +. 4-1). eth ge ie gee, 
2.y=3 23 — 2? 438. x o+2 
3.y=2*—2 2. Pe la aa = ee 
‘ fered fe rare 
DH lear 


8. Differentiation of a polynomial. We shall now obtain for- 
mulas by means of which the derivative of a polynomial may be 
written down quickly. In the first place we have the theorem: 


The derivative of a polynomial is the sum of the derivatives of 
as separate terms. 


This follows from the definition of a derivative if we recog- 
nize that the change in a polynomial is the sum of the changes 
in its terms. A more formal proof will be given later. 

We have then to consider the terms of a polynomia!, which 
have in general the form ax”. Since we wish to have general 
formulas, we shall omit the subscript 1 in denoting the first 
values of x and y. We have, then, the theorem: 


If y = ax”, where n is a positive integer and a is a constant, then 


dy =anx"—!}, (1) 
dx 
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To prove this, apply the method of § 7: 


1. Take Ay =}. 
whence to=x+h. 
2. Then Yo = arg =a(x +h)"; 
whence Ay = a(a +h)” — ax” 
= a(n” + MAD nape se 
3. By division Ay _ a(nar—t 4+ ——_—+ mes —1) x2 tee- thr), 


Ne 
4. By inspection, the limit Sane by ae 
zero, is seen to be anx”~!. 


, as h approaches 


Therefore ou =anz"~1, as was to be proved. 


The polynomial may also have a term of the form az. This 
is only a special case of (1) with n=1, but for clearness we 
say explicitly, 


Lf y = ax, where a is a constant, then 

Wy — a, (2) 
Finally, a polynomial may have a constant term c. For this 

we have the theorem : 


If y=c, where c is a constant, then 


dy _ 
he = 0. (3) 


The proof of this is that as ¢ is constant, Ac is always zero, 
no matter what the value of Az is. Hence 


and therefore —~. = (), 


As an example of the use of the theorems, consider 


y¥=6et+403? —274+7, 
We write at once - 


Y — 24 y3 4.12 9? — 2, 
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EXERCISES 
Find the derivative of each of the following polynomials: 
l.w?#+24—4. 6.2—24+3 224+ 4 zt, 
252° +52—7. 7 8+20?—2 24+ 7, 
3.3 23 +62? + 21 7—15. 8. 214+ 47 — x3 + 25, 
4. 24+ 342+ 102-21. 9: ax® + bx? + cx + d. 
5.¢ 2 —423 42. 10. i ied 


9. Sign of the derivative. If, for a given value of x, Y is posts 


da 
tive, an ae im the value of x causes an increase in the value 
of y; of ie is negative, an increase in the value of x causes a 


decrease in the value of y. 
To prove this theorem, let us consider that a is positive 


Ay 


Then, since a is the limit of a , it follows that =! is positive 


for sufficiently small values of Az; that is, if Az is assumed 
positive, Ay is also positive, and therefore an increase of x 


causes an increase of y. Sealey if a is negative, it follows 


Ay 
Ag 
if Ax is positive, Ay must be negative, so that an increase of x 
causes a decrease of y. 

In ease the derivative is a polynomial, its sign may be con- 
veniently determined by breaking it up into factors and con- 
sidering the sign of each factor. It is obvious that a factor 
of the form x—a is positive when x is greater than a, and 
negative when z is less than a. 

Suppose, then, we wish to determine the sign of 

(x + 3) (a —1)(x — 6). 
There are three factors to consider, and three numbers are im- 
portant ; namely, those whicn make one of the factors equal to 
zero. These numbers arranged in order of size are — 3, 1, and 6. 
We have the four cases: 

1. x < —3. All factors are negative and the product is negative. 

2.—3<2< 1. The first factor is positive and the others 
are negative. Therefore the product is positive. 
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8.1<2< 6. The first two factors are positive and the last 
is negative. Therefore the product is negative. 

4. x > 6. All factors are positive and the product is positive. 
As an example of the use of the theorem, suppose we have 


y=u—3842?—92x+ 27, 


and ask for what values of x an increase in x will cause an in- 
crease or a decrease in y. We form the derivative and factor it. 


Thus, 
a dW — 3 2262-9 =3(@@ + I)@—8). 


Proceeding as above, we have the following three cases: 


Lomeli dy is positive, and therefore an increase in x 
increases ¥. 

2:—L< 7 =< 3. dy is negative, ard therefore an increase in x 
decreases y. dx 

3. > oO: =e is positive, and therefore an increase in x in- 
creases ¥. de 


These results may be checked by substituting values of x in 
the derivative. 


EXERCISES 


Find for what values of x each of the following expressions will 
increase if x is increased, end for what values of x they will decrease 
if x is increased : 


1. 2?-—62+7. 7.03 —2 0241. 
2.3807+424+7. 8.14+382-—4 2? — 23. 
38.2+32—2 x. 9.8 + 36 x + 54 x? + 27 x3. 
4,.4+62+8 x?. 10.1 + 2 x? — x?. 

5. x3? —9 v2 + 244+ 20. 11.1 —2 28 4 x4. 

6.73 —3 42? —9x4+38. 12.34 5427+ 27 x27 -—82x3 —6 24. 


10. Velocity and acceleration. he method by which the speed 
of a body was determined in § 4 was in reality a method of 
differentiation, and the speed, as there determined, was the 
derivative of the distance with respect to the time. In that 
discussion, however, we so arranged each problem that the re- 
sult was positive and gave a numerical measure (feet per second, 
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miles per hour, ete.) for the rate at which the body was moving. 
Since we may now expect, on occasion, negative signs, we will 
replace the word speed by the word velocity, which we denote 
by the letter v. In accordance with the previous work, we have 
ds 
ce @) 

The distinction between speed and velocity, as we use the 
words, is simply one of algebraic sign. The speed is the numer- 
ical measure of the velocity and is always positive, but the 
velocity may be either positive or negative. 

From (1) and § 9, we have the following theorem : 

When the velocity is positive, the body moves so as to increase s. 
When the velocity 1s negative, the body moves so as to decrease s. 

For example, consider a stone dropped from the top of a build- 
ing. If s is measured from the top of the building and ¢ is the 
time which has elapsed since the body began to fall, 


SiO. 
meds 
whence C= ee Oca: 


The velocity is positive and the stone moves so as to increase 
the distance from the top of the building. 

Suppose now for the same falling stone we measure s from 
the ground. If the building is 100 ft. high, we have 


s= 100 — 16 ??, 
whence t= - = — 321. 


The velocity is now negative, and the stone moves so as to 
decrease its distance from the ground. The actual motion of the 
stone is the same as before. The change in the sign of the 
velocity is caused by the change in the way s is measured. 

In § 5 we have defined acceleration by using the speed and 
have so arranged the work that the acceleration is always posi- 
tive. We shall now extend the definition using velocity instead 
of speed. Letting a represent the acceleration, we have, by 
definition, ne o. (2) 
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We must now expect to find negative accelerations on oc- 
easion. Accordingly, in accordance with §9, we have the 
theorem : 


If the acceleration is positive, the body is moving with increasing 
velocity. If the acceleration is negative, the body is moving with 
decreasing velocity. 


But it must be emphasized that if the velocity is negative, an 
increasing velocity means a decreasing speed and a decreasing 
velocity means an increasing speed. This is because, if a nega- 
tive number increases, its numerical value decreases, while if a 
negative number decreases, its numerical value increases. Thus, 
if a number changes from — 8 to — 5 it increases, since 3 has 
been added, while if it changes from — 5 to — 8 it decreases, 
since 3 has been subtracted. 

We have accordingly the following table: 


SPEED 


$s Vv 


increasing | increasing | increasing 


+ - increasing decreasing | decreasing 


_ oo decreasing | increasing decreasing 


decreasing | decreasing | increasing 


As an example, suppose a body thrown vertically into the air 
with a velocity of 96 ft. per second. From physics, if s is meas- 
ured up from the earth, we have 


s=96t—16??. 
From this equation we compute 

v = 96 — 321, 

a= — 82. 


Ift=2, v= 382 anda=-— 82. The distance from the earth is 
increasing (the body is going up), the speed is decreasing. If 
t{=4, v=— 82, a=— 32. The distance from the earth is de- 
creasing (the body is coming down) and the speed is increasing, 
although the velocity is decreasing. 


= 
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EXERCISES 
In the following examples find the direction of the motion: 
ls=3?—4t+7. 4.s=5+12t-942 88, 
2.s=2+5t—7. 5.s=8—4t-2 124 #3, 
3.s=5+8t-—5??2. 6.s=3t4—423+4 12, 


In the following examples find when the velocity is increasing 
and when decreasing : 

7s=4t?+t4+4. 10.s=4-—48—4¢+4+1. 

8.s=8—2t4+5t+4+1. ll.s=3t4#+4#—4t—38. 

9s=2—414+4—2 £3, 12.s=8H4+78—-—9#2+47t4+8, 


In the following examples find when the speed is increasing and 
when decreasing : 

13.s=2—8t+1. 16.s=1+3 ¢—- #3. 

14.s=1-—3t-#. 17.s=#8@—6+49¢—12. 

1h.s=38—62+4t-6. 18.s=8+ 8t—??— #3, 


11. Graphs. The relation between a variable x and a function 
y may be pictured to the eye by a graph. It is expected that 
students will have acquired some knowledge of the graph in 
the study of algebra, and the following brief discussion is given 
for a review. 

Take two lines OX and OY (Fig. 4), intersecting at right 
angles at O, which is called the orzgin of codrdinates. The line 
OX is called the axis of x, and the Yy 
line OY the axis of y; together they 
are called the codrdinate axes, or axes 
of reference. On OX we lay off a dis- 
tance OM equal to any given value 
of x, measuring to the right if x is 
positive and to the left if x is nega- 
tive. From M we erect a perpen- 
dicular MP, equal in length to the O M “e 
value of y, measured up if y is posi- 
tive and down if y is negative. 

The point P thus determined is said to have the codrdinates 
x and y and is denoted by (a, y). It follows that the numerical 


Fic. 4 
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value of x measures the distance of the point P from OY, and 
the numerical value of y measures the distance of P from OX. 
The codrdinate x is called the abscissa, and the codrdinate y the 
ordinate. It is evident that any pair of co6rdinates (x, y) fix a 
single point P, and that any point P has a single pair of coor- 
dinates. The point P is said to be plotted when its position is 
fixed in this way, and the plotting is conveniently carried out 
on paper ruled for that purpose into squares. 

If y is a function of x, values of may be assumed at pleasure 
and the corresponding values of y computed. Then each pair of 
values (x, y) may be plotted and a series of points found. The 
locus of these points is a curve called the graph of the function. 

It may happen that the locus consists of distinct portions not 
connected in the graph. In this case it is still customary to say 
that these portions together form a single curve. 

For example, let y= oe 2, (1) 


We assume values of x and compute values of y. The results 
are exhibited in the following table: 


These points are plotted and connected by a smooth curve, 
giving the result shown in Fig. 5. This curve should have the 
property that the codrdinates of any point on it satisfy equation (1) 
and that any point whose codrdinates satisfy (1) lies on the curve. 
It is called the graph both of the function y and of the equation 
(1), and equation (1) is called the equation of the curve. 

Of course we are absolutely sure of only those points whose 
codrdinates we have actually computed. If greater accuracy is 
desired, more points must be found by assuming fractional 
values of x. For instance, there is doubt as to the shape of the 
curve between the points (2, 6) and (8, 6). We take, therefore, 
x = 2% and find y = 64. This gives us another point to aid us 
in drawing the graph. Later, by use of the calculus, we can 


show that this last point is really the highest point of the 
curve. 
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The curve (Fig. 5) gives us a graphical representation of the 
way in which y varies with . We see, for example, that when 
x varies from —1 to 2, y is increasing; that when zx varies 
from 8 to 6, y is decreasing, and that y 


at some point between (2, 6) and | le ste - 


a 


(3, 6), not yet exactly determined, y 
has its largest value. 

It is also evident that the steep- 
ness of the curve indicates in some 
way the rate at which y is increasing 
with respect to x. For example, when 
x =-—1, an increase of 1 unit in x 
causes an increase of 6 units in y; 
while when x = 1, an increase of 1 unit 
in x causes an increase of only 2 units 
in y. The curve is therefore steeper 
when x = —1 than it is when x= 1. 

Now we have seen that the deriv- 


sits 
- 
- 


balls 
| 


ative uu measures the rate of change Fig. 5 


of y with respect to x. Hence we expect the derivative to be 
connected in some way with the steepness of the curve. We 
shall therefore discuss this connection in § 18. 


EXERCISES 
Plot the graphs of the following functions: 
lo 4) Ae 5. y=u?—22a-—83. 9. y=202 — 24 4. 
Soyo 0. 6. 4y—277-62-- 8. 10. y= x? — 3 x?. 
Sy = 3 Ct. (v= 10 pa — en. lly =22-- 627-122 48. 
Ae = 8 Se YO 1257 = 74 —4 33° 


12. Real roots of an equation. Let 
y =f(2) (1) 
be any equation for which we have a graph. When the graph 
crosses the axis of x we have a point at which y = 0 and hence 
x satisfies the equation f(x) = 0. (2) 
Hence some of the roots of equation (2) may be found by findiny 
the points at which the graph crosses the axvs of a. 
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We cannot find in this way the imaginary roots of (2) nor the 
real roots which correspond to points where the graph of (1) 
touches the axis of x without crossing it. However, this method 
of solving (2) is very useful. 

The points where the graph crosses the axis of x, and the 
corresponding roots of (2), may be found by trial as follows: 
Take any two values of x, say x = a and x = J, and substitute 
each in (1). If the values of y thus found have opposite signs, 
the graph must have crossed the axis of x at least once between 
x =a and x = b, and hence at least one root of the equation lies 
between a and b. By narrowing the interval between a and b 
the root may be located as accurately as desired. 

Of course, there is no absolute certainty that the curve may 
not have crossed the axis of « more than once and an odd 
number of times between x = a and x = b, but if these values 
are taken close enough together, this is not probable. 

Similarly, if the values of y for x = a and x = b have the same 
sign, the graph has either not crossed the axis of x, or has crossed 
it an even number of times, or has touched it without crossing. 
The graph will usually distinguish between these cases. 


Example. Find a real root of the equation 
ve+22%—-17=0 


accurate to two decimal places. 
We will arrange the work in tables, placing 


y=x22+2xe—17. 


In Table I we try integral values of x and discover that a root 
lies between 2 and 3. 

In Table II we try values of x between 2 and 8 differing by tenths. 
We are lead to suspect that the root is nearer 2 than 3 because the 
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value of y for « = 2 is smaller numerically than that for x= 3. We 
find that the root lies between 2:3 and 2.4 and apparently is nearer 2.3. 

In Table III we need to try only two values of x to see that the 
root lies between 2.31 and 2.32. The root apparently lies nearer 2.31, 
but to make sure we substitute «= 2.315 and find y= .037--+ 
Hence the root lies between 2.31 and 2.315, and therefore it is 2.31, 
accurate to two decimal places. 


EXERCISES 


Find the real roots of the following equations, accurate to two 
decimal places: 


lee—a7?-—-5=0. 4.73+474+2=0. 7. 2*—127+4=0. 
2.203°+382-—-6=—0. 5.273—-—64724+92e—-—6=0. 8.24+73-8=0. 
8,073 4+227+1=0. 6.239-—382+1=0. 9.c¢*+x2—-1=0. 


13. Slope. We shall discuss in this section a quantity, called 
the slope, which may be used to measure the steepness of a 
graph. We begin with a straight line. 

Let Pi(%1, yi) and P2(x%2, ye) (Figs. 6 and 7) be any two points 
on a straight line LK. If we imagine a point to move along the 


FIG. 6 Bice 


line from P; to Pe the change in x is %2 — 4 = Ax (§7) and 
the change in y is y2 — yi = Ay (§ 7). We define the slope as 
the ratio of the change in y to the change in x and shall denote 
it by the letter m. We have then, by definition, 


a By. (1) 


In Fig. 6, since x2 is greater than 1, Ax is positive, and since 
y2 is greater than y:, Ay is positive, and hence m is positive. If 
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the points P; and P» are interchanged it is evident that Az and 
Ay both become negative but their ratio m remains positive. 

In Fig. 7, since x2 is less than 2, Ax is negative, and since Y/2 
is greater than y:, Ay is positive, and hence m is negative. If 
the points P; and P2 are interchanged, it is evident that A 
becomes positive and Ay becomes negative, but their ratio m 
remains negative. 

Let us now draw through P; a straight line parallel to OX and 
through P2 a straight line parallel to OY and denote by FR the 
point in which the two lines intersect. Then x2 — 2% = Ar= PiR, 
where P:R is positive if drawn from left to right (Fig. 6) and is 
negative if drawn from right to left (Fig. 7). In like manner 
yo — yi = Ay = RP2, where FPz is positive if drawn upward 
and negative if drawn downward. It follows that 


anyday 2 
Nara (2) 


If any other two points are chosen on the given line LK, it 
can be shown by similar triangles that the ratio m is not changed 
in magnitude or sign. The sign of m is positive if the line is 
situated as in Fig. 6 and is negative if the line is situated as in 
Figs 73> that 1s; 

The slope of a stracght line is positive if the line runs up to the 


right and is negative rf the line runs down to the right. The 
magnitude of the slope measures the steepness of the line. 


When the line is parallel to OX, Ay=0 and consequently 
m=(. When the line is parallel to OY, Ax =0 and we say 
M= oo. 

Consider now the general case of a curve AB (Figs. 8 and 9) and 
let P; and P2 be two points on it. Draw the straight line P, Ps 
and prolong it to form the secant P;S. Then, as in (1), au is 
the slope of P:S and may be called the average slope of the 
curve between P; and Pp». 

To obtain a number which may be used for the actual slope 
of the curve at the point P, it is necessary to use the limit 
process (with which the student should now be familiar), by 
which we allow Ax to become smaller and smaller and the point 


SLOPE 31 


P2 to approach P; along the curve. The result is the derivative 
of y with respect to x, and we have the following result : 


The slope of a curve at any point is given by the value of the 


derivative “a at that point. 


Fig. 8 Fig. 9 


From this and § 9 we may at once deduce the theorem : 


If the derivative 1s positive, the curve runs up to the right. If the 
derivative is negative, the curve runs down to the right. 


The values of « which make “ue zero are of particular interest 


in the plotting of a curve. If the derivative changes its sign at 
such a point, the curve will change its direction from down to up 
or from up to down. Sucha point will be called a turning-point. 

This is illustrated in Fig. 10, where 
the derivative is positive to the left 
of A, is negative between A and B, 
and is positive to the right of B. 
The points A and B are turning- 
points. To find the turning-points 
we solve the equation 


d 
ip = 0 Fic. 10 


Y 


and examine the sign of the derivative for values of x less 
and greater than the roots of the equation to see if we have 
a change of sign. It is to be noted that a solution of the 
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equation does not give a turning-point if the derivative does 
not change sign. d 

In rare cases a turning-point may occur when =” but 
this cannot happen in the case of a polynomial and will not be 
discussed here. 


The examples which follow illustrate the method. 


Example 1. Consider equation (1) of § 11, 
f= tes 


dy _ ee oe 
Here , a 5 w= 2(3 x): 


Equating a to zero and solving, we have x= 2 as a possible 
turning-point. It is evident that when x < 2, aU is positive; and 
5 dy 


when «> Saat is negative. Therefore w= 5 gives a turning- 
point of the curve at which the latter changes its direction from 
up to down. It may be called a high point of the curve. 


Example 2. Consider 


y= 5 (0? 322-92 + 82). 


Here au 3 (2-2 —8) =3 (@—8)(x +1). 
Equating au to zero and solving, we have x=—1 and r=8 
as possible turning-points. From the Yy 


dy 
factored form of —* ae ana reasoning as 
He 


shown in § 9, we see that when x < —1, 


us is positive; when —1 < x< 8, a 
£ 
is negative; when x > 8, dy is positive. 


dx 
Therefore both c=—1 and x=8 give 
turning-points, the former giving a 
high point, and the latter a low point. Fig, 11 
Substituting these values of x in the 
equation of the curve, we find the high point to be (— 1, 48) and 
the low point to be (38, 3). The graph is shown in Fig. 11. 


aa 3 
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The case in which a solution of the equation fe = 0 does not 
. . . . . wt 
give a turning-point is illustrated in the next example. 


Example 3. Consider 
= 3(x3 —9 4? + 27 x — 19). 
dy _ a ui 

Here Fetal 6x2+9= (4% — 8)2, 


Solving “a = 0, we have x = 8; but since 


(Oo +--=—---- 


the derivative is a perfect square, itis never —G 1 x 

negative. Therefore «= 8 does not give a 

turning-point, although when x = 8 the tan- 

gent to the curve is parallel to OX. The 

curve is shown in Fig. 12. Fia. 12 

EXERCISES 

Locate the turning-points and then plot the following curves: 
ly=3 x7?—52-—2. 6.y=x?—Tx?+15 4-6. 
2.y¥=3 —2x— x. 1y¥=8+42—-—2 4? — x3, 
Soy = Co Lee. 8.y=a'—473+ 16. 
4.y=44+2 2? — 23, 9.y=xt*—222?-—22?+1. 
B.y= xu? — xe? —5 24+ 5. 10.y=24*—473+627?-—427+6. 


14. Straight line. Let a given straight line pass through a 
fixed point P:(%1, y:) with a given slope m. Let P(x, y) be any 
point of this line. We may then substitute x and y for x2 and ye 
respectively in (1), § 18, and clearing of fractions have 


Y— Yi = M(x — 2). (1) 

This is the equation of a line through a fixed point (x1, y1) with 

a fixed slope m, since it is satisfied by the codrdinates of any 
point on the line and by those of no other point. 

In particular, Pi(a1, y:) may be taken as the point with co6r- 

dinates (0, b) in which the line cuts OY. Then equation (1) 

becomes y = mx +b. (2) 
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Since any straight line not parallel to OX or to OY intersects 
OY somewhere and has a definite slope, the equation of any 
such line may be written in the form (2). 

If the line is parallel to OX, m = 0 and equation (1) becomes 


Y=. (3) 


If the line is perpendicular to OX, m = , and it is not con- 
venient to substitute in (1). However, it is evident from a figure 
that the equation of the line is 


Lie, (4) 


a result which we could get from (1) by placing m on the other 
side of the equation and then allowing it to approach o. 
Finally we notice that any equation of the form 


Ar+ By+Cc=0 (5) 


represents a straight line. This follows from the fact that the 
equation may be written either as (2), (3), or (4). 

The straight line LK (Figs. 6 and 7) makes with OX anangle @ 
which we shall always take as marked in the figures, namely, 
above OX and to the right of LK. Then it is at once evident 
from the figures that tan @ =m. (6) 


Formula (6) is also true for a line perpendicular to OX, when 
@ = 90°, or for a line parallel to OX, when we shall say that ¢ = 0. 
If two lines are parallel they 
make equal angles with OX, and 
conversely. Hence if m, and me 
are the slopes of the two lines, 


wehave wm, —m (7) 


as the condition for parallelism. 
Consider now two lines mak- 
ing angles ¢2 and ¢; (¢2> 91) 
with OX (Fig. 18). They inter- 
sect at a point P. 
Through P draw PR parallel to OX. Then, as is evident from 
the figure, if 6 is the angle as shown between the two lines, 


B = $2— 1. (8) 


TGs 
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If B= 90°, we have ¢2=90°+ qi, 
whence ’ tan @2 = — ctn ¢y. (9) 


Conversely, if this condition is fulfilled and ¢2 and ¢; are as 
in the figure, we have ¢2 = 90°+ qi. 
Hence we have, from (9), 
= aa 
M2 = a (10) 
us the condition for perpendicularity. 
Consider now the general case (8). Then 


tan 8 = tan (¢2 — ¢1) 
— tan ¢2—tan gi _ mMe—m | (11) 
1+tan ¢detangd: 1+ mem 


If tan 6 is positive, 6 is acute. If tan 8 is negative, £8 is 
obtuse and §’ (Fig. 13) is acute. Then tan 8’ = tan (180° — £) 
= — tan £6. 

If the slope of a line whose equation is in form (5) is needed 
in using the above formulas, it may be found by placing the 
equation in form (2) and taking the coefficient of x. 


EXERCISES 


1. Find the equation of the straight line which passes through 
(1, — 4) with the slope 2. 

2. Find the equation of the straight line which passes through 
- (— 2, 3) with the slope — $. 

3. Find the equation of the straight line passing through the 
points (2, 3) and (3, — 4). 

4. Find the equation of the straight line passing through the 
points (3, — 1) and (8, 4). 

5. Find the equation of the straight line passing through the 
points (1, 5) and (— 4, 5). 

6. Find the equation of the straight line passing through the 
point (1, — 4) and making an angle of 30° with OX. 

7, Find the equation of the straight line passing through the 
point (3, — 2) and making an angle of 185° with OX. 

8. Find the equation of the straight line passing through the 
point (— 1, 3) and parallel to the line 227-83 y+7=2@. 
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9. Find the equation of the straight line passing through the 
point (— 2, — 3) and perpendicular to the line38x+4y—12= 0. 

10. Find the equation of the straight line passing through the 
point (3, 3) and parallel to the straight line determined by the two 
points (— 2, 4) and (2, — 1). 

11. Find the equation of the straight line passing through (2, — 3) 
and perpendicular to the straight line determined by the points 
(— 8, — 1) and (2, J). 

12. Find the angle between the lines 2x -— y= 0 and5x—y—3=0. 

13. Find the angle between the lines x—-—2y—3=0 and 
6x2—2y—13=0. 

14. Find the angle between the lines 2x+y+4=0 and 
be2—y+17=0. 

15. Find the angle between the lines 2x—6y—11=0 and 
4x+2y+13=0. 

16. Find the angle between the line 3x+4y=12 and the line 
determined by the points (— 1, 1) and (8, 3). 

17. Find the angle between the line determined by the points 
(— 4, 0) and (1, 6) and the line determined by the points (0, 5) 
and (4, 0). 

18. The vertices of a triangle are at the points A (— 1,1), B (4, — 2), 
and C (2, 2). Find the internal angles of the triangle. 

19. Find the foot of the perpendicular drawn from the vertex C 
of the triangle of Ex. 18 to the side AB. 


20. Prove that the lines 82+ 5y—8=0 and 3x—5y+2=0 
form with the axis of x an isosceles triangle, and determine its area. 


15. Tangent line to a curve. In determining the slope of a 
curve (§ 138) we allowed the point P2 to approach P, (Figs. 8 
and 9). 

As this limit process takes place, it appears from the figures 
that the secant P,S approaches a limiting position P;T. The 
line P;T is called a tangent to the curve, a tangent being by defi- 
nition the line approached as a limit by a secant through two points 
of the curve as the two points approach coincidence. It follows that 
the slope of the tangent is the limit of the slope of the secant. 
Therefore, 


The slope of the tangent to a curve at any point is the same as the 
slope of the curve at that point. 
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From (6), § 14, it also follows that if ¢ is the angle which the 
tangent at any point of a curve makes with OX, then 


dy 
tan @ = —. 
o= (1) 
The equation of the tangent to a curve at a point (21, y1) is 
easily written down. We let (2) represent the value of ut at 
1 Hp 


the point (%, yi). Then m = (44) » and, from (1), § 14, the 
equation of the tangent is rae 


y¥— 1 = (4) @—m). (2 


Example. Find the equation of the tangent at (1, — 1) to the curve 
y=u?—4442. 


We have hea 
dx 
and r= al, n= 1, (<u) = — 2, 


Therefore the equation of the tangent is 
y+i=—2@—1), 
which reduces to 2x+y—-1=0. 


EXERCISES 


1. Find the equation of the tangent line drawn to the curve 
y=423+ 722 —62+ 5 at the point for which x= 1. 

2. Find the equations of the tangent lines drawn to the curve 
y= x? —8x2+4 at the points for which x = — 2 and x= 2 respectively. 

3. Find the equations of the tangent lines drawn to the curve 
y=8+42—2 2? — x at the points which are on OX and OY. 

4, Find the equations of the tangent lines drawn to the curve 
y =x? —522—8~- at the points whose abscissas are respectively 
— + and 3, and find the acute angle between the tangents. 

5. Find the equations of the tangent lines drawn to the curve 
y = 23 + x2 — x + 2 which make an angle of 135° with OX. 

6. At what points on the curve y= 2? —x?—52+5 will the 
tangents be parallel to ? s — y+5=0? What are the equations of 
these tangents? 
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7. Tangents are drawn to the curve y = x? + 3 x? — 9 x — 10 per- 
pendicular to the straight line determined by the points (8, 1) and 
(4, 3). Find their equations. 

8. Find the equation of the tangent line to the curve 8 y = x? at 
the point (1, 4). Find where the tangent again intersects the curve. 


16. The second derivative. The derivative of the derivative 
is called the second derivative and is indicated by the symbol 
f (4) dy 
dx \dx Ba dx? 

The acceleration of a body moving in a straight line may be 
expressed as a second derivative. For, by definition, a = a and 
» = 4, whence eof BE 

a dt\dt) dt? 
The second derivative may also be used in studying the slope 


of a curve; for since ut is equal to the slope of the graph, 
we have a : 
a aL 
Pe (slope). 
From this and § 9 we have the following theorem : 


If the second derivative is positive, the slope is increasing as % 
increases; and wf the second derivative is negative, the slope is de- 
creasing as x increases. 


We may accordingly use the second derivative to distinguish 
between the high turning-points and the low turning-pcints of 
a curve, as follows: 

i. d2y : 08 Ge Peres 
If, when x = a, —-* = 0 and — is positive, it is evident that 
da da? 


OP ao : 
— is increasing through zero; hence, when zx < a, ut is negative, 
af 


dx 


and when x >a, a is positive. The point for which zx = a is 


therefore a low turning-point, by § 138. 

Similarly, if, when x =a, ue = (0 and ms is negative, it is 
evident that “A is decreasing through zero renee when « <a, 
“a is positive, and when x >a, au is negative. The point for 


which x = ais therefore a high turning-point of the curve, by §18. 
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These conclusions may be stated as follows: 


ou 0 and Tu i is positive 


If «=a ts a root of the equation 
when x = a, the te corresponding tox=aisa nO fee -point 
of the curve; but fa vt as negative when x = a, the corresponding 


point 7s a high ni potnt of the curve. 


EXERCISES 
Plot the following curves after determining their high and low 
turning-points by the use of 5 dy on nd 3 ae 
lLy=4272—827+4. iar Ra Ante bi 
2y4y=523 —x?-824+2. 6B y=8+8u—27— 23. 
8.y=1+122+8 x? — x3, 6B. y= ue +20?-—Bbax—5 


17. Maxima and minima. If f(a) is a value of f(a) which is 
greater than the values obtained either by increasing or by 
decreasing « by a small amount, f(a) is called a maximum value 
of f(x). If f(a) is a value of f(x) which is smaller than the 
values of f(x) found either by increasing or by decreasing x by 
a small amount, f(a) is called a minimum value of f(x). 

It is evident that if we place 

y = f(z) 
and make the graph of this equation, a maximum value of f(x) 
occurs at a high point of the curve and a minimum value at a 
low point. Hence we deduce the following rule: 


To find the values of x which give maximum or minimum values 
of y, solve the equation dy _ 0 
dx 


If x =a is a root of this equation, it must be tested to see 
if it gives a maximum or a minimum. We have two tests: 


Test I. If the sign of a changes from +- to — as x increases 
a 
through a, then x =a gives a maximum value of y. If the sign of 


mo changes from — to + as x increases through a, then x = a gives 
2 


a minimum value of y. 
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2 
Test Il. If «=a makes a = 0 and oH negative, then x =a 
ae 
gives a maximum value of y. If x =a makes “ = 0 and a 
positive, then x = a gives a minimum value of y. 


Either of these tests may be applied according to convenience. 
It may be noticed that Test I always works and is readily ap- 
dy 
dx 
= 0 when x =a, in which 


plicable in case “ can be factored; if —“ is not easily factored 
a, 


Test II is to be preferred unless oe . 
case the test fails to give the required information. It is also 
frequently possible by the application of common sense to a 
problem to determine whether the result is a maximum or mini- 
mum, and neither of the formal tests need then be applied. 


Example 1. A rectangular box is to be formed by cutting a square 
from each corner of a rectangular piece of cardboard and bending 
the resulting figure. If the dimensions of the piece of cardboard are 
20 in. by 30 in., find the largest box which can be made. 

Let x be the side of the square cut out. Then, if the cardboard is 
bent along the dotted lines of Fig. 14, the dimensions of the box are 
380 —2 4, 20—22, x. Let V be the volume of the box. 

Then V=2x(20 — 2 2x)(80 —2 2) 
= 600 « — 100 x24 4 23. 
dV 


— = 600 — 200 x + 12 x?. 
dx 


Equating ot to zero, we have 


38 «27— 5027+ 150=—0; 

AT 
3 a 

The result 12.7 is impossible, since that amount cannot be cut 


twice from the side of 20 in. The result 3.9 corresponds to a possible 
maximum, and the tests are to be applied. 


whence x= =o Ole oul Fic. 14 


To apply Test I we write ae in the factored form 


av ee 
<X = 12(0 — 8.9)(x — 12.7), 


5 d 
when it appears that un changes from + to — as x increases through 


3.9. Hence x = 3.9 gives a maximum value of V. 


—— ec el 
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that the lower surface of the cut is a horizontal plane, and that the 
upper surface is a plane inclined at an angle of 45° to the horizontal 
and intersecting the lower surface of the cut in a diameter, find the 
amount of wood cut out. 


40. AB is a diameter of a spherical ball of radius 10 in. Through 
A and B are drawn semicircumferences of three great circles so 
that the diedral angle between the planes of each pair of adjacent 
semicircumferences is 120°. The material of the ball is then cut away 
so that the plane sections perpendicular to AB are equilateral triangles 
with their vertices on the semicircumferences. Find the volume left. 


41. The cross section of a certain solid made by any plane per- 
pendicular to OX is a square with the ends of one of its diagonals 
on the curves y= 4+ x? and y= 2 x?—5. Find the volume of the 
solid between the points of intersection of the curves. 


42. Find the volume generated by revolving about OX the area 
bounded by OX and the curve y = 3 x — 2”. 


43. Find the volume generated by revolving about OX the area 
bounded by OX and the curve y = x3 — x2 —2 2. 


44. Find the volume generated by revolving about the line 
y = — 1 the area bounded by the curves y = 5 x? and y=2 x4?4 12. 


45. On a system of parallel chords of a circle of radius 3 there 
are constructed equilateral triangles with their planes perpendicular 
to the plane of the circle and on the same side of that plane, thus 
forming a solid. Find the volume of the solid. 


46. A solid is such that any cross section perpendicular to an axis 
is a circle, with its radius equal to the square root of the distance of 
the section from a fixed point of the axis. The total length of the 
axis from the fixed point is 6. Find the volume of the solid. 


47. The cross section of a certain solid made by any plane per- 
pendicular to OY is a right isosceles triangle with the ends of its 
base on the curve y = x? — 2. Find the volume of this solid between 
the planes y = — 2 and y= 2. 

48, All sections of a certain solid made by planes perpendicular 
to @Y are isosceles triangles. The base of each triangle is a line 
drawn perpendicular to OY, with its ends in the curve y = 4 — x?. 
The altitude of each triangle is equal to its base. Find the volume 
of the solid included between the planes for which y = 0 and y = 4. 


49. Compare the volumes generated by revolving the area bounded 
by OX and the curve y=32-— <x? about the lines y=—3 and 
y = 3 as axes. 


CHAPTER IV 
ALGEBRAIC FUNCTIONS 


26. Graphs. In the previous chapters we have used only 
polynomials in explaining and illustrating the fundamental ideas 
of differentiatior. and integration. We now wish to apply the 
same principles to general algebraic functions which may involve 
sums, products, fractions, and roots. We begin with the study 
of graphs which are more complicated than those of Chapter II. 

In making any graph the final step is to substitute values of 
one variable in the equation of the graph, compute the corre- 
sponding values of the other variable, plot the corresponding 
points, and draw a curve through them. But a preliminary 
study of the equation will often give a general idea of the ap- 
pearance of the graph and aid in determining what particular 
points should be found. It is accordingly suggested that the 
following plan of work be followed : 

1. Solve the equation for one coirdinate in terms of the other. 
We shall suppose in the following directions that the equation 
has been solved for y in terms of x. 

2. Find the axis of symmetry parallel to OX if such exists. 
When y is equal to plus or minus the square root of a function 
of x, the graph is symmetrical with respect to OX. When y is 
equal to a constant, c, plus or minus the square root of a func- 
tion of x, the line y = c is an axis of symmetry. 

3. Find the intersections with the axis of symmetry, or with 
the axis of x if no symmetry exists. This may be done by placing 
y =c or y= 0, where ¢ is as in 2. 

4, Find impossible values of x. Values of x which make nega- 
tive the expression under the square-root sign referred to in 2, 
cannot be used since they make y imaginary. 

5. Find asymptotes parallel to OY if such exist. These may 
occur when the value of y found in 1 contains a fraction. If the 
denominator of such a fraction is zero when x =a, the value of y 
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is not defined, since we cannot divide by zero. We may, however, 
let >a. Then the value-of y increases indefinitely and is said 
to become infinite. The graph then runs up or down indefinitely, 
approaching the line x = a indefinitely near but never reaching it. 

Now, when a straight line has such a position with respect to a 
curve that as the two are indefinitely prolonged they do not meet, but 
the distance between them approaches zero as a limit, the straight 
line is called an asymptote of the curve. Hence the line x = a is 
an asymptote. 


It may sometimes be more convenient to solve the equation 
for x in terms of y. In such a case x and y should be inter- 
changed in the above directions. While it is generally sufficient 
to solve for either x or y alone, there are cases in which it is de- 
sirable to make both solutions, as the second solution may give 
us information which could not be obtained from the first solution. 


Example 1. y? = 8(x — 2). 

Solving for y, wehave y=+ V8(x%—2). 

The axis of x is an axis of symmetry since any 
value of x gives two values of y equal in magni- 
tude but opposite in sign. The graph intersects 
the axis of x when x= 2. Any value of z less than 
2 makes the quantity under the square-root sign 
negative and the value of y imaginary. Hence 
such values of x are impossible and the curve lies Fic. 35 
entirely to the right of the line x= 2. Assigning : 
values to z greater than 2, computing values of y, and plotting points, 
we draw the curve (Fig. 35). This curve is a parabola (§ 33). 


Example 2. (y+ 3)? = (4 — 2)?(4 + 1). N% 
Solving for y, we have 
y>=—384+(4-—2)Vre+1. 

In the first place we see that the line 
y = — 8 is an axis of symmetry. The curve 
meets the axis of symmetry when = —1 
and « = 2. Since any value of x less than 
— 1 makes y imaginary, only values of x 
greater than —1 can be used, and hence 
the curve lies entirely to the right of 
the line x=—1. Assigning values of x 
and locating the points determined. we have the curve (Fig. 36). 
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Example 3. 7?7+4y?—2x2—8y+1=0. 
Solving for y, we have 
y=1+4V8-—~2)(14+72). 


It appears that y=1 is an axis of symmetry, which the curve 
intersects when «= —1 and x=38. Values of x less than —1 or 
greater than 3 make the quantity under the radical sign negative, 
but values of x between — 1 
and 3 make the quantity 
under the radical sign posi- 
tive. Hence the curve lies 
between the lines x=—1 
pial a7 == Bi 

Again, solving for x, we 


have y= 142Vy@—9). 


It appears that «=1 is 
an axis of symmetry, which 
the curve intersects when 
y=0 and y=2. Values of y 
less than zero or greater than 
2 make the quantity under the radical sign negative, while values 
of y between 0 and 2 make the quantity under the radical sign posi- 
tive. Hence the curve lies between the axis of x« and the line y=2. 

We now have the curve boxed up inside a certain rectangle, and we 
also know two axes of symmetry. It is necessary to compute only a 
few points and draw the rest of the curve by symmetry (Fig. 37). 


Fig. 37 


Example 4. xy = 4. Y 
Solving for y, we have 
att 
Ay 
It is evident, then, that we may O x 


assign to x any real value except zero. 
Consequently, there can be no point 
of the curve on the line x = 0; that 
is, on OY. We may, however, assume 
values for x as near to zero as we 
wish, and the nearer they are to zero, 
the nearer the corresponding points are to OY; but as the points 
come nearer to OY they recede along the curve. Hence OY is an 
asymptote of the curve. 


Fig. 38 
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If we solve for x, we have 4 


and, reasoning as above, we conclude that the line y = 0 (that is 
the axis OX) is also an asymptote of the curve. 

The curve is drawn in Fig. 38. It is a special case of the curve zy =k, 
where k is a real constant which may be either positive or negative, 
and is a rectangular hyperbola (§ 33) referred to its asymptotes as axes. 


Example 5. ry+2xe+y—1=0. 
Solving for y, we have 


from which we conclude that the 
line x=—1 is an asymptote of 
the curve. 
Solving for x, we have 
per arory 
t= 5) rz y 
from which we conclude that the line y = — 2 is also an asymptote 
of the curve. Y 
We accordingly draw these two asymp- 
totes (Fig. 39), and draw the curve through 
the points determined by assigning values 
to either x or y and computing the corre- 
sponding values of the other variable. 
The curve is, in fact, a rectangular hy- 
perbola, with the lines 7 = —1 and y=—2 
as its asymptotes. 


Fig. 39 


ee 
2a-%2 


Example 6. y?= 


Solving for y, we have 


yrs N2Qa—-a 


whence it is evident that the curve is 
symmetrical with respect to OX. The 
lines x = 0 and x = 2a, corresponding to 
the values of x which make the numerator 
and the denominator of the fraction under 
the radical sign respectively zero, divide Fic. 40 


© 
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the plane into three strips; and only values between 0 and 2 a can 
be substituted for x, since all other values make y imaginary. It 
follows that the curve lies entirely in the strip bounded by the two 


lines + = 0 and += 2 a: 


By the same reasoning that was used in Exs. 4 and 5, it can be 
shown that the line x = 2 a is an asymptote of the curve. 
The curve, which is called a cissoid, is drawn in Fig. 40. 


EXERCISES 


Plot the following curves: 


1 i a IGE 
2. 47 = 4" (7 + 6). 12. 
3. y? = 4(8 — 2). 13. 
4. y2=2?-—62+ 8. 14, 
bo y27 =e? —6 x? + 8 x. 15. 
6. y2 = aa? — 9). 16. 
7. y2=9 «* — x. ill 
Satya 2 — 0. 18. 
9. 2¥+8=0. 19. 
10..2y+ 27 =8. 20. 


sy—2y—x=0. 
airs el 
y2—2y—4x2-T=0. 
v?—42—4y=0. 
(y—1)?@-1)=1. 

(y— 2)?— (# + 1)?=0. 

(2 — y)x? —16=0. 

y2=x —24?-—4244+8. 

(x — 2)? — y(y — 4) = 0. 
4a?+ y?-—82x-—4y+4=0. 


27. Distance between two points. In the previous section we 
have found the shapes of curves from their equations. Many 
an important curve, however, is defined by a property possessed 


by all points upon it, and the 
equation of the curve is to be 
found from the definition. In 
such a definition the distance of a 
point on the curve from some 
fixed point or points is often of 
importance. We shall therefore 
begin by finding a formula for 
the distance between two fixed 
points. 

Let Pi(ai, yi) and Po(xe, yz) 


ye 


E 


Fig. 41 


(Fig. 41) be any two points in the plane XOY, such that the 
straight line P; P2 is not parallel either to OX or to OY. Through 
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P; draw a straight line parallel to OX, and through P.2 draw a 
straight line parallel to OY, and denote their point of intersec- 
tion by R. 


Then Pik = As =f — 2 
and RP2 = Ay = y2— Y1. 
In the right triangle P}RP2 


PiP2=~ PiR’ + RP2’; 


whence P,P2=N ("2 — 21)? + (y2 — y1)?. (1) 
If ye = yi, P1P2 is parallel to OX, and the formula reduces to 
P,P2=%2— %. (2) 


In like manner, if x2 = 21, Pi P2 is parallel to OY, and the 
formula reduces t 
formula reduces to de eee (3) 


In §§ 28-32 we shall use these formulas to obtain general 
forms for the equations of certain curves. For the present we 
shall apply the formulas to finding the equations of curves de- 
fined by simple numerical data. Some of these examples are 
special cases of the more general discussions to follow. 


Example 1. Find the equation of a Y 
circle with center at the point (2, 3) and 
radius equal to 5. 
Let P(z, y) (Fig. 42) be any point on P (x,y) 
the circle. By (1) the distance of the point 
from the center is V (x — 2)? + (y — 3)?. 
But this distance is equal to the radius 5. 


Hence we have = 
Va@—2)? + y— 3) =5, SEG 
which reduces to 
ee +y2?—42—6y—12=0. Fia. 42 


£xample 2. Find the equation of a curve such that the sum of the 
distances of any point on it from the two points (— 3, 0) and (38, 0) 
is always equal to 8. 
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Let P(x, y) (Fig. 43) be any point on the curve. Its distance 
from (— 8, 0) is V(x + 8)?+ y?, and its distance from (3, 0) is 
V (a2 —3)?+ y?. By the statement of the problem the sum of these 
distances is 8. Hence we have 

V(e+3)? +? 7 
++ V (a — 3)? + y? =8. P (ay) 


To simplify this equation we Pe 

transpose the second radical to 

the right-hand side of the equa- = 
tion and square. A few simple 

reductions then give 

8x2—16=—4V22+y?-—624+9. 


Again square and reduce. We 
have 7 72+ 16 y?= 112, Fic, 43 
the required equation. 


Example 3. Find the equation of a curve such that any point on 
it is equally distant from the axis y 
of x and from the point (2, 3). 

Let P(a, y) (Fig. 44) be any point 
on the curve. Its distance from P (au) 
OX is+y. Its distance from (2, 3) (2,8) 
is V(x — 2)2 + (y —3)?. Therefore 

fy = Vie 2) (y—'3) 
which reduces to O 

w—4xex—6y+138=0. Fic. 44 


EXERCISES 

1. Find the equation of a circle with radius 6 and center (— 2, 3). 
Plot. j 

2. Find the equation of a circle with radius 5 and center (— 3, 4). 
Plot. 

3. Find the equation of the locus of a point equidistant from (1, 3) 
and (— 2, 5). Plot. 

4. Find the equation of the locus of a point equidistant from (0, 3) 
and (5, 0). Plot. 

5. A curve is such that the sum of the distances of any point on 


it from the two points (2, 0) and (— 2, 0) is 12.. Find its equation 
and graph. 
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‘6. A curve is such that the sum of the distances of any point 
on it from the two points (0, 1) and (0, — 1) is 3. Find its equation 
and graph. 

7. Find the equation of a curve such that any point on it is 
equidistant from (4, 0) and the axis of y. Plot. 


8. Find the equation of a curve such that any point on it is 
equidistant from (4, 0) and the line x = — 4. Plot. 


9. Find the equation of a curve such that the distance of any 
point on it from (8, 0) is twice its distance from OY. Plot. 


10. A curve is such that the distance of any point on it from 
(4, 0) is twice its distance from (1, 0). Find its equation and graph. 


28. Circle. Since a circle is the locus of a point which is always 
at a constant distance from a fixed point, formula (1), § 27, 
enables us te write down imme- y 
diately the equation of a circle. P 

Let Cth, k) (Fig. 45) be the 
center of a circle of radius r. 

Then, if P(x, y) is any point of 
the circle, by (1), § 27, « and y 
must satisfy the equation 


(a)? ly hk)? = 42. (1). 70 

Moreover, any point the coor- 
dinates of which satisfy (1) must be at the distance r from 
C and hence be a point of the circle. Accordingly (1) is the 
equation of a circle. 

If (1) is expanded, it becomes 

o2 + y2?—2he—-2ky+h? +h? -—7?=0, (2) 

an equation of the second degree with no term in xy and with 


the coefficients of x? and y? equal. 
Conversely, any equation of the second degree with no zy 


term and with the coefficients of x? and y? equal (as 
Auv2+ Ay? +2Ge+2 Fy+Cc=)0, (8) 
where A, G, F, and C are any constants) may be transformed 


into the form (1) and represents a circle, unless the number cor- 
responding to r? is negative (see Example 3), in which case 


xa 
Fig. 45 
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the equation is satisfied by no real values of x and y and 
accordingly has no corresponding locus. 

The circle is most readily drawn by making such transfor- 
mation, locating the center, and constructing the circle with 
compasses. 

Example 1. e2+y2—-2x—4y=0. 

This equation may be written in the form 

@—-2e )+tGYy?—-4y )=9, 
and the terms in the parentheses may be made perfect squares by 
adding 1 in the first parenthesis and 4 in the second parenthesis. 


As we have added a total of 5 to the left-hand side of the equation, 
we must add an equal amount to the right-hand side of the equation. 


The result is (x? —2a4+1)+ (y2—-4y +4) =5, 
which may be placed in the form 
(e—1)?+ (y— 2)? =5, 
the equation of a circle of radius V5 with its center at the point (1, 2). 
Example 2. 927+9y?-9xe+6y-—8=0. 
Placing 8 on the right-hand side of the equation and then divid- 
ing by 9, we have r+ y2—2+2y=8, 
which may be treated by the method used in Example 1. The result 
is (e- J+ V+ )?=4, 
the equation of a circle of radius } V5, with its center at (4, — 4). 
Example 3. 927+9y?—627+12y+11=0. 
; Proceeding as in Example 2, we have, as the transformed equa- 
tion, (o— 4+ +9? =-4 
an equation which cannot be satisfied by any real values of x and Y, 


since the sum of two positive quantities cannot be negative. Hence 
this equation corresponds to no real curve. 


EXERCISES 
1. Find the center and the radius of the circle 
et+y?+4xex—10¥y+13=0. 
2. Find the center and the radius of the circle 
382°+3y2—4274+2y—5=0. 


—_ 
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3. Find the equation of the straight line passing through the 
center of the circle a+ y2?+2xr—y+1=0 


and perpendicular to the line 
22+3y—4=0. 

4. Prove that two circles are concentric if their equations differ 
only in the constant term. 

5. Show that x? + y? + ax = 0 is the equation of a circle with its 
center on OX and tangent to OY. 

6. Find the equation of the locus of a point the square of whose 
distance from (8, 0) is always twice its distance from OX. Show 
that the locus is a circle, and find its center and radius. 

7. A point moves so that its distance from (0, 4) is always three 
times its distance from (0, — 4). Show that its locus is a circle, and 
find the center and the radius of the circle. 

8. Find the equation of the locus of a point whose distance from 
(3, 0) is always twice its distance from (— 8, 0). Show that the 
locus is a circle, and find the center and the radius of the circle. 

9. Find the length of the tangents drawn from (4, 5) to the circle 
w+y?—-4xe-—6y+12=0. 

10. A point moves so that the squazes of the lengths of the tan- 
gents drawn from it to the two circles 7? + y2 = 4 and x? + y? = 25 
are inversely as the radii of these circles. Find the locus of the 
point. 


29. Parabola. The locus of a point equally distant from a fixed 
point and a fixed straight line is called a parabola. The fixed 
point is called the focus and the fixed straight gy 
line is called the directrix. 7 

Let F (Fig. 46) be the focus and RS the % 
directrix of a parabola. Through F draw 
a straight line perpendicular to RS, inter- D| \¥ 
secting it at D, and let this line be the 
axis of x. Let the middle point of DF be 
taken as O, the origin of codrdinates, and 
draw the axis OY. Then, if the distance DF 
is 2c, the codrdinates of # are (c, 0) and the equation of RS 
is v= —'C; 

Let P(x, y) be any point of the parabola, and draw the 
straight line FP and the straight line NP perpendicular to RS. 


- 


Fic. 46 
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Then NP=c+42, 
and, by § 27, PP =e yes 


whence, from the definition of the parabola, 
@—¢)? +y? = Cx)", 
which reduces to Oe CIs (1) 


Conversely, if the codrdinates of any point P satisfy (1), it 
ean be shown that the distances FP and NP are equal, and 
hence P is a point of the parabola. 

Solving (1) for y in terms of x, we have 


y=+2 Ver. (2) 


We assume that c is positive. Then it is evident from (2) 
that the parabola is symmetrical with respect to OX. Accord- 
ingly OX is called the axis of the parabola. The point at which 
a parabola intersects its axis is called the vertex of the parabola. 
Accordingly O is the vertex of the parabola. 

It is also evident from (2) that only positive values may be 
assigned to x, and hence the parabola lies entirely on the posi- 
tive side of the axis OY. 

Accordingly we assign positive values to x, compute the cor- 
responding values of y, and draw a smooth curve through the 
points thus located. 

Returning to Fig. 46, if F is taken at the left of O with the 
coordinates (— c, 0), and RS is taken at the right of O with the 
equation x = c, equation (1) becomes 

y?=—A4Acx (3) 


and represents a parabola lying on the negative side of OY. 
Hence we conclude that any equation in the form 


af = Nae (4) 
where k is a positive or a negative constant, is a parabola, with 
its vertex at O, its axis on OX, its focus at the point (4, 0), and 
its directrix the straight line x = — f 


Similarly, the equation 2? = ky (5) 
represents a parabola, with its vertex at O and with its axis 
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coinciding with the positive or the negative part of OY, accord- 
ing as k is positive or negative. The focus is always the point 


(0, t) and the directrix is the line y = — ft » whether k be posi- 


tive or negative. 
30. Parabolic segment. An important property of the parabola 
is contained in the following theorem: 


The squares of any two chords of a parabola which are perpen- 
dicular to its axis are to each other as their distances from the 
vertex of the parabola. 


This theorem may be proved as follows: 
Let Pi(%, y1) and P2(x2, yz) be any two points of any parab- 
ola y? = kx (Fig. 47). 


Y 
Then yi = kx, 
and Yo" = kites 
2 
whence we — HA, 
Y2* v2 
2 
h Byes (1) 
whence Onan ae 


From the symmetry of the parab- 
OlapeZ Yu— Gir and 27> — Q2P>. 
~ But 21 = OM, and x2 = OMz2, and hence (1) becomes 


and the theorem is proved. ue 
The property just proved does not depend upon the position 


of the parabola. It can therefore be used when the parabola so 
lies that none of the equations of § 29 applies. 

The figure bounded by the parabola and a chord perpendicu- 
lar to the axis of the parabola, as Qi0P; (Fig. 47), is called a 
parabolic segment. The chord is called the base of the segment, 
the vertex of the parabola is called the vertex of the segment, 
and the distance from the vertex to the base is called the aliztude 


of the segment. 
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EXERCISES 


Plot the following parabolas, determining the focus of each: 
ly?=—42. 3.7° =o dt. 
Dee — On} 4.07=—5y. 


5. The altitude of a parabolic segment is 8 ft., and the length of 
its base is 16 ft. A straight line drawn across the segment perpen- 
dicular to its axis is 12 ft. long. How far is it from the vertex of 
the segment ? 


6. An arch in the form of a parabolic curve, the axis being ver- 
tical, is 25 ft. across the bottom, and the highest point is 15 ft. 
above the horizontal. What is the length of a beam placed horizon- 
tally across the arch 6 ft. from the top? 


7. The cable of a suspension bridge hangs in the form of a pa- 
rabola. The roadway, which is horizontal and 500 ft. long, is sup- 
ported by vertical wires attached to the cable, the longest wire 
being 80 ft. and the shortest being 20 ft. Find the length of a 
supporting wire attached to the roadway 75 ft. from the middle. 


8. Any section of a given parabolic mirror made by a plane 
passing through the axis of the mirror is a parabolic segment of 
which the altitude is 6in. and the length of the base 12in. Find 
the circumference of the section of the mirror made by a plane 
perpendicular to its axis and 4 in. from its vertex. 


9. Find the equation of the parabola having the line x = 5 as its 
directrix and having its focus at the origin of codrdinates. 


10. Find the equation of the parabola having the line y = — 3 as 
its directrix and having its focus at the point (2, 4). 


11. Show that if the focus is at the origin and the directrix is 
x = — 2c the equation of the parabola is y? = 4 ex + 4 c?. 


12. Show that if the vertex of the parabola is at (a, 0) and the 
focus at (a+ c, 0), the equation of the parabola is y2 = 4 c(x — a). 


31. Ellipse. The locus of a point the sum of whose distances from 
two fixed points is constant is called an ellipse. The two fixed 
points are called the focz. 

Let F and F’ (Fig. 48) be the two foci, and let the distance 
F'F be 2c. Let the straight line determined by F’ and F be 
taken as the axis of x, and the middle point of F’F be taken as 
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O, the origin of coérdinates, and draw the axis OY. Then the 

coordinates of F’ and F are, respectively, (— c, 0) and (c, 0). 
Let P(x, y) be any point of the ellipse, and let 2 a represent 

the constant sum of its dis- y 

tances from the foci. Then, fe 

from the definition of the el- 

lipse, the sum of the distances 

FP and FP is 2a, and from 

the triangle F’PF it is evident 

that 2a> 2c; whence a> c. 


By § 27, 
FP =V(ae+o?+y, 
and FP=V(x%—c)?+ y?; 


whence, from the definition of the ellipse, 


Vette? +y+V(e—c)?+y?= 24, (1) 
Clearing (1) of radicais, we have 
(a? — c?)x? + a*y? = at — a?c?. (2) 
Dividing (2) by a* — a?c?, we have 
a? ee 
De Mes Ware me (3) 


But since a > c, a? — c? is a positive quantity which may be 
denoted by 6?, and (8) becomes 


2 2 
Seat tik (4) 


Conversely, if the codrdinates of any point P satisfy (4), it 
can be shown that the sum of the distances F’P and FP is 2a, 
and hence P is a point of the ellipse. 

Solving (4) for y in terms of x, we have 


y= ti Vee, (5) 


From this form of the equation it appears tuat the ellipse has 
OX as an axis of symmetry and lies entirely between the lines 
f= — and 4a. 
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We may also solve (4) for x in terms of y, with the result 
a= iP Vb? — y. (6) 


From this form of the equation we find that the ellipse is 
symmetrical with respect to OY and lies entirely between the 
lines y=— band y=b. 

Hence the ellipse has two axes, A’A and B’B (Fig. 48), which 
are at right angles to each other. But A’A = 2aand B/B=2 6; 
and since a > b, it follows that A’A > B’B. Hence A’A is called 
the major axis of the ellipse, and B’B is called the minor axis 
of the ellipse. 

The ends of the major axis, A’ and A, are called the vertices of 
the ellipse, and the point midway between the vertices is called 
the center of the ellipse; that is, O is the center of the ellipse. 
Since the ellipse is symmetrical both with respect to OX and 
with respect to OY it follows that any chord of the ellipse which 
passes through O is bisected by that point. 

From B draw lines to F and F’. Since B is a point on the 
ellipse the sum of the lengths of these lines is equal to 2a. 
But these lines are obviously equal. Hence 


BF = Br’ =a. 


Hence if we describe a circle with the point B as a center and 
with a radius equal to a, that circle will intersect OX in the foci 
ef the ellipse. 

It follows that c= OF = Va? — 02, (7) 


which is in agreement with the original algebraic definition of b. 
The ratio ee (that is, the ratio of the distance of the focus 


from the center to the distance of either vertex from the center) 
is called the eccentricity of the ellipse and is denoted by e. 


Hence came 5 
re wa, (8) 


whence it follows that the eccentricity of an ellipse is always 
less than unity. 

Similarly, an equation in form (4) in which b2 > a2 repre- 
sents an ellipse with its center at O, its major axis on OY, and 
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its minor axis on OX. Then the vertices are the points (0, + b), 


the foci are the points (0, + Vb? — a2), and e= wae. 
In either case the nearer the foci approach coincidence, the 


smaller e becomes and the more nearly b=a. Hence a circle 
may be considered as an ellipse with coincident foci and equal axes. 
Its eccentricity is, of course, zero. 


EXERCISES 


Plot the following ellipses, finding the vertices, the foci, and the 
eccentricity of each: 
dicot Ya — 220. 8.2? +2y2=1. 
2.25 27 + 4 y? = 100. 4.3 27+ 5y2=1. 
5. Find the equation of the ellipse having its foci at the points 
(— 1, 0) and (7, 0) and having the length of its major axis equal to 10. 
6. Find the equation of the ellipse having its foci at the points 
(0, 0) and (0, 4) and having the length of its major axis equal to 6. 
7. Find the equation of the ellipse which passes through the 
point (7, 0) and has its foci at the points (— 6, 0) and (6, 0). 
8. Find the equation of the ellipse which passes through the 
point (4, +7) and has its foci at the points (— 3, 0) and (3, 0). 
9. Find the locus of a point such that its distance from the point 
(8, 0) is always one half its distance from the line x = 12. 
10. Find the locus of a point such that its distance from the point 
(8, 0) is always three fifths of its distance from the line 3 x — 25=0. 


32. Hyperbola. The locus of a point the difference of whose 
distances from two fixed 
points is constant rs called a 
hyperbola. The two fixed 
points are called the focz. 

Let F and F’ (Fig. 49) 
be the two foci, and let 
the distance F’F be 2c. 
Let the straight line de- 
termined by F’ and F be 
taken as the axis of x, and 
the middle point of F’F be Fic. 49 
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taken as O, the origin of codrdinates, and draw the axis OY. 
Then the codrdinates of F’ and F are, respectively, (— c, 0) and 
(e;°O),, 

Let P(x, y) be any point of the hyperbola and let 2 a repre- 
sent the constant difference of its distances from the foci. Then, 
from the definition of the hyperbola, the difference of the dis- 
tances F’P and FP is 2a, and from the triangle F’PF it is 
evident that 2a < 2c, for the difference of any two sides of a 
triangle is less than the third side; whence a <c. 


By § 27, FiP=V/ (e+e)? +y* 
and FP=V(x—c)?+ y?; 


whence either 
VG-S4P-VEFRFR=20 © 0) 
or Vie Fey yt nye Sere ee G, (2) 


according as FP or F’P is the greater distance. 
Clearing either (1) or (2) of radicals, we obtain the same 


result : (a2 — ¢2)x2 + a2y? = at — a2c?. (3) 
Dividing (8) by a* — a?c?, we have 


wp? 2 
malar nage Pa 4 


But since a <c, a? — c? is a negative quantity which may be 
denoted by — b?, and (4) becomes 
all Sa 
es rate 1 (5) 
Conversely, if the codrdinates of any point P satisfy (5), it 
can be shown that the difference of the distances F’P and FP 
is 2a, and hence P is a point of the hyperbola. 
Solving (5) for y in terms of 2, we have 


y=t oVer—ae, (6) 
a 


From this equation it appears that OX is an axis of symmetry 
of the hyperbola, that no part of the hyperbola lies between the 
lines x = — a and x =a, and that as x > 0, y > 00, 
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If we solve (5) for x in terms of y, the result is 
oe ee oe (7) 


from which it appears that OY is also an axis of symmetry of 
the hyperbola and all values may be assigned to y. 

The points A’ and A in which one axis of the hyperbola inter- 
sects the hyperbola are called the vertices, and the portion of the 
axis extending from A’ to A is called the transverse axis. The 
point midway between the vertices is called the center; that is, 
O is the center of the hyperbola, and it can readily be seen that 
any chord of the hyperbola which passes through O is bisected 
by that point. The other axis of the hyperbola, which is per- 
pendicular to the transverse axis, is called the conjugate axis. 
This axis does not intersect yh 
the curve. 

Important information 
as to the shape of the hy- 
perbola may be obtained by 
considering a straight line 
through the center (Fig. 50). 
The equation of such a line 


= y = mx. (8) 


To find the points of in- Fic. 50 

' tersection of this line with 

the hyperbola we must solve equations (5) and (8) simultane- 
ously. Substituting from (8) into (5), and solving for x, we have 


+ ab 
t= ee = abn ue 
b2 
aa the 
a 
values of x in (9) are imaginary and hence that the line (8) 


2 
does not intersect the hyperbola; but if m? < a the line (8) 


intersects the curve in two real points. Hence if we draw the 
two straight lines 


This equation shows that if m is so taken that m? > 


y=t2a, (10) 
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we divide the plane into four sections, in two of which the curve 
lies and in the other two of which there is no point of the curve 
(Fig. 50). 

We shall now prove that the lines (10) are asymptotes of the 
hyperbola in the sense of §26. For that purpose take two 


. b 
points both in the first quadrant, one Pz on the line y= a 


and the other P; on the hyperbola, and such that Pz and P; 
have the same abscissa, x. Then if y2 is the ordinate of Pz and 
y1 is the ordinate of P:, we have 


PiP2=y2—- =ta-bve a? 
- tear ae. (11) 
a 


If we should allow x to increase indefinitely in this expression 
we should get no information, since the difference between two 
quantities each of which increases indefinitely is not deter- 
minate. We may, however, rationalize the numerator in (11) 
by multiplying numerator and denominator by x + V2? — a? 
and obtain ab 12) 


P,P: = —————: 

cee ee NV oe a 

If we now let x — , it is evident that P;P2—0. Hence the 

lme y = 5 xis an asvmptote. From the symmetry of the figure 
a 


it is evident that the property which we have proved for the 
first quadrant is true in all quadrants. 

In graphing a hyperbola it is best to draw the asymptotes 
first. This may be done by drawing the rectangle with sides 
2 aand 2 basin Fig. 50. The asymptotes are then the diagonals 
of this rectangle. 

From the definition of b, c= Va? + 62, and the codrdinates of 
the foci are (+ Va? + 62, 0). Therefore 


OR N Ge (13) 


The foci may be found by describing a circle with the center 
at O and a radius equal to the semidiagonal of the rectangle 
which determines the asymptotes. This circle intersects the 
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transverse axis.in the foci. If we define the eccentricity of the 
hyperbola as the ratio re we have 


x — (14) 


a quantity which is evidently always greater than unity. 
Similarly, the equation 


i Na nel (15) 


oS 


is the equation of a hyperbola, with its center at O, its transverse 
axis on OY, and its conjugate axis on OX. Then the vertices are 
the points (0, + b), the foci are the points (0, + Vb? + a?), the 
\/ h2 
asymptotes are the straight lines y = + : ¥, and e= Moe 
If b =a, in either (5) or (15), the equation of the hyperbola 
assumes the form 
y—y=a? or y?—x?2=0?, (16) 
and the hyperbola is called an equilaieral hyperbola. The equa- 
tions of the asymptotes become y=+ 2; and as these lines 
are perpendicular to each other, the hyperbola is also called a 
rectangular hyperbola. 


EXERCISES 


Plot the following hyperbolas, finding the vertices, the foci, the 
' asymptotes, and the eccentricity of each: 

t. 4 x? — 25 y7 = 100. one oO 0 — 0, §.3 7? —2y2=1. 
Ph, CS) Oe? — Zh nF Ss MOO), 4,7? — y7= 16. 6.y2?—422=1. 

7. Find the equation of the hyperbola having its foci at the points 
(0, 0) and (8, 0), and the difference of the distances of any point on 
it from the foci equal to 2. 

8. The foci of a hyperbola are at the points (— 5, 2) and (5, 2), 
and the difference of the distances of any point on it from the foci 
is 4. Find the equation of the hyperbola, and plot. 

9. Find the locus of a point which has the property that its dis- 
tance from the point (4, 0) is twice its distance from the line x= 1. 

10. Find a curve which has the property that the distance of any 
point on it from the point (6, 0) is three times its distance from the 
line 32—2=0. 
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33. Conics. The circle, ellipse, hyperbola, and parabola are 
called collectively conics, or conic sections. The name is due to 
the fact that they may all be obtained by making plane sections 
of a right circular cone. 

The general equation of the circle has been obtained in § 28, 
and special forms of the equations of the other conics have been 
derived in §§ 29-32. We y 
shall now proceed to 
find more general forms 
of the equations of the 
ellipse, parabola, and 
hyperbola, but shall 
not try to obtain the 
most general forms of 
their equations. 

Let us take first an 
ellipse with its center 
at the point (h, k), and 
with its axes along the 
lines x=h and y=k 
(Fig. 51). In the equa- 
tion of the ellipse ob- 
tained in §831, the 
coordinates x and y denote the distances of a point on the ellipse 
from the two axes of the ellipse. In the present case these 
distances are NP = x —h and MP = y—k, respectively. Hence 
the equation of the ellipse is 


(@—h)? 
a? 


Fia. 61 


+ U— "a1, (1) 


Similarly, if the center of a hyperbola is at (h, k) and its 
transverse axis is y = k, its equation is 


(c—h)? (yy —k)? 
a? b? 
while if its center is at (h, k) and its transverse axis is x = h, its 


equation is pb ee 
oh eames 


=1; (2) 


(3) 
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Similarly, for a parabola, the codrdinates y and x in § 29 are 
the distances of a point on the parabola from the axis of the 
parabola and from a line perpendicular to the axis through the 
vertex. If the vertex of the parabola is at the point (hk, k) and 
the axis of the parabola is y =k, these distances now become 
y—k and x—h, respectively, and hence the equation of the 


parabola is (y—k)? =4c(z—h): (4) 


while if the vertex of the parabola is at (h, k) and the axis of 
the parabola is x = h, the equation of the parabola is 


(x —h)? =4c(y—k), (5) 
where in both (4) and (5) c has the same meaning as in § 29. 


If the indicated operations in equations (1)-(5) are carried 
out and terms are collected, each equation reduces to the form 
Av? + By? +2G24+2 Fy+c=0 (6) 

with the following differences : 

1. For the ellipse, A and B have the same sign. If A= B, 
the ellipse reduces to the circle as a special case of the ellipse. 

2. For the hyperbola, A and B have opposite signs. 

3. For the parabola, either A = 0 or B= 0. 

Conversely, if an equation of the form (6) is given, it may 
usually be reduced to one of the types (1)-(5) by methods 
similar to those used in handling the circle as shown in the fol- 
_ lowing examples. Occasionally, however, certain exceptional 
cases may arise, as shown in Example 4. 

Equation (6) is obtained when each axis of a conic is parallel 
to one of the codrdinate axes. When this is not true, the equa- 
tion of the conic will also contain a term with the product xy 
and will be of the most general form 


Ax? + 2 Hey + By? +2Ge+2 Fy+c=0. (7) 

A discussion of this equation lies outside the range of this 

book. We will notice, however, that in § 26 we have plotted a 
special, but important, case, namely 

ry =k, (8) 

and have said that this was a rectangular hyperbola. This may 

be verified by showing that the locus of a point tl © difference 


102 ALGEBRAIC FUNCTIONS 


of whose distances from the fixed points (a, a) and (— a, — a) 


is always equal to 2 a is the curve 
a? 
4 0) — Tied 

ne, 


By taking a = V2 k we have equation (8). 


Example 1. Discuss the equation 4 77+ 6y?+42—12y—1=0. 

We collect the x-terms in one parenthesis and the y-terms in another, 
engeNe A(a? + 2) + 6(y?-—2y) =1. 

Completing the square in each parenthesis and adding to the 


right-hand member of the equation the same numbers that are 
added to the left-hand member, we have 
A(x? +e2+4)4+ 6(y2?-2y4+1)=14+14+6=8, 
which may be written in the form 
(w@+4)? , W-1*_ 
mae + wer 
The equation therefore represents an ellipse with its center at 
— 4, 1) and its major axis parallel to OX. 


Example 2. Discuss the equation 9 x? — 4 y?— 36 x— 24 y—36=0. 
Proceeding as in Example 1, we have 
9(a2 —4 4+ 4) —4(y?+6y+4+ 9) = 36+ 36 — 36 = 36, 
which may be written in the form 
(2-2)? _(y+3)?_, 
4 9 

The equation therefore represents a hyperbola with its center at 
(2, — 3) and its transverse axis parallel to OX. 

Example 3. Discuss the equation 4 y?—-8x—6y—3=0. 


We collect the terms in y and transpose the other terms to the 
right-hand side of the equation. We have 


4(y?-— 3y)=824+8. 
Completing the square of at terms in the parenthesis, we have 
A(y2— By Tet 
which may be written oe = va = 2(x +2 


ee equation therefore represents a bese hy with its vertex at 
— 25, }) and its axis parallel to OX. 
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Example 4. Exceptional cases. In discussing an equation of elliptic 
type 1 we may be led to an equation of either one of the forms 


Coie he Une oe, 
b? 


a2 


— 2 —= 2 
re eae wet 


The first equation is satisfied by x=h, y=k, but by no other 
real values of x and y. It therefore represents a point as a special 
case of an ellipse. The second equation can be satisfied by no real 
values of the variables, and hence no graph exists. 

Also, in discussing an equation of the hyperbolic type 2 we may 
be led to an equation of the form 


(xh)? _(—h? = 9, 
a? b? 
This may be written as 
y-k=+2 (7-2) 
and hence represents two straight lines intersecting at (h, k). This 
may be considered as a special case of a hyperbola when the axes 
have become zero, just as a point is a special case of an ellipse. 
Finally, an equation of parabolic type 3 may have one of the 
variables missing. For example, 


Ay? +2Gy+Cc=0. 
This represents two straight lines parallel to OX or no lines at 


all, according as the roots of the equation are real or imaginary. 
This may be considered a special case of a parabola. 


EXERCISES 


Discuss the following conics: 
.822+2y2+6x2—-—8y+5=0. 
.27+3y2?-624+6y+9=0. 
.4274+9y2?-4r7+6y4+1=0. 
.52?-—2y?+ 507+ 16y¥y+ 83=0. 
.45 x2 — 75 y2 — 607+ 60 y + 23 = 0. 
16 72-16 y?—6474+8y+15=0. 
y2?—-2y—2x-5=0. 
.2?+4e7+8y+10=0. 
.15y2+124¥+3027—-—8=0. 

. b2x2 + a®y? — 2 ab’x = 0. 


=a 
(<=) 
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34. Theorems on limits. In obtaining more general formulas 
for differentiation, the following theorems on limits will be 
assumed without formal proof: 


1. The limit of the sum of a finite number of variables is equal 
to the sum of the limits of the variables. 

2. The limit of the product of a finite number of variables is 
equal to the product of the limits of the variables. 

3. The limit of a constant multiplied by a variable is equal to 
the constant multiplied by the limit of the variable. 

4. The limit of the quotient of two variables is equal to the quotient 
of the limits of thevariables, provided the limit of the divisor ts not zero. 


35. Theorems on derivatives. In order to extend the process 
of differentiation to functions other than polynomials, we shall 
need the following theorems: 


1. The derivative of a constant is zero. 
This theorem was proved in § 8. 


2. The derivative of a constant tumes a function ts equal to the 
constant times the derivative of the function. 
Let u be a function of x which can be differentiated, let c be 
a constant, and place ‘pss el: 
Give x an increment Az, and let Aw and Ay be the corre- 
sponding increments of wand y. Then 
Ay = c(u+ Au) — cu=c Au. 


Hence Ay == (¢ Au , 
Ae Ax 
and, by theorem 8, § 34, when Az — 0, 
oe AD Au 
Lint —2 => 1) + 
hee Lim Te 
Therefore dy = 6 du 
da dx 


by the definition of a derivative. 
Example 1. y = 5(a? + 8 2? 4+ 1). 


d 
ay 6 +32? + 1) = 58 2? + 6 x) = 15? + 22). 
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3. The derivative of the sum of a finite number of functions is 
equal to the sum of the derivatives of the functions. 

Let u, v, and w be three functions of x which can be differen- 
tiated, and let y=utotuw. 

Give x an increment Az, and let the corresponding incre- 
ments of u, v, w, and y be Au, Av, Aw, and Ay. Then 

Ay = (u+ Au+v+ Av+w-+ Aw) — (utot+yw) 


= Au + Av+ Aw; 
whence Ay _ Aw, Av, Aw, 
Aue Ar Ax ~ Ag 
Now let Ax > 0. By theorem 1, § 34, 
Lim 44 = Lim 2% + Lim 22 4 Lim 2%; 
Ax Ax Ax Ar 


that is, by the definition of a derivative, 
dy _ du, dv, dw, 
dx dx 3 dx i dx 
The proof is evidently applicable to any finite number of 
functions. 
Example 2. y—2@* — 8 x? =} 22" — 7 2. 


OTF ie 2 yet Wie tee 
dx 


4. The derivative of the product of a finite number of functions 
is equal to the sum of the products obtained by multiplying the 
derivative of each factor by all the other factors. 

Let wu and v be two functions of x which can be differentiated, 
and let y = U0. 

Give x an increment Az, and let the corresponding increments 
of u, v, and y be Au, Av, and Ay. 

Then Ay = (u + Au)(v + Av) — uv 

=u Av+vAu+ Au- Av 


and Ay _ Avy Aus Au. Ay, 
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If, now, Ax — 0, we ae by § ie 
Lim Ay _ = t Lim 5 oa v Lim © ma Lim 4 =——« Lam Ag. 
Ax ne 


But ae Av= 0, 
and therefore ut = 4 do +9 du 
Again, let y = Uw. 


Regarding wv as one function and applying the result already 
obtained, we have 


dy d(uv) 
tw ies dx 
ar ra | 
man cE + fu me ap 
= ww 2 + ww 2 + rw Ht. 


The proof is clearly applicable to any finite number of factors. 
Example 3. y = (3 x — 5) (a? + 1)z3. 


a ) 


IW BGT E 1) oe py Met) 


d(3 x — 5) 
2 Bee i a 
+ (2? + 1)x rE 


= (8 x — 5)(@? +:1)(8 x?) + (8 x — 5)x3(2 x) + (re? + 1)228) 
= (18 x3 — 25 2? + 12 x — 15)2?. 


5. The derivative of a fraction 1s equal to the denominator times 
the derivative of the numerator minus the numerator times the deriva- 
tive of the denominator, all divided by the square of the denominator. 


Let y = = where wu and v are two functions of x which can be 


differentiated. Give x an increment Az, and let Au, Av, and Ay 
be the corresponding increments of u, v, and y. Then 


Ay _utAu_u_vAu—udyv 


v+Av v? + 0 Av 


aii Ay Az Ar. 
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Now let Ax — 0. By § 34, 


» Lim 4% — y, Lim 42 
een Ay _ Az Az 
A v2 + » Lim Av / 
du dv 
v— —- u— 
whence dy = es a 
dx 2 
_x2?—1 
Example 4. y= Seo 7 ie 
aye tt 1) (2 ay a — 12 4n 
dx (x? + 1)? ~ (a? + 1)2 


6. The derivative of the nth power of a function is obtained by 
multiplying n times the (n—1)th power of the function by the 
derivative of the function. 

Let y = u”, where u is any function of x which can be differ- 
entiated and n is a constant. We need to distinguish four 
cases : 

CASE I. When n is a positive integer. 

Give x an increment Az, and let Au and Ay be the corre- 
sponding increments of wu and y. Then 

Ay = (u+ Aw)" — u"; 
whence, by the binomial theorem, 


JAY OTN TN iS I rn wae Su!) u"—2(Aw)? + +--+ (Aw)”. 


Ay _ n—1 Aw teak n—2 A Au 604 Au)"71 Au, 
wns ie? Z Y EES ae Az 
Now let Az, Au, Ay — zero, and apply theorems 1 and 


2, § 34. The limit of ree is wy, the limit of ae i is mM, and the 


limit of all terms except the first on the right-hand side of 
the last equation is zero, since each contains the factor Aw. 
Therefore dla fat Ot 

dx dx 
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CAsE II. When n is a positive rational fraction. 


Let n = . where p and q are positive integers, and place 
PD 


y= u'. 
By raising both sides of this equation to the gth power, we 
have yt = uP. 


Here we have two functions of x which are equal for all values 


of Z. 
Taking the derivative of both sides of the last equation, we 


have, by Case I, since p and q are positive integers, 
du. 


dy 
q—1 2 p— 1 
qy ae = pu de 


Substituting the value of y and dividing, we have 


dy _ Oy ;-1 du 
dx qo dx 
Hence, in this case also, oy = Wk du 
dx dx 
CASE III. When n is a negative rational number. 
Let n = — m, where m is a positive number, either integral 
or fractional, and place 
Y= te ae 
u™ 
d(u™) 
dy dx 
Then rage [By 5] 
mimes “ 
2 
= Sa et a [By Cases I and IT] 
= — my-m-1 de 
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Case IV. When v is an irrational number. 

The formula is true in this case also, but the proof will not 
be given. 

It appears that the theorem is true for all real values of n. 
It may be restated as a working rule in the following words: 


To differentiate a power of any quantity, bring down the exponent 
as a coefficient, write the quantity with an exponent 1 less, and 
multiply by the derivative of the quantity. 

Example 6. y= (2 +427—52+4 7)8. 

dy = 3 = 2 a 3 Py gas 
Fats +4a?—52+7) ae +42 5a2+7) 
= 8(28+47?-—52+4+7)78 77 +82-—5). 


Example 6. y= Vi? + = = at + 2-3, 


CU eae 4 

Farrer 3) Ae 
oe he Eee 
TN Eee 


aaa (ey (ee LyNa? +1 


ay persis FU" 4 +1 Seth 
=(2 +1) [4 (a? +1)°?- 22) + (a? + 1)2 
Ss CES 

(x? + 1)? 
Becta Dae 
Met 1 


dy _1/_2 Neel a ) 
dx 3\e24+1/ dx\ee+1 
3 + 1\3 $ 1-205 
a ee (@ + 1)2 
Pe eine) EA 
3 a8(o2 +18 
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7. If y is a function of x, then x is a function of y, and the 
derivative of x with respect to y is the reciprocal of the derivative 
of y with respect to x. 


Let Ax and Ay be corresponding increments of x and y. It is 
immaterial whether Az is assumed and Ay determined, or Ay 
is assumed and Az determined. In either case Ax —0 and 
Ay — 0 together. But al 


Ay Ay’ 
(NG 
whence Lim Ax = — 
Ay ie Ay 
im — 
: Ax 
: dx 
that is, Gea a 
dx 


8. If y is a function of u and u is a function of x, then y is a 
function of x, and the derivative of y with respect to x is equal to the 
product of the derivative of y with respect to u and the derivative of 
u with respect to x. 


An increment Az determines an increment Aw, since wu is a 
function of x, and this in turn determines an increment Ay, 
since y is a function of wu. Then as Ax — 0, Au — 0 and 


Ay — 0. But Ay _ Ay Au 
Az Au Az’ 

h —= = peat A See 
whence Lim ue Lim ne Lim ee 
that is, dy _ dy du. 

di Vpn ae 


Example 9. y= w+ 3.u-+1, where w=. 
dy _ (-2)= 24+80? 2 4462? 
de Ot) os) a care ro 


The same result is obtained by substituting in the expression for 
y the value of u in terms of x and then differentiating. 
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36. Formulas. We may now collect our formulas of differen- 
tiation in the following table: 


ade 
Fein? (1) 
d(cu) _ du 
FEO (2) 
d(u+v)_ du, dv 
Ais OP RESTS (3) 
d(uv) __, dv du 
dx dx 3 aa @) 
U du dv 
Ue soe F 
dx 2 , 
d(u") _ n—1 du 
dx dex’ (6) 
ihe Al 
ales Ae aa i) 
dy dy 
dx 
dy _ dy du ; 
dx du dx’ (8) 
dy 
dy = du ! (9) 
dx dx 
du 


Formula (9) is a combination of (7) and (8). 
The first six formulas may be changed to corresponding for- 
mulas for differentials by multiplying both sides of each equa- 


tion by dx. They are de = 0, (10) 
Cu) =e aU, (11) 

d(u+v) =du+d, (12) 

d(uv) = udv + vdu, (18) 

U _ 1du—udv 14 

a(=) a (14) 


d(u) = nu"—'du. (15) 
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EXERCISES 
Find a in each of the following cases: 
ly=(22+38)(8227+27—8). sys = ‘ 
Q.y = (222 +1)(x2 +32). Vai + 23)? 
8. y = (x? — 1)2(@ + 2)3. 14. y = (w? + 2)*(a3 — 28, 
4. y = (x —1)(a+ 2)(a — 8)?. if pr 
5. y= Bt BP ee arg 
2 16. y= 7?V 4 — 2?. 

6 Es ay ; 

(22—1) Wigs a@? -4e4+1)%. 

5 1 
7 y= Vib + [8 eee 


ce a aa jet. 
9. y=-— y pO x—2 


x+1 
See di it a es ad 
Tho pee .U=Nirzs 
Ll. y= («x +1) V2? —2 2. 2l.y=(82?+427+8)V2-—1. 
3x2+2 Vx + 4 x8 
19. ee — Vet+4c8, 
V9 0?+4 heh x? 


37. Differentiation of implicit functions. Consider any equa- 
tion containing two variables x and y. If one of them, as 2, is 
chosen as the independent variable and a value is assigned to 
it, the values of y are determined. Hence the given equation 
defines y as a function of x. If the equation is solved for y in 
terms of x, y is called an explicit function of x. If the equation 
is not solved for y, y is called an implicit function of x. For 


example, = 24322 +4ay+42+2y+4=0, 
which may be written 
y?+ (4r+2)y+ 82?+42+44) =0, 


defines y as an implicit function of x. 
If the equation is solved for y, the result 


y=—2x—-14+V2?-—8 


expresses y as an explicit function of x. 
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If it is required to find the derivative of an implicit function, 
the equation may be differentiated as given, the result being an 
equation which may be solved algebraically for the derivative. 
This method of finding both first and second derivatives is illus- 
trated in the following examples: 

Example l. x?+ y?=5. 

If x is the independent variable, 


Ue 2) = 4 (5) 9, 
= (a2 + y2) = = (5) =0; 


that is, 20+2y Ha : 
whence dy _ _ %, 
dx OT] 
Or the derivative may be found by taking the differential of both 
sides, as follows: d(a2 + y2) = d(5) =0; 
that is, 2xdx+2ydy=0, 
dy__&, 
whence tee ad 
It is also possible first to solve the given equation for y, thus: 
pee ORs 
ee 
whence ae a5 Vee 


a result evidently equivalent to the result previously found. 


Example 2. Find a Sif xe? + y? = 5. 
One 2 
We know from Example 1 that FERS 
: d 
Therefore ou 25 (=) 
mm ov) 
ee a 
y—2(—2) 
co y 
= 7 
= ip _ ye 


since y2 + x? = 5, from the given eguation. 
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EXERCISES 

Find ae from each of the following equations: 

a 
lya—y)tety=0. 4, y2=2+ Va? + y3. 
2.Vytur+Vy—-“2=4. 5. 44s. 
3. (x — y)2(a + y) = a. Be age eng, 
Find a and on from each of the following equations: 

x o 
6.2yt2e+3y=6. 92°+y=a', 
Ty=Vat+y. 10. 2? + y? =a. 
8.2? + xy —y?=0. li. v2? + y2-—2axr—2 by=0. 


38. Tangent line. In § 15 we derived the equation of the tan- 
gent line to any curve at the point Pi (21, yi) in the form 


where (Ge is the value of vt when x=% and y=y1; that 
1 


is, it is the slope of the curve, and hence of the tangent line, at 
P;. The use of (1) in deriving a general equation of the tangent 
line to any given curve at a chosen point P; (21, yi) is illustrated 
in Example 1. 

The angle of intersection of two curves is the angle between 
their respective tangents at the point of intersection. The method 
of finding the angle of intersection is illustrated in Example 2. 


Example 1. Find the equation of the tangent line to the ellipse 
ca (meee 


) + b2 = irat Pi (1, Yi). 
By differentiation we have 
20, 2y dy _ 
a? + b? dx . ee 
whence eal a (2) 
dx ay 
Placing x = 2 and y = y; in (2), we have 
dy eee 6241 
ial ayy’ (3) 
and the equation of the required tangent line is 
2. 
y—y =— 2 @— a). (4) 


ary, 
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It is desirable to put this equation into a simpler form. 
: Since P; is a point of the ellipse, its codrdinates satisfy the equa- 
tion of the ellipse, and hence 


412 2 
ee © 


an equation which enables us to simplify (4). 


For, multiplying (4) by Yt we have 


Dee 
YU —n)=— 4 @—m), 


which may be written in the form 


Ur, Wy _ 2x 2 oy? 
ane Ga an ees (6) 
But, by virtue of (5) the right-hand member of (6) is 1, and (6) 
reduces to me, Wy 
He + BY a1, (7) 


the equation of the required tangent line in simple form. 
The obvious similarity between this equation and that of the ellipse 
makes it easy to remember, if necessary. 


Example 2. Find the angle of intersection of the circle x? + y= 8 
and of the parabola x? = 2 y. 

The points of intersection are Pi (2, 2) 
and P2(— 2, 2) (Fig. 52), and from the 
' symmetry of the diagram it is evident 
that the angles of intersection at P; and 
P2 are the same. 

Differentiating the equation of the 


circle, we have 2x%+2y ua = 0, whence 


dy =— - ; and differentiating the equa- 


dx 
tion of the parabola, we find “ ate Fig. 52 


Hence at P; the slope of the tangent to the circle is — 1, and the 
slope of the tangent to the parabola is 2. 
Accordingly, if 8 denotes the angle of intersection, by § 14, 
—1-2 
1-2 


or i= tanat 3. 


tan = 3, 
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EXERCISES 
1. Find the equation of the tangent line drawn to the circle 
v2+y2—42+6y=12 at the point (5, 1). 
2. Find the equation of the tangent line drawn to the curve 
y3 = 4 2? — yx? at the point (— 2, 2). 
3. Find the angle of intersection of the tangents to the curve 
y? = 2 x3 at the points for which x = 2. 
4. Show that the equation of the tangent to the hyperbola 
2 2 A 
aie a at the point (7, yi) is oe 
5. Show that the equation of the tangent to the parabola y? = kx 
at the point (x1, yi) is yy = 5 (w+ 71). 
6. Show that the equation of the tangent drawn to the parabola 
y2=4ax+4 a? at the point (11, y1) is my =2a(u+m1)+4a?. 


7. Find the point at which the tangent to the curve y?(2+27)=2—2 
at the point (— $, 2) intersects the curve again. 


Draw each pair of the following curves in one diagram and deter- 
mine the angles at which they intersect : 

8. cyt+6=0,22+38y=0. 12.ay=2, x? —y? = 3. 
CS), Se a) Mo ay, Cha 3 El ae 13. 227+ y?=5, x? +y2-—52+5y=0. 
10.277=92,77=3(5—2). 14.97 =8 4, 27 + y?— by =0. 
ll. y2=4e—8,y=2e—8 16.47 =427+4+4, y2? = 64-162. 


39. The differentials dx, dy, ds. On any given curve let the 
distance from some fixed initial point measured along the curve 
to any point P be denoted by s, where s is positive if P lies in 
one direction from the initial point and negative if P lies in the 
opposite direction. The choice of the positive direction is purely 
arbitrary. We shall take as the positive direction of the tangent 
that which shows the positive direction of the curve, and shall 
denote the angle between the positive direction of OX and the 
positive direction of the tangent by ¢. 

Now for a fixed curve and a fixed initial point the position of 
a point P is determined if s is given. Hence x and y, the coor- 
dinates of P, are functions of s which in general are continuous 
and may be differentiated. We shall now show that 


dat _ dy _ 
al cos @, ee sin @. 


DIFFERENTIALS ALY 


Let are PQ= As (Fig. 53), where P and Q are so chosen that 
As is positive. Then PR = Ax and Y 
RQ = Ay, and 


A oe chord rr PR 
As are arePQ arePQ chord PQ 
_enord PQ - 

Beata PQ cos RPQ, 
Ay__RQ _chordPQ RQ 
As - are PQ arePQ chord PQ 

_ chord PQ... 

=r yaya Q sin RPQ. 

We shall assume without proof that the ratio of a small chord 
to its arc is very nearly equal to unity, and that the limit of 
chord PQ 

arc PQ 
curve. At the same time the limit of RPQ = ¢. Hence, taking 
limits, we have dy 


a dy _ 
Ao cos ¢, a = sin @. (1) 


If the notation of differentials is used, equations (1) become 
dx = ds - cos ¢, dy = ds - sin ¢; 
whence, by squaring and adding, we obtain the equation 
ds? = dx? + dy?. (2) 


This relation between the differentials of x, y, and s is often 
represented by the triangle of 
Fig. 54. This figure is convenient 
as a device for memorizing for- 
mulas (1) and (2), but it should 
be borne in mind that RQ is not 
rigorously equal to dy (§ 18), nor 
is PQ rigorously equal to ds. In 
fact, RQ= Ay, and PQ=As; but 
if this triangle is regarded as a 
plane right triangle, we recall im- 
mediately the values of sin 4, 
cos ¢, and tan & which have been previously proved. 


= 1 as the point Q approaches the point P along the 
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40. Motion in a curve. When a body moves in a curve, the 
discussion of velocity and acceleration becomes somewhat com- 
plicated, as the directions as well as the magnitudes of these 
quantities need to be considered. We shall not discuss accelera- 
tion, but shall notice that the definition for the magnitude of 
the velocity, or the speed, is the same as before (namely, 


_ds 

Dike 

where s is distance measured on the curved path) and that the 

direction of the velocity is that of the tangent to the curve. 
Moreover, as the body moves along a curved path through a 

distance PQ = As (Fig. 55), x changes by an amount PR = Az, 

and y changes by an amount RQ = Ay. We have then 


v 


NO EES : 
Lim Ay a ae oe velocity y 
of the body in its path, 
Age de 
ne; —_— = SS ee 
1m ea v component 
of velocity parallel to OX, 
wy Ay _ dy 
L —_—- = 
1m Rete Vy = component 


of velocity parallel to OY. 


Otherwise expressed, v repre- 
sents the velocity of P, v, the velocity of the projection of P 
upon OX, and v, the velocity of the projection of P on OY. 
Now, by (8), § 36, and by § 39, 


y, = 2% _ de ds 

TS Giaeds dk 

=2008 ¢, (1) 
Che Oke Gah: 

=vsin d. (2) 


Squaring and adding, we have 
o = y2 + v2, (8) 


MOTION IN A CURVE Te 


Formulas (1), (2), and (3) are of especial value when a par- 
ticle moves in the plane XOY and the codrdinates x and y of 
its position at any time ¢ are each given as a function of t. 
The path of the moving particle may then be determined as 
follows: 

Assign any value to t and locate the point corresponding to 
the values of « and y thus determined. This will evidently be 
the position of the moving particle at that instant of time. In 
this way, by assigning successive values to ¢ we can locate other 
points through which the particle is moving at the correspond- 
ing instants of time. The locus of the points thus determined 
is a curve which is evidently the path of the particle. 

The two equations accordingly represent the curve and are 
called its parametric representation, the variable t being called a 
parameter.* In case t can be eliminated from the two given 
equations, the result is the (xz, y) equation of the curve, some- 
times called the Cartesian equation ; but such elimination is not 
essential, and often is not desirable, particularly if the velocity 
of the particle in its path is to be determined. By (9), § 36, the 
slope of the curve is given by the formula 


dy 
dy dt 
Y _. (4) 
dx dx 
dt 
Example 1. A particle moves in the plane XOY so that at any 
time t, g=al, y= bi?, 


where a and b are any real constants. Determine its path and its 


velocity in its path. 
Eliminating t from the two equations, we have 


bx? = a*y 
as the Cartesian equation of the path. This equation may be writ- 
ten in the form a? 

x? = chi Y; 


whence it is immediately evident that the path is a parabola. 


*JIt may be noted in passing that the parameter in the parametric representa- 
tion of a curve is not necessarily time, but may be any third variable in terms of 


which x and y can be expressed. 
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To determine the velocity of the particle in its path, we find, by 
differentiating the given equations, 


— de _ =e pe 
= a = 4 Oy = “ay = 2 Ob, 
whence, by (8), v= Va? + 4 bt?. 


Example 2. If a projectile starts with an initial velocity vp in an 
initial direction which makes an angle a with the axis of x taken 
as horizontal, its position at any time ¢ is given by the parametric 
equations x= ot cosa, y=voltsina— % gl”. 

Find its velocity in its path. 
dx 


We have (ie " = U COS A, 


1 = B =m sina — gt. 


Hence Y= V0? — 2 guot sin a + g?t?. 


EXERCISES 


1. The codrdinates of the position of a moving particle at any 
time t are given by the equations x = 2 #2, y= #8. Determine the 
path of the particle and its speed in its path. 


2. The codrdinates of the position of a moving particle at any 
time ¢ are given by the equations x = t?, y=t-+2. Determine the 
path of the particle and its speed in its path. 


8. The codrdinates of the position of a moving particle at any 
time t are given by the equations x = 5t, y= 6t—10t?. Determine 
the path of the particle, its speed in its path, and the point in the 
path at which the speed is the least. 


4, The codrdinates of the position of a moving particle at any 
time ¢ are given by the equations x = t?, y = 2 #2? — 25 t. Find the 
path of the particle, its speed in its path, and the point in the path 
at which the speed is least. 


5. The codrdinates of the position of a moving particle at any 
time ¢ are given by the equations « = #2? — 8, y= #3 + 2. Determine 
the path of the particle, its speed in its path, and the point in the 
path at which the speed is the least. 


6. The coordinates of the position of a moving particle at any 
time t are given by the equations x = 4 f?, y= 4(1— t)2. Determine 
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the path of the particle, its speed in its path, and the point in the 
path at which the speed is the least. 


7. Show that the speed of a projectile is least when the projectile 
is at its highest point. 


8. Find the range of a projectile (that is, the distance to the 
point at which the projectile will fall on OX), the speed at that point, 
and the angle at which the projectile will meet OX. 


9. Show that in general the same range may be produced by 
two different values of a, and find the value of a which produces 
the greatest range. 


10. Find the (x, y) equation of the path of a projectile, and plot. 


41. Related rates. If we have any variable x expressed in 
terms of the time t, we may, by differentiating with respect to t, 


find a which, according to § 6, is the rate of change of x with re- 


spect to the teme t. In the particular case in which x is a distance 
traveled by a moving body we have called we the velocity of 


the moving body. It follows that velocity is a special case of a 
rate with respect to the time ¢. 

More generally, if we have any two variables x and y connected 
by a single equation, we may regard one of them as the inde- 
pendent variable and the other as a function of it. Suppose we 
take x as the independent variable; then y is a function of x. 


Differentiating with respect to x, we find ou, the rate of change 


of y with respect to x. This type of problem was discussed in § 6. 

Suppose, however, that the two variables x and y each vary 
with respect to the time t. We are now able to differentiate the 
equation with respect to ¢. The resulting equation will contain 
“ and a , the respective rates of change of x and y with respect 
to t; and if either rate is known, the other may be readily com- 


puted. In fact, by (8), § 36, 

dy _ dy, des, 

adi dx dt 
Hence the two important steps in comparing the rates of two 
variables with respect to the time ¢ are first, the formation of a 
general equation containing the two variables; second, the 
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differentiation of that equation with respect to t. These steps 
appear in the solution of the following illustrative examples: 


Example 1. The radius of a circle is increasing at the uniform rate 
of 2 ft. per second. How fast is the area of the circle increasing when 
its radius is 4 ft.? 

Denoting the area of the circle by A and its radius by r, we have 
the equation Ae eee 

Since A and r are both functions of t, we may differentiate with 
respect to ¢, obtaining the result 


dA _ dr 

fat oat By Tr dt 
But = 2, and hence, by substitution, 

a 4 wr 

dt d 


a general formula for the rate of change of A with respect to t, for 
any value of r. 
ay ees 
edb 
at the rate of 16 7 sq. ft. per second. 


= 16 7, and A is increasing 


Example 2. Suppose we have a vessel 
in the shape of aright circular cone (Fig. 56) 
of radius 3 in. and altitude 9 in. into which 
water is being poured at the uniform rate 
of 100 cu. in. per second. Required the rate 
at which the depth is increasing when the 
water is 6 in. deep. 


From similar triangles in the figure, if -——~ 
h is the depth of the water and r the ra- Fic. 56 


dius of its surface, r = z. If V is the volume of the water, 
le 1 wrh = alr wh, 


Since h and V are both functions of t, we may differentiate with 
respect to t, the result being 


dV _1_1.dh 
em l eer 

We have given “ = 100 and kh =6; from which we compute 
prey 


dt 7 
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Be ee pace is Increasing at the rate of 7.96 in. per second 
As a variation of this problem, suppose the water is leaking out 
of the same vessel at the uniform rate of 50 cu. in. per second, and it 
is required to find the rate of change of the depth when the water 
is 6 in. deep. 
Using the same notation as before, we have 


ve or th, 
whence oe = ; th? a 
In this case, however, VY is decreasing and hence dv = — 50. 
Substituting this value for a and placing h = 6, we its by com- 
putation, that =— = = — 3.98. 
Since Gh is negative, it follows that the depth is decreasing, as 


dt 
was known to be the case, and at the rate 3.98 in. per second. 


Example 3. A lamp is 60 ft. above the ground. A stone is dropped 
from a point on the same level as the larnp and 20 ft. away from it. 
Find the speed of the stone’s shadow on the ground at the end of 
1 sec., assuming that the distance 
traversed by a falling body in the O 
time ¢ is 16 ¢?. 

Let AC (Fig. 57) be the surface of 
_ the ground, which is assumed to be 
a horizontal plane, L the position of 
the lamp, O the point from which 
the stone was dropped, and S the 
position of the stone at any time t. B 
Then Q is the position of the shadow Fic. 57 
of S on the ground, LSQ being a j 
straight line. Let OS =z and BQ=y. Then LO= 20, BO= 60, and 
BS =60—vz. In the similar triangles LOS and SBQ, 


¢  60—Z, 
Ai o 


1200 
ra 20. (2) 


whence 


We know x= 16 #?, whence aoe 32 t; and wish to find au, the 


velocity of Q. a 
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Differentiating (2) with respect to t, we have 
dy _ __ 1200 dx 


dt x? at 
When i=1sec., x= 16, and a = 82; whence, by substitution, 
we find dy 


Aamo 150 ft. per second. 


The result is negative because y is decreasing as time goes on. 


EXERCISES 


1. A solution is being poured into a conical filter at the rate of 
5 ee. per second and is running out at the rate of 1 cc. per second. 
The radius of the top of the filter is 10 em. and the depth of the 
filter is 830 em. Find the rate at which the level of the solution is 
rising in the filter when it is one fourth of the way to the top. 


2. A peg in the form of a right circular cone of which the ver- 
tical angle is 60° is being driven into the sand at the rate of 1 in. 
per second, the axis of the cone being perpendicular to the surface 
of the sand, which is a plane. How fast is the lateral surface of the 
peg disappearing in the sand when the vertex of the peg is 5 in. 
below the surface of the sand? 


3. A trough is in the form of a right prism with its ends equi- 
lateral triangles placed vertically. The length of the trough is 10 ft. 
It contains water which leaks out at the rate of 4 cu. ft. per minute. 
Find the rate, in inches per minute, at which the level of the water 
is sinking in the trough when the depth is 2 ft. 


4, A trough is 10 ft. long, and its cross section, which is vertical, 
is a regular trapezoid with its top side 4 ft. in length, its bottom 
side 2ft., and its altitude 5ft. It contains water to the depth of 
3 ft., and water is running in so that the depth is increasing at the 
rate of 2 ft. per second. How fast is the water running in? 


5. A point is moving on the curve y2= 2x3. The velocity along 
OX is 2 ft. per second. What is the velocity along OY when x = 2? 


6. A ball is swung in a circle at the end of a cord 2 ft. long so 
as to make 20 revolutions per minute. If the cord breaks, allowing 
the ball to fly off at a tangent, at what rate will it be receding from 
the center of its previous path 2 see. after the cord breaks, if no 
allowance is mae for the action of any new force? 
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- %. The inside of a vessel is in the form of an inverted regular 
quadrangular pyramid, 4 ft. square at the top and 2 ft. deep. The 
vessel is originally filled with water, which leaks out at the bottom 
at the rate of 10 cu. in. per minute. How fast is the level of the 
water falling when the water is 10 in. deep? 

8. The top of a ladder 20 ft. long slides down the side of a ver- 
tical wall at a speed of 3 ft. per second. The foot of the ladder slides 
on horizontal land. Find the path described by the middle point of 
the ladder, and its speed in its path. 

9. A boat with the anchor fast on the bottom at a depth of 40 ft. 
is drifting at the rate of 3 mi. per hour, the cable attached to the 
anchor slipping over the end of the boat. At what rate is the cable 
leaving the boat when 50 ft. of cable are out, assuming it forms a 
straight line from the boat to the anchor? 

10. The angle between the straight lines AB and BC is 60°, and 
AB is 40 ft. long. A particle at A begins to move along AB toward 
B at the rate of 5 ft. per second, and at the same time a particle at 
B begins to move along BC toward C at the rate of 4 ft. per second. 
At what rate are the two particles approaching each other at the 
end of 1 sec.? 

11. The foot of a ladder 50 ft. long rests on horizontal ground, 
and the top of the ladder rests against the side of a pyramid which 
makes an angle of 120° with the ground. If the foot of the ladder is 
drawn directly away from the base of the pyramid at the uniform 
rate of 2 ft. per second, how fast will the top of the ladder slide 
down the side of the pyramid? 


42. Integration. We know that if n has any value, positive or 
negative, integral or fractional, we have 


= Ger, (1) 
dx 


Now if n +1 is not equal to zero, we may divide equation (1) 


b 1 and have . 
vag ‘ 1 d(x *!)_ d ee 2) 
n+l) 


a) i ee dx 
Hence by reversing the process of differentiation we have 


ii Shien eal Saag (3) 


n+l 
This is the same formula obtained in § 20, but it is there limited 


126 ALGEBRAIC FUNCTIONS 


to positive integral values of n, while here it is applicable to any 
value of n except n =—1. For example, 


[Vide = fohdz = 38 +0; 


eee “de =2at+C=2Vx+C; 


2 


a =|\e= 71 = — 25 140=-446. 
The value of if Poel f fs cannot be obtained by formula 


(3), however, and will be found later (see § 57). 
We may apply formula (3) to problems of the types discussed 
in §§ 20-25. 


Example 1. The slope of a curve at any point is always equal to 
the square of the slope of the line joining the point to the origin, 
and the curve passes through the point (2, 1). Find its equation. 

The slope of any curve at a? point is ou, The slope of the line 


joining the point to the origin is - By the statement of the problem 
we have 


Ay pn 
dx x? 
which we may write as dy _ dx, 
y? 2 


Integrating by (8), we have 


Se 
y ay 
Since the curve passes through (2, 1), we have 
whence =-—i, 


The required equation is therefore 


ee eo! 
yar 2’ 


or ry—2xe+2y=0. 
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Example 2. Find the pressure on a parabolic segment, with base 
b and altitude a, submerged so 
that its base is in the surface of 
the liquid and its axis is vertical. 
Let RQC (Fig. 58) be the para- 
bolic segment, and let CB be 
drawn through the vertex C of the 
segment perpendicular to RQ in 
the surface of the liquid. Accord- Fic. 58 
ing to the data, RQ = b, CB =a. : 
Draw LN parallel to TS, and on LN as a base construct an element 


of area, dA. Let 


CM =a. 
Then dA = (LN)dx. 
772 
But, from § 30, eae = ce ; 
RQ CB 
whence LN’? = ie 
a 
and therefore AMA\ = 2. ot de. 
an 


The depth of the line LN below the surface of the liquid is 
CB—CM=a-—v2; hence, if w is the weight of a unit volume of 


the liquid, pice 
dP = — x7(a — x)wdz, 
a? 
a bw ; 1 5 : 
and P= — x(a — x)dx 
op | Ca? 
= 4, wba? 
EXERCISES 


1. The velocity in feet per second of a moving body is equal to 
Vi. Find the distance traveled in the time from t= 2 tot =4. 

2. The velocity in feet per second of a moving body is equal to 
Vs, and when t=0,s=4. Find s whent=83. 

3. The slope of a curve at any point is always equal to the square 
root of the abscissa of the point, and the curve passes through the 
point (4, 2). Find its equation. 

4, A curve always cuts at right angles the line joining any point 
on it to the origin, and the curve passes through the point (8, — 2). 
Find its equation. 
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5. The slope of a curve at any point is equal to the reciprocal of 
the square of the abscissa of the point, and the curve passes through 
the point (1, 1). Find its equation. 

6. Prove that the area of a parabolic segment is two thirds of the 
product of the base and the altitude. 


7. Find the area bounded by OX, OY, and the curve ee + y? =a’, 


8. Find the area bounded by the curve y? = x? and the straight 
line y = zx. 

9. Find the volume of the solid generated by revolving about OX 
the triangular area bounded by OX, OY, and the curve x? + y? = a2. 


10. Find the volume of the solid formed by revolving about the 
line x = a the area bounded by that line and the curve ay? = z°. 


11. A parabolic segment with base 18 and altitude 6 is submerged 
so that its base is horizontal, its axis vertical, and its vertex in the 
surface of the liquid. Find the total pressure on the segment. 


12. A pond 15 ft. in depth is crossed by a roadway with vertical 
sides. A culvert, whose cross section is in the form of a parabolic 
segment with horizontal base on a level with the bottom of the 
pond, runs under the road. Assuming that the base of the parabolic 
segment is 4 ft. and its altitude is 3 ft., find the total pressure on 
th bulkhead which temporarily closes the culvert. 


GENERAL EXERCISES 


Find wy, in each of the following cases: 


dx 
te [—— 4. y= (8 x? — 2 a?) V (a? + a?2)3, 
4 x — Vax? — a? 
EN, Zee ieee 
2. y a eee ee 5, y = Tie NIC ey 
tN a G4 me 
8.yauVP—@—-—S2_. 6 y= (at — 28 4 _F _. 
2 — q?2 (a2 — x2)? 
Find dy and dy in each of the followin : 
= aa g cases: 
7. y3 = a2(x + y). 10. b2x? + a2y? = a2b2, 
8.23 + y3 =a. Ll. 22 +4? — 3 axry = 0. 


Oh a7 se We Sa 12. xy2=a2+ y. 
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Plot the following curves: 


. 


13, y¥7-—4y=22 + 8 22-4, 19. y2(4 + 1?) = 72(4 — x2), 
14. (« — 1)? — y(y — 2)2=0. 20. y?(4 — x?) = 2?2(4 + 2?), 


9 
Weg ; 21. x?2(y2 — 4) = 4, 
art ate afi is, 
-y— 2)? = 16 — x2. 
Ne eae : : 
SS eatorreerma 23. (y — x)? = y2(8 — y). 
ik y — (x ine 2)3. oe oe 7 ae = a*b*?, 
“+2 25. y?(x? + a?) = a2x?. 
18. (y — 2)*(a + 4) = 4. 26. x7y? + a2b2 = by?, 
8 a3 ‘ fs 
27. Plot the curve y = es This curve is called the witch. 


28. Plot the curve y? = x? i - This curve is called the strophoid. 

29. Plot the curve a? + y3 =a3. This curve is the four-cusped 
hypocycioid, and is the curve described by any point of a circle of 
a 
4 

30. Plot the curve x? + y? = a?. This curve is the parabola, the 
axes of x and y being the tangents to the parabola at the ends of 
the chord drawn through the focus of the parabola perpendicular 
to the axis of the parabola. 


radius — as the circle rolls on the inside of a circle of radius a. 


Sketch the following conics: 

31.327 +y2?-6x-—6y+9=0. 

32. 9 12 + 25 y? — 362+ 50 y — 164=0. 
33. 86 x? —18 y2+ 3862+ 24y—35=0. 
34. 12 x27 —18 y2-— 86 2—12y4+31=0. 
35.22-4x—l1lly—T=0. 
36.4y2?-4y+627+3=0. 


37. Find the locus of a point the square of whose distance from 
a fixed point is always k times its distance from a fixed straight line. 


38. Find the equation of the locus of a point whose distance from 
the fixed point (c, 0) is always e times its distance from the axis 
of y. Show that the locus is an ellipse ife <1, a hyperbola if e>1, 
and a parabola ife=1. 
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39. Find the equation of the locus of a point whose distance from 
one fixed point is always k times its distance from a second fixed 
point. Show that the locus is a circle unless k = 1, and find its center 
and radius. 


40. Show that the locus of a point which moves so that the sum 
of the squares of its distances from any number of fixed points is 
constant is a circle. 


41. A point moves so that the length of the tangent from it to 
the circle x? + y? = a? is always equal to the length of the tangent 
from it to the circle (x ~— b)? ++ y2? = c?. Find its locus. 


42. A point moves so that the length of the tangent from it to 
the circle x2 + y?=1 is equal to its distance from the line x = 3. 
Show that the locus is a parabola. 


43. Find the general expression for the length of the tangent from 
any point (7, yi) to any circle A(x? + y?) +2 Gr+2 Fy+C=0. 


44, Find the equation of an ellipse with foci (8, 0) and (0, 3) and 
major axis equal to 6. 


45. Find the equation of an ellipse which passes through the 
origin and has the foci at (4, 0) and (0, 4). 


46. Find the equation of the tangent to the strophoid y? = x2 2— 


} a+az 
at the point = ae = aa 
5 5 
47. Prove that the tangents to the cissoid y? = 5 ot at the 
a-—<2z 


points for which x = a make supplementary angles with OX. 


48. A chord is drawn through the focus of the parabola y? = kx 
perpendicular to the axis of the parabola. Show that the tangents 
to the parabola at the ends of the above chord intersect at right 
angles on the axis of the parabola. 


49. Find the equation of the tangent to the curve x? + y? = a? 
at the point (21, y;). 


50. Derive the equation of the tangent to the curve x” + y” =a” 
at the point (71, 4). 


51. Show that the equation of the tangent to the conic 
Ax? + By?+2Gex+2Fy+C=0 
at the point (x, y;) is 
Amz + Bny + Gix+a)+ Fyt+y)+C=0. 
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52. Prove that if a tangent to a parabola y2 = kx has the slope 


m, its point of contact is ( k , al and that its equation is 


k 4 m? 
y= mz + ——- 
4m ns ; 
53. Prove that if a tangent to an ellipse = 4 7 = 1Lhas theslope m, 
a 


: 2 2 
its point of contact is ( ee pitied ala 
. Maem? + b2 V am? + 6? 
equation is y = mz 4 Va2m? + 62, 
54. Show that a tangent to a parabola makes equal angles with 
the axis and a line from the focus to the point of contact. 


) and that its 


55. Show that a tangent to an ellipse makes equal angles with the 
two lines drawn to the foci from the point of contact. 
Find the angles of intersection of the following pairs of curves: 
56. x? + y2-—107=0, y2 =42— 16. 
bi = oe, Yr = (2 — 2)? 
58. y = (x@ — 2), y= 2 — (x — 2)?. 
59. 3 y= (@ — 2), 9 y* = 8@ — 2). 
8 

a oe 
60. x 2y+1),y ah 
61. 27-—427+3y=0, x?-427+4-y2=0. 


ee yes dae. 
62. 4y*— 329 = 4, y? = 79 


8 

ae eS : 

63. y27=4—24,y ae 

64. A particle moves so that its codrdinates at the time ¢ are 
x=2t, y=8t?. Find its path and its velocity in its path. 

65. A particle is moving in the plane XOY so that at the time ¢ 
its codrdinates are x =2V3it—t?2, y=2t. Show that the motion 
is defined only when 0 < ¢ < 8, and that the path is a semicircle. 
Determine the velocity of the particle in its path when t= 1. 

66. A particle moves so that its codrdinates at the time ¢ are 
y=t,x=Vt2 +9. Find its path and its velocity in its path when 
t— 4, 

67. A particle moves so that its codrdinates at the time ¢ are 
g=t+1,y=2Vi+1. Find its path and its velocity in its path. 

68. A particle moves so that its codrdinates at the time ¢ are 
g=3+3Vit, y=2+4+3¢t. Find its path and its velocity in its path 
when t = 4, 


182 ALGEBRAIC FUNCTIONS 


69. A particle moves so that its codrdinates at the time ¢ are 
e=2t, y=2V—t2?+4t—38. For what interval of time is the 
motion defined? Find its path and its velocity in its path. 

70. The codrdinates of a moving particle are given by the equa- 
tions x = t?, y = (1 — #2)*. Find its path and its velocity in its path. 

71. A particle moves so that its codrdinates at the time ¢ are 


PSOE - Find its path and its velocity in its path. 


+1 
72. A body moves so that x = — 2+ 2, y=1+4. Find its path 
and its velocity in its path. 
73. A man standing on a wharf 20 ft. above the water pulls in a 
rope, attached to a boat, at the uniform rate of 3 ft. per second. 
Find the velocity with which the boat approaches the wharf. 


74, At 12 o’clock a vessel is sailing due north at the uniform rate 
of 20 mi. an hour. Another vessel, 40 mi. north of the first, is sailing 
at the uniform rate of 15 mi. an hour on a course 30° north of east. 
At what rate is the distance between the two vessels diminishing at 
the end of one hour? What is the shortest distance between the 
two vessels ? 

75. At a certain time two ships, A and B, are 20 mi. apart, and 
the ship B is due east from the ship A. The ship B is sailing north 
at the uniform rate of 6 mi. an hour and the ship A is sailing south 
at the uniform rate of 8 mi. an hour. How fast will the distance 
between the ships be increasing at the end of 2 hr.? 


76. The top of a ladder 32 ft. long rests against a vertical wall, 
and the foot is drawn at the rate of 4 ft. per second along a straight 
line at right angles to the wall. Find the path of a point on the 
ladder one third of the distance from the foot of the ladder, and its 
velocity in its path. 

77. The top of a ladder rests against a vertical wall, and the foot 
is drawn at a uniform rate along a straight line at right angles to 
the wall. Prove that any point on the ladder describes an ellipse 
except the center, which describes a circle. 


78. One side of a right triangle, 24 in. long, is increasing at the 
rate of 3 in. per second and the other side, 10 in. long, is decreasing 
at the rate of 2 in. per second. At what rate is the hypotenuse 
changing? 

79. The volume and the radius of a cylindrical boiler are expand- 
ing at the rate of .8 cu. ft. and .002 ft. per minute, respectively. How 
fast is the length of the boiler changing when the boiler contains 
AO cu. ft. and has a radius of 2 ft.? 


- 
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80. Sand is being poured on the ground from the end of an elevated 
pipe and forms a pile which has always the shape of a right circular 
cone, whose height and the radius of whose base are equal. If the 
sand is falling at the rate of 6 cu. ft. per second, how fast is the 
height of the pile increasing when the height is 5 ft.? 


81. The inside of a cistern is in the form of a frustum of a right 
circular cone of vertical angle 90°. The cistern is smallest at the 
base, which is 4 ft. in diameter. Water is being poured in at the rate 
of 5 cu. ft. per minute. How fast is the water rising in the cistern 
when it is 23 ft. deep? 


82. The inside of a bowl is in the form of a hemispherical surface 
of radius 10 in. If water is running out of it at the rate of 2 cu. in. 
per minute, how fast is the depth of the water decreasing when the 
water is 3 in. deep? 


83. How fast is the surface of the bow] in Ex. 82 being exposed? 


84. The inside of a certain vessel is in the form of a surface of 
revolution formed by revolving x? =4y around OY. If the vessel 
eontains water which leaks out at the uniform rate of 2 7 cu. in. per 
second, how fast is the depth of the water falling when the depth 
is 4 in.? 

85. A man walks at the uniform rate of 4 ft. per second directly 
across a street from a point B which is 40 ft. from a lamp-post. How 
fast does his shadow move along the wall which is on the opposite 
side of the street, the width of the street from lamp-post to wall 
being 80 ft.? 

86. The hypotenuse of a right triangle is given. Find the other 
sides if the area is a maximum. 


87. A wire 10 ft. long is to be bent into the form of an isosceles 
triangle, and the triangle is to be revolved about its altitude to form 
a cone of revolution. What will be the length of the base and the 
sides of the triangle when the volume of the cone is the greatest? 


88. The stiffness of a rectangular beam varies as the product of 
the breadth and the cube of the depth. Find the dimensions of the 
stiffest beam which can be cut from a circular cylindrical log of 
diameter 18 in. 


89. A rectangular box with a square base and open at the top is 
to be made out of a given amount of material. If no allowance is 
made for thickness of material or for waste in construction, what are 
the proportions of the largest box which can be made? 
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90. A rectangular box open at the top is to have a square base. 
The capacity of the box is to be 27 cu. ft. The box is to be lined, 
the cost of the lining for the bottom being twice as much per square 
foot as the cost of the lining for the sides. Find the inside dimensions 
of the least expensive box that may be constructed. 


91. A metal box open at the top is to be cast in the form of a right 
circular cylinder, the bottom to be 2 in. thick and the side 1 in. thick. 
The box is to have a capacity of 16 7 cu. in. What should be its di- 
mensions that the least amount of material may be required? 


92. A covered tin can is to be made in the form of a right cirenlar 
cylinder of capacity 54 7 cu. in. What must be its radius and height 
to have the can as light as possible? 


93. A horizontal gasoline tank in the form of a right circular 
cylinder is to be made of iron plates. The plates for the upper half 
of the tank cost 50 cents per square foot; those for the lower half, 
60 cents. The tank is to contain 60 7 cu. ft. Find the dimensions 
of the tank that will make the cost a minimum. 


94. The outside and the inside surfaces of a metal vessel are each 
to be in the form of a right circular cone, vertex at the bottom, and 
the radius and the altitude of the inner surface are each one inch 
less than the corresponding dimensions of the outer surface. The 
vessel is open at the top and has a capacity of 9 a cu.in. What 
are the dimensions of the inner surface when the vessel is of the 
least possible weight? 


95. A volume of metal is cast in the form of a right circular cyl- 
inder and the ends are hollowed out in the form of hemispheres, the 
radii of the hemispheres and the cylinder being equal. If the volume 
of the solid is 2 7 cu. in., what is the radius of the cylinder when the 
eost of finishing the total surface is as small as possible? 


96. A tent is to be constructed in the form of a regular quad- 
angular pyramid. Find the ratio of its height to a side of its base 
when the air space inside the tent is as great as possible for a given 
wall surface. 


97. It is required to construct from two equal circular plates of 
radius a a buoy composed of two equal cones having a common base. 
Find the radius of the base when the volume is the greatest. 


98. A vessel is anchored 4 mi. offshore. Opposite a point 5 mi. 
farther along the shore another vessel is anchored 8 mi. offshore. 
A boat from the first vessel is to land a passenger on the shore and 
proceed to the other vessel. If the shore is a straight line, determine 
the shortest course of the boat. 
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99. Two towns, A and B,.are situated respectively 12 mi. and 
18 mi. back from a straight river from which they are to get their 
water supply by means of the same pumping station. At what point 
on the bank of the river should the station be placed so that the least 
amount of piping may be required, if the nearest points on the river 
from A and B respectively are 20 mi. apart and if the piping goes 
directly from the pumping station to each of the towns? 


100. A man on one side of a river, the banks of which are assumed 
to be parallel straight lines } mi. apart, wishes to reach a point on 
the opposite side of the river and 5 mi. farther along the bank. If 
he can row 3 mi. an hour and travel on land 5 mi. an hour, find the 
route he should take to make the trip in the least time. 


101. A power house stands upon one side of a river of width 
6 miles, and a manufacturing plant stands upon the opposite side, 
a miles downstream. Find the most economical way to construct 
the connecting cable if it costs m dollars per mile on land and 
n dollars a mile through water, assuming the banks of the river to 
be parallel straight lines. 


102. A vessel A is sailing due east at the uniform rate of 8 mi. 
per hour when she sights another vessel B directly ahead and 20 mi. 
away. B is sailing in a straight course S. 30° W. at the uniform rate 
of 6 mi. per hour. When will the two vessels be nearest to each other ? 

103. The number of tons of coal consumed per hour by a certain 
ship is 0.2 + 0.001 v3, where v is the speed in miles per hour. Find 
an expression for the amount of coal consumed on a voyage of 
1000 mi. and the most economical speed at which to make the voyage. 


104, The fuel consumed by a certain steamship in an hour is pro- 
portional to the cube of the velocity which would be given to the 

steamship in still water. If it is required to steam a certain distance 

against a current flowing a miles an hour, find the most economical 

speed. ne 4 

105. An isosceles triangle is inscribed in the ellipse a +5=1, 


(a > b), with its vertex in the upper end of the minor axis of the 
ellipse and its base parallel to the major axis. Determine the length 
of the base and the altitude of the triangle of greatest area which 
can be so inscribed. 


2 . . 
106. In the ellipse ta + i = 1 is inscribed an isosceles triangle, 
its vertex being at one end of the minor axis and its base being 


parallel to the major axis of the ellipse. What will be the altitude 
of the triangle when the volume of the cone formed by revolving the 
triangle about its altitude is a maximum? 
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107. Light emanating from a point A is reflected from a plane 
surface to a point B. Assuming that light travels in the shortest 
possible time between the two points, prove that the angle of inci- 
dence is equal to the angle of reflection. 

108. Light emanating from a point A in a medium in which the 
velocity of light is 7; reaches a point B in a medium in which the 
velocity of light is v2. The two media are separated by a plane sur- 
face. Assuming that light travels in the shortest possible time from 
A to B, prove that the sine of the angle of incidence is to the sine 
of the angle of refraction as 7 is to ?. 

109. Prove that any curve the slope of which at any point is 
proportional to the abscissa of the point is a parabola. 

110. Find the curve the slope of which at any point is propor- 
tional to the square of the ordinate of the point and which passes 
through (1, 1). 

111. A point moves in a plane curve such that the tangent to the 
curve at any point and the straight line from the same point to the 
origin of codrdinates make complementary angles with the axis of x. 
What is the equation of the curve? 

112. Show that if the normal to a curve always passes through 
a fixed point the curve is a circle. 

113. If water is running out of an orifice near the bottom of a 
cylindrical tank, the rate at which the level of the water is sinking 
is proportional to the square root of the depth of water. If the level 
of the water sinks halfway to the orifice in 20 min., how long will 
it be before it sinks to the orifice? 


114. A bullet is fired into a sand bank in which the retardation is 
equal to the square root of the velocity. When will it come to rest 
if its velocity on entering is 100 ft. per second? 

115. Find the area bounded by the curve y2=4 <3 and the 
straight line y = 2 x. 

116. Find the area bounded by the curve (y — 1)? = 4-2 and the 
straight line x = 4. 

117. Find the volume of the solid generated by revolving about 


OY the surface bounded by OY and the curve x? + y3 = ai, 


CHAPTER V 
TRIGONOMETRIC FUNCTIONS 


43. Formulas. The following formulas of trigonometry, which 
are sufficient for the purposes of this book, are collected here for 
convenient reference : 


tan A= S24, etnA=—4*_, secA=—1, esc A=. (1) 
sin? A+ cos? A=1, sec? A=1+ tan? A, csc? A=1+ctn? A. (2) 
sin (A + B) =sin A cos B+ cos A sin B. (8) 
cos(A + B) = cos A cos B F sin A sin B. (4) 
nA 

tan ee ea (5) 
sin2 A=2sin A cos A. (6) 

cos 2 A = cos? A— sin? A 

=2cos? A—1 

=1—-2sin? A. (7) 
sin? A = +82 A, cos? A = St cos? A. (8) 


sin} A =\/-—284, cos} A= [tos A. (9) 


sin (— A) =—sin A, cos (— A) =cos A, tan (— A) =— tan A. (10) 
sin (90° — A) = cos A, cos (90° — A) = sin A, 


tan (90° — A) =ctn A. (11) 

sin (90° + A) = cos A, cos (90° + A) =— sin A, 
tan (90° + A) = —ctn A. (12) 

sin (180° — A) = sin A, cos (180° — A) =— cos A, 
tan (180° — A) = — tan A. (13) 
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sin (180° ++ A) =— sin A, cos(180°+ A) =— cos A, 


tan (180° + A) = tan A. (14) 
sin (270° — A) =— cos A, cos(270°— A) =—sin A, 

tan (270° — A) =ctn A. (15) 
sin (270° + A) =—cos A, cos (270°+ A) =sin A, 

tan (270° + A) =—ctn A. (16) 
sin (360° — A) =— sin A, cos (860° — A) = cos A, 

tan (360° — A) = — tan A. (17) 


The following table gives the values of sine, cosine, and tan- 
gent at each of the quadrant points and their algebraic signs in 
each of the quadrants marked JI, II, III, IV. 


44. Circular measure. The circular measure of an angle is the 
quotient of the length of an arc of a circle, with its center at the 
vertex of the angle and included between its sides, divided by 
the radius of the are. Thus, if @ is the angle, a the length of 
the arc, and r the radius, we have 


7s (1) 
r 


The unit of angle in this measurement is the radian, which 
is the angle for which a =r in (1), and any angle may be said 


to contain a certain number of radians. But the quotient 2 in 
r 


formula (1) is an abstract number, and it is also customary to 
speak of the angle @ as having the magnitude % without using 
r 


the word “radian.” Thus, we speak of the angle 1, the angle 2. 
the angle a ete. 


In all work involving calculus, and in most theoretical work 
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of any kind, all angles which occur are understood to be ex- 
pressed in radians. In fact, many of the calculus formulas would 
be false unless the angles involved were so expressed. The 
student should carefully note this fact, although the reason for 
it is not yet apparent. 
From this point of view such a trigonometric equation as 
j= sins (2) 
may be considered as defining a functional relation between two 
quantities exactly as does the simpler equation y = x?. For we 
may, in (2), assign any arbitrary value to x and determine the 
corresponding value of y. This may be done by a direct com- 
putation (as will be shown in Chapter VIII), or it may be done 
by means of a table of trigonometric functions, in which case 
we must interpret the value of x as denoting so many radians. 
One of the reasons for expressing an angle in circular measure 
is that it makes true the formula 
‘vin eS oh (3) 
noo OA 
To prove this theorem we proceed as follows: 
Let h be the angle AOB (Fig. 59), and r the radius of the are 
AB described from O as a center. BC is a line drawn from B 
perpendicular to OA, and BD is a line A 


tangent to the arc AB at B and meeting 
OA produced in D. — \ 
We thus form two triangles, COB and ‘5 WES D 


DOB. Fic. 59 

In the triangle COB, OC =r cos h, 
BC =rsin h, and hence the area of the triangle is § r? sin h cos h. 

In the triangle DOB, BD = r tan h, OB = 1, and hence the area 
of the triangle is } r? tan h. 

The area of the sector AOB is 4 r2h, since, by hypothesis, the 
angle h is in circular measure. 

Since the triangle DOB entirely includes the sector AOB and 
the sector AOB entirely includes the triangle COB, it follows that 


area DOB > area AOB > area COB, 


that is, 17? tanh > 12h > 3 17° sin h cosh. 
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Dividing by 4 r? sin h, we have 


h 
alll al h, 
cos h € sin h roe 
; : he< sin h = i 
or, by inverting, COs ay : cae ab 
si ; 
Now ash —> 0, cos h — 1, and peng Pay 1. Hence ar ea pane 
lies between cos h and Sah must also approach 1; that is, 
Lim 28 4 
Atta lt ; at 1—cosh 
This result may be used to find the limit of 7a as h 
approaches zero as a limit. For we have 
ie} h Ly AW = h 
2sin?- sin?- sin = 
{i conn eeee ed 2 _ gin 2 2), 
h h h 2\ h 
2 Z } 
sin = 
Now ash — 0, j — 1 by (8). Therefore 
2 Lim cot (0) (4) 


45. Graphs of trigonometric functions. We may plot a trigo- 
nometric function by assigning values to x and computing, or 
taking from a table, the corresponding values of y. In so doing, 
any angle which may occur should be expressed in circular 
measure, as explained in the preceding section. In this connec- 
tion it is to be remembered that z is simply the number 3.1416, 
and that the angle 7 means an angle with that number of radians 
and is therefore the angle whose degree measure is 180°. 

The manner of plotting can best be explained by examples. 

Example 1. y= asin bz. 

It is convenient first to fix the values of x which make y equal to 
zero. Now the sine is zero when the angle is 0, 7, 2 7, 3 7, — Ts 


— 2m, or, in general, kz, where k is any positive or negative integer. 
To make y = 0, therefore, we have to place 


be=-+-, —27, —7, 0, a, 27, 37, : 
2 T We Age Sar 

whence Cees -_o_?rr—C — —)» =») . 
De ars bo a nthe Soe 
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The sine takes its maximum value + 1 when 


i Car el oe Le 51 
2 2 iD 2 id 
whence a Cire ae 37, a OT: 
26 (i) Ad b ; 


For these values y = a. 
The sine takes its minimum value — 1 when 


Biase eee Aen, Vis 
xv ’ 9 D) D) 9” 9 
whence ian ee ie ars 37 (ie 
2b BU 2 2b : 
For these values of x, y = — a. 


These values of x for which the sine is + 1 lie halfway between the 
values of x for which the sine is 0. 

These points on the graph are enough to determine its general 
shape. Other values of x may be used to fix the shape more exactly. 


Fic. 60 


The graph is shown in Fig. 60, with a=3 and b=2. The curve 
may be said to represent a wave. The distance from peak to peak, 


a is the wave length, and the height a above OX is the amplitude. 


Example 2. y = a cos bz. 


As in Example 1, we fix first the points for which y = 0. Now the 
ie Bar bar 1 3 


cosine of an angle is zero when the angle is Be Oe Or mao = oe 
etc.; that is, any odd multiple of a We have, therefore, y = 0 when 
es ep ae CO ais ge eg NL 
pe ae De 720 Mee eae? 
37 7 feo Oe 


Che min mn he oh 2h 2 
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Halfway between these points the cosine has its maximum value 
+ 1 or its minimum value — 1 alternately, and y=-+a. The graph 
is shown in Fig. 61, with a= 3 andb=2. 
iy 


Ry} 
“A 


Fic. 61 


Example 3. y=asin (bx + ¢). 
We have y = 0 when bx + c= 0, 7, 2 7, 3 7, etc.; that is, when 


FIG. 62 
Halfway between these values of x, y=-+a. The curve is the same 


units to the left (Fig. 62). 

Example 4. y=sinzx+34sin2 72. 

The graph is found by adding the ordinates of the two curves 
y =sin x and y = § sin 2 x, as shown in Fig. 63. 


as in Example 1, but is shifted 


-y=tsin2e 


Ze HX 
“7 5 Ay = sin «+ 3 sin 2% 
y =sin £ 
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: EXERCISES 
Plot the graphs of the following equations: 
Loy 4 sin 32. Om ye—ataners 
2.y=2sin=. 10. y = tan 2 x. 
3 Ib, Pp SS Gan aR 
Seyi—0a (COS|O: Le x 
12.y=2 ctn=- 
4. ¥=3 cos 3 x. 2 m2 
13. y = sec 2 x. 
= $ ye \ 3 
5. y =2sin (2 =) 14. y=esc3 zx. 
15.y= 
il T\ y = vers x. 
6. y =} cos(x +7) 16. y=2+sin3z. 
7. y= 2 sin 3 x — 2). 17. y=cosx—sinz. 
8. y= 8 cos (2 4 — 8). 18. y=2cosx+ sin 2 x. 


46. Differentiation of trigonometric functions. The formulas 
for the differentiation of trigonometric functions are as follows, 
where wu represents any function of x which can be differentiated : 


£ sin = cos u 4, (1) 
£ cos u=—sinu St, (2) 
oo tan wu = sec? w a, (3) 
£ etn w= — ese? u %, (4) 
e sec u = sec 4 tan u a (5) 
f eseu =~ ese uctn u &. (6) 


These formulas are proved as follows: 
1. Let y=sin u, where u is any function of « which may be 


differentiated. Give x an increment Az and let Au and Ay be 
the corresponding increments of wu and y. Then 
Ay = sin (w+ Aw) — sin u 
= sin u cos Au + cos u sin Au — sin u 
= cos u sin Au — (1 — cos Aw) sin u; 
sin Au _1— cos Au 


: Ay _ sin Aw 
whence hee COS U Re ee 


sin U. 
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Now let Az and therefore Aw approach zero. By (8), § 44, 
Lim Sit Au _ 1, and, by (4), §44, Lim 1= 90S 44— 0, Therefore 
Au Au 


a = COS U. 

dy _ dy du 
and therefore a sin w= cos u de 
dx dx 


2. To find a cos u, we write 


dx 
cos u = sin (F —u)- 
d ee mo 
Then ag COU = a sin (5 w) 
aoe Lee, \ Gs) te 
= cos (5 u) (5 u) [By (1)] 
nd wT _ ,,\du 
= cos (3 uo 
Sr See Olle 
: = sin Ua 
a. Lo find — tan u, we write 
tan y = SB, 
COs U 
Then & tany = 2 Sinu 
dx dx cos u 
cos usin w — sin ul cos u 
= [By (5), § 36] 


cos? u 
(cos? u + sin? x) = 
Hy 
= Sc i [By (1) and (2)] 


cos? u 
= sec? y du 6 
dx 
d ‘ 
A. To find ae etn u, we write 
COS U 
sin wv. 


ctn uy = 
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ad. d cos u 
Then. == =— 2 
i dx cae dx sin u 


sin w£ cos u—cosu sin w 


= dx 
- Sat [By (5), § 36] 
_ — sin? u — cos? udu 
pee 0 PC gh 5 
= — csc? u a 
5. To find - sec u, we write 
sec u = pels (cos u)~}, 
COS U 
Then = sec u = — (cos u)—? cos U [By (6), § 36] 
_ sin u du 
~~ cos?u dx [By (2)} 
= sec uw tan ym, 
dx 
6. To find “. esc u, we write 
csc U = —— = (sin u)—*. 
in 
Then a esc u = — (sin u)~? i sin wu [By (6), § 36] 
dx dx 
Sirus [By (1)] 
dx 


Exampie 1. y = tan 2 x — tan? x = tan 2 x — (tan x)’. 


OY 20 (oe) a 
ip ee 2x7 (2 a) 2(tan x) 7, tan & 


= 2 sec? 2 x — 2 tan x sec? x. 


Example 2. y = (2 sectx + 3 sec?) sin x. 
vt = sin 2|8 sectr @ (sec x) + 6 sec no (sec °)] 


+ (2 sectx + 3 sec?) & (sin x) 
= sin x (8 sec*x tan x + 6 sec?x tan x) + (2 sect x + 3 sec? x) cos x 
= (1 — cos?x) (8 sec®x + 6 sec? x) + (2 sec? x + 3 sec x) 


= 8 seca — 3 sec x, 
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EXERCISES 


Find a in each of the following cases: 


Li ae oe 11. y= See + 2esin a 
a 3 8 

Oo Naa ere 12 _esc2x—ctn22. 

3. y = sin?3 zx. "Y~ cse2 a+ ctn22 

y= q tan?2 x. 13. y = sin (8 x + 2) cos (8x —2). 


am Sat = tase x 
-Y = 5 + 59 Sin 102. 14. y = tan 3 3 tan 5 +o. 


4 
5 
6. y = cos®3 x — } cos? 8 x. 15. y=4sec2x+ 4 tan32 2. 
7. y = sect 52. 16. y = sec? 2 x — 3 sec2 x. 
‘ 2.4 = Us 
8. y = bese? 4 x. 17. cos3 x + sec2 y 
Petr . 18. xy + ctn ry = 0. 
aie a ae ee 
CET, reas 4 19. tan (x + y) + tan (x—y)=1. 
—® tand = Se in ~ J = 
10. y == tan 3 + tan 3 pital 18 0. 


47. Graphs of inverse trigonometric functions. The equation 
C= sing (1) 

defines a relation between the quantities x and y which may be 
stated by saying either that x is the sine of the angle y or that 
the angle y has the sine x. When we wish to use the latter form 
of expressing the relation, we write in place of equation (1) 
tne equation y =sin-!z, (2) 


where — 1 is not to be understood as a negative exponent but as 
part of a new symbol sin~!. To avoid the possible ambiguity, 
formula (2) is sometimes written 


y = are sin x: 


Equations (1) and (2) have exactly the same meaning, and 
the student should accustom himself to pass from one to the 
other without difficulty. In equation (1) y is considered the 
independent variable, while in (2) x is considered the independ- 
ent variable. Equation (2) then defines a function of x which is 
called the anti-sine of x or the inverse sine of x. It will add to the 
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clearness of the student’s thinking, however, if he will read 
equation (2) as “‘y is the angle whose sine is x.” 
Similarly, if x =cos y, then y=cos—!x; if x =tany, then 
y =tan~!z; and so on for the other trigonometric functions. We 
get in this way the whole class of inverse trigonometric functions. 
It is to be noticed that, from equation (2), y is not completely 
determined when x is given, since there is an infinite number 


of angles with the same sine. For example, if x = » = a 
22, a etc. This causes a certain amount of ambiguity in 
using inverse trigonometric functions. We have the same sort 
of ambiguity when we pass from the equation x = y? to the 
equation y= + Vz, for if x is given, there are two values of y. 

To obtain the graph of the function expressed in (2) we 
may change (2) into the equivalent form (1) and proceed as 
in § 45. In this way it is evident that the graphs of the inverse 
trigonometric functions are the same as those of the direct func- 
tions but differently placed with reference to the codrdinate 
axes. It is to be noticed particularly 
that to any value of x corresponds an 
infinite number of values of y. 


Fic. 64 


Example 1. y =sin~'z. 
From this, x = sin y, and we may plot the graph by assuming 
values of y and computing those of x (Fig. 64). 


Example 2. y = tan-'x. 
Then «= tan y, and the graph is as in Fig. 65. 
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EXERCISES 
Plot the graphs of the following equations: 
—_ 1 = x . ~—— = | x“, 
1. y= sin "5 6. y =2 ctn 3 
9.4 = 2 cos-'3 a. Ty +5 =sin-1(2 2 +8). 


8. y= 3 sin-1(22—1). 

4. y = 4 cos—1(2 x — 8). 

bog tan-* 2'2: 9.y+2cos—1(4—2)=T. 
10.7—2y—2sin-!(274—1)=0. 


8.y+sin—(4+ 2) =F 


48. Differentiation of inverse trigonometric functions. The 
formulas for the differentiation of the inverse trigonometric 
functions are as or nae 


sh da 7, When sin~! w is in the first or the 


sin~!w = 
da V vie —w@ fourth quadrant ; 


= pre lie a when sin~! wu is in the second 


V1—u?@ oy the third quadrant. 


2. f cos~!u = aint Ix io es if a eae. first or 
Vi we de ae an a ae third or the 
3 az an aa 
4. £ etn u= = me 
d Ro ee 


5. @ sec-ly = when sec~!w is in the first or 
dx uVu2 —1 de the third quadrant ; 


= — ———— ™ when sec! u is in the second 
— uvuz—1 = 1a or the fourth quadrant. 


OR, eed a du 
6. ie ese~ly = ED pa ei at a when ese~! wu is in the first or 


; the third quadrant ; 


a When ese! u is in the second or 
— uVvur—1 de the fourth quadrant. 
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The proofs of these formulas are as follows: 


il, If Yy = sin~! Us 
then sin y = u. 
Hence, by $46, cosy dy _ du, 
dx dx’ 
whence dy__1 du 


dx cosydz 


But cos y = V1 — u? when y is in the first or the fourth quad- 
rant, and cos y= — V1 — wu? when y is in the second or the 
third quadrant. 


Bolt 4 == COST) 4, 
then COS y = U. 
— sin y Ya. 
Hence sin Y a dx? 
whence Cup le du 


dx sin y dx 
But sin y = V1 — uv? when y is in the first or the second quad- 


rant, and sin y = — V1 — wu? when y is in the third or the fourth 
quadrant. 


3. If z= tan 2, 
then tan y = 2. 
dy _ du, 
2 NA ma eshte 
Hence sec? y rere 
dy__1 du, 
ce dx 1+u? dx 
4. If = Cin, 
then ctn y = u. 
dy _ du 
= 24 —2 = — 
Hence esc? y Ai FE 
whence dye pele dus 


dx 1+ wu? dx 
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5. If y = secu, 
then sec y = U. 
dy _ du, 
Hence sec y tan y oe 
whence LE Peels i 


dz sec y tan y dx 


But sec y = u, and tan y = Vu? — 1 when y is in the first or 
the third quadrant, and tan y= — Vu? — 1 when y is in the 
second or the fourth quadrant. 


6. If y= CsC 46, 
then CSC Yy =U. 
dy _ du 
H _ th y = = —; 
ence ese y ctn y te ve 
whence dy _ I duu 


de cscyctnydx 


But ese y = u, and etn y = Vu? — 1 when y is in the first or 
the third quadrant, and ctn y = — Vu? — 1 when y is in the 
second or the fourth quadrant. 

If the quadrant in which an angle lies is not material in a 
problem, it will be assumed to be in the first quadrant. his 
applies particularly to formal exercises in differentiation. 


Example 1. y = sin~! V1 — 2?, where y is an acute angle. 
dy _ il d il 


ay ee (2) 
( a, V1 — 22 


dz Via(ae) a 
This result may also be obtained by placing sin~! V1—2? = cos7!a. 


Example 2. y=sec1V427?+424+42. 
d : 
— V407+4242 


dy _ dx 
de Vax? +4a+2V(402+4242)—-1 
4x+2 1 


(4g aoe ged) Oy omen 
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EXERCISES 


Find “ in each of the following cases: 


Lysine 22: 
arnt — neti MED 
—_ B 12. y = sec-! —==— . 
2. y = cos ose 1 +x 
phe Ne ao 
3. y = tan-) (2 x — 1). eS ag on a 
4. y= ctn-! Vx2 422. vom Hs x 
5. y=sec!3 x. mae ES Vere. 
6. y = ese“! (2 x + 1). 
( iy ) 15. y = ese! itz, 
7 y=sin-12 : 1-2 
16. y = 3V9 — 2? 4 2sin-1 2. 
Shy tana! oo. 3 
S 17. y= tan! (2 %+1)+ ctn-! l+2. 
~ nae Lie iG 
Caps ‘Paes 18. y = 2?V1 — x4 + sin-! x?, 
10.y=t at pie cis TO Mer ee eg nee 
y an IE y ae cos 5 
a9 IA & x—2 
ie ot 13 (2-%). iim hea 
y = ctn See oy 20. y = ese ee 


49. Angular velocity. If a line OP (Fig. 66) is revolving in a 
plane about O, and in a time ¢ has moved from OM to OP, the 
angle MOP = @ denotes the amount of rotation. The rate of 
change of @ with respect to ¢ is called 
the angular velocity of OP, and is 
commonly denoted by the Greek let- 


ter w. Hence we have the formula Q 
dé 
og tite, 1 
Ora ar (1) 
If @ isin radians and ¢ is in seconds, 
the angular velocity is in radians per O A M 
Fig. 66 


second. By dividing by 2 7, the an- 
gular velocity may be reduced to revolutions per second, since 
one revolution is equivalent to 2 7 radians. 
A point Q on the line OP at a distance r from O describes 
a circle of radius r which intersects OM at A. If s is the length 
of the arc of the circle AQ measured from A, then, by § 44, 
Sa 70. (2) 
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Now : is called the linear velocity v of the point Q, since it 


measures the rate at which s is described ; and, from (2) and (1), 
_ ds _ ,,d (3) 


showing that the farther the point Q is from O the greater is 
its linear velocity. 

Similarly, the angular acceleration, which is denoted by a, is de- 
fined by the relation 2 

a pepe sie aE (4) 
dt dt? 

Example 1. If a wheel revolves so that the angular velocity is 
given by the formula w = 8 t, how many revolutions will it make in 
the time from t= 2 tot= 5? 

We take a spoke of the wheel as the line OP. Then we have 

dO = Bt di. 


Hence the angle through which the wheel revolves in the given 
eed 6= ("8 tdi =[4 Pf = 100 — 16 = 84. 
2 2 
The result is in radians. It may be reduced to revolutions by divid- 
ing by 2 7. The answer is 13.4 revolutions. 


Example 2. A particle traverses a circle at Y 
a uniform rate of n revolutions per second. 
Determine the motion of the projection 


of the particle on a diameter of the circle. Lae 
Let P(x, y) (Fig. 67) be the position of BY 
the particle referred to two perpendicular Z\ x 


diameters of the circle, and let WM and N 
be the projections of P on OX and OY re- 
spectively. Then 


*= OM =a cos 6, 
and i=) ONe—ra, sin 0, Fic. 67 


where a is the radius of the circle. By hypothesis the angular velocity 
of OP is 2 nm radians per second. Therefore 


pe pas Sn, 
OSG = ent; 
whence O6=2 rhc, 


If we consider that when t = 0, the particle is on OX, then C = 0. 
Therefore x =a cos =a cos 2 nat =a cos wt, 


y= asin 6=asin 2 n7zt =a sin wh. 
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EXERCISES 


1. A flywheel 4 ft. in diameter makes 4 revolutions per second. 
Find the components of velocity in feet per second of a point on the 
rim when it is 1 ft. above the level of the center of the wheel. 

2. A point on the rim of a flywheel of radius 5 ft. which is 4 ft. 
above the level of the center of the wheel has a horizontal component 
of velocity of 120 ft. per second. Find the number of revolutions 
of the wheel per second. 

3. The codrdinates of a moving particle at a time t arex=10 cos4t, 
y=10sin4t. Prove that the particle moves in a circle, and find 
the angular velocity of the radius drawn from the particle to the 
center. 

4, Find the angular velocity of OP joining the origin O to the 
point (x, y) when the point moves so that x and y increase at a uni- 
form rate of 4 ft. per second. 

5. A particle moves around a circle of radius 100 ft. in such a 
manner that at any time ¢ (in seconds) its distance s from a fixed 
point on the circumference is s = 10 ¢? ft. Find a general expression 
for the angular velocity of the radius joining the point to the center 
of the circle. 


50. Simple harmonic motion. In many ratural phenomena we 
have to consider the motion of a point, or a particle, which is 
vibrating in a straight line. An example is the motion of a point 
in the bob of a pendulum when the arc of swing of the pendulum 
is so small that it may be considered a straight line. Another 
example may be had by attaching a weight to an elastic string, 
pulling the weight down a little, and letting go. Other cases 
occur when we consider the motion of a particle of a medium 
which is transmitting a wave of sound, light, or an electric 
impulse. 

In all such cases theory teaches us that, if we neglect the 
forces which may tend to stop such a motion, the relation be- 
tween the distance s from a fixed point in the line of motion and 
the time ¢ is expressed by either of the equations 


s=csin bt, (1) 
or s=ccos bt, (2) 


according as the time is measured from the instant when the 
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particle is at the middle or the end of its swing. A motion that 
can be so expressed is called simple harmonic motion. A geomet- 
ric construction of such a motion is found in the motion of either 
M or N of Example 2, § 49. 

It is easy to see that equations (1) and (2) represent a vibra- 
tory motion. Take, for example, (1). Whent = 0, s = 0 and the 


particle is at O (Fig. 68). When t= ope s=c, which is the largest 


value s can have, and the particle is at A, where OA=c. As 
t continues to increase, s becomes 
smaller until when t= ~ s=Oand ? O = 


: ; 5 Fic. 68 
the particle is back at O. As time 


: : é : 30 
continues to increase, s becomes negative, until when t= 


2 be 
s =—c, which is the least value s can have, and the particle is 
at B, where OB=—c. Finally, when (=27, s=0 and the 


particle is back at O. The motion is then repeated. 

Similarly for equation (2). When ¢ = 0, s = c and the particle 
isat A. Whent= af s=0 and the particle isat O. Whent= - , 
s=-—c and the particle is at B. When t= ot, s=0 and the 


am, s=c and the particle is back at 


particle is atO. When t= 


A. The motion then repeats. 
In each case the particle oscillates between B and A, the time 


required for a complete oscillation being, as we have seen, 27. 
The quantity cis called the amplitude, and the interval mas, after 
which the motion repeats itself, is the period. b 
If instead of equations (1) and (2) we write the equations 
s=csin b(t — to), (3) 
and s=ccos b(t — to), (4) 
the change amounts simply to altering the instant from which 
the time is measured. For the value of s which corresponds to 
¢ = t in (1) and (2) equals the value of s which corresponds to 
t= ti + t in (8) and (4). Hence either (8) or (4) represents 


simple harmonic motion of amplitude c and period Z a 
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But (8) and (4) may be written respectively as 
$= COS blo sin bt — ¢ sin dtp cos bt (5) 
and S=c cos blo cos bt + ¢ sin blo sin bt (6) 
either of which is the same as 
s= Asin bt + B cos bt, (7) 


where A and B are constants. 


Conversely, any equation (7) may be reduced to either (3) or 
(4). If we wish to reduce (7) to (8), we place 


A= cos Dl, B=—csin bio; 
whence i VA2 + B2, io = — ; tan-1 3. 
If we wish to reduce (7) to (4), we place 
A=csin blo, B=c cos blo, 
whence C= VA2 + B2, io = ; tan-! 4. 


Therefore equation (7) always represents simple harmonic 
motion, with amplitude V A? + B? and period 2m, 


b 
From (1) we have, for the velocity v and the acceleration a, 
» = cb cos bt, (8) 
a = — cb? sin bt. (9) 


Since force is proportional to the mass times the accelera- 
tion, the force F acting on the particle is given by the for- 
mile F=kma=-— kincb? sin bt = — kmb?s. 

This shows that the force is proportional to the distance s 
from the point O. The negative sign shows that the force 
produces acceleration with a sign opposite to that of s, and 
therefore slows up the particle when it is moving away from 
O and increases its speed when it moves toward O. The force 
is therefore always directed toward O and is an attracting 
force. 
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EXERCISES 


1. A point moves with simple harmonic motion of period 6 sec. 
and amplitude 4 ft. Find the equation of its motion. 


2. Given the equation s = 10 cos 3¢. Find the time of a complete 
oscillation and the amplitude of the swing. 

3. A particle moves around a circle of radius 5, center at O, so 
that its projection on OX describes the simple harmonic motion 
defined by the equation x=5cos4t. Determine the velocity of 
the particle and the angular velocity of the radius joining the particle 
to the center of the circle. 


4, Discuss the changes in the velocity of a particle describing 
simple harmonic motion. 


5. Discuss the changes in the acceleration of a particle describing 
simple harmonic motion. 


6. The motion of a particle in a straight line is expressed by the 
equation s=8—4sin?2¢t. Express the velocity and the accelera- 
tion in terms of s, and show that the motion is simple harmonic. 


7. A particle moving with a simple harmonic motion of amplitude 
4 ft. has a velocity of 6 ft. per second when at a distance of 3 ft. 
from its mean position. Find its period. 


8. A particle moving with simple harmonic motion has a velocity 
of 3 ft. per second when at a distance of 4 ft. from its mean position, 
and a velocity of 4 ft. per second when at a distance of 3 ft. from its 
mean position. Find its amplitude and its period. 

9. A particle is moving in a straight line so that s = 4sin : —8cos 7 
Show that its motion is simple harmonic, and find the speed at which 


it passes through the middle point of its path. 

10. A particle moving in simple harmonic motion with a period 
of 3 sec. has a velocity of 5 tt. per second when it is a distance 
of 4 ft. from its mean position. Find the amplitude of the motion. 


11. The amplitude of a certain simple harmonic motion is 4 ft. 
When the particle is halfway from its mean position to its extreme 


position, its velocity is 2ft. per second. Find the period of the 
motion. 


51, Cycloid. If a wheel rolls upon a straight line, each point 
of the rim describes a curve called a cycloid. 


Let a wheel of radius a roll upon the axis of x, and let C 
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(Fig. 69) be its.center at any time of its motion, N its point of 
contact with OX, and P the point which describes the cycloid. 


va 


ie 


olmw N Xx 


Fig. 69 
Take as the origin of codrdinates, O, the point found by rolling 
the wheel to the left until P meets OX. 
Then ON = are PN. 


Draw MP and CN, each perpendicular to OX, PR parallel to 
OX, and connect C and P. Let 
Angle NCP = 9¢. 


Then x= OM=ON— MN 
=are PN— PR 
=ad—asin ¢. 
y= MP=NC— RC 
=a—acos ¢. 
Hence the parametric representation (§ 40) of the cycloid is 
z= a(o—sin 9), 
y = a(1 — cos @). 


If the wheel revolves with a constant angular velocity w= ; 
we have, by § 40, ‘ 
v, = a(1 — cos ¢) eo = aw(1 — cos 9), 
My = asin $22 = aw sin $; 
whence vy? = a2w?(2 — 2 cos d) = 4 a?w? sin? g, 


and y=2 aw sin, 


as an expression for the velocity in its path of a point on the 
rim of the wheel. 
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EXERCISES 

1. Prove that the slope of the cycloid at any point is ctn © : 

2. Show that the straight line drawn from any point on the rim 
of a rolling wheel perpendicular to the cycloid which that point is 
describing goes through the lowest point of the rolling wheel. 

3. Show that any point on the rim of the wheel has a horizontal 
component of velocity which is proportional to the vertical height of 
the point, 

4, Show that the highest point of the rolling wheel moves twice 
as fast as either of the two points whose distance from the ground is 
half the radius of the wheel. 

5. Show that the vertical component of velocity is a maximum 
when the point which describes the cycloid is on the level of the 
center of the rolling wheel. 

6. Show that a point on the spoke of a rolling wheel of radius a at 
a distance b from the center describes a curve given by the equations 

x=agd—bsingd, y=a-—becos®d, 
and find the velocity of the point in its path. The curve is called a 
trochoid. 

7. Find the slope of the trochoid and find the point at which the 
curve is steepest. 

8. Show that when a point on a spoke of a wheel describes a 
trochoid, the average of the velocities of the point when in its highest 
and lowest positions is equal to the linear velocity of the wheel. 


9. Show that the Cartesian equation of the cycloid is 
x = a cos! 2— 4 _ V2 ay — 47, 


52. Curvature. If a point describes a curve, the change of 
direction of its motion may 
be measured by the change 
of the angle ¢ (§ 15). 

For example, in the 
curve of Fig. 70, if AP; =s 
and PiP2= As, and if di 
and ¢2 are the values of ¢ 
for the points P; and P2 re- 
spectively, then de — dy is 
the total change of direc- 
tion of the curve between 
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P; and Ps. If.d2—¢1=Ad, expressed in circular measure, 


the ratio a is the average change of direction per linear unit of 


the are ee Regarding ¢ as a function of s, and taking the 
p 


limit of Fe as As approaches zero as a limit, we have ve. which 
s 


is called the curvature of the curve at the point P. Hence the 
curvature of a curve is the rate 
of change of the direction of 
the curve with respect to the 
length of the are. 


dd 


If ‘ds 8 constant, the curva- 


Y 


ture is constant or uniform; 
otherwise the curvature is vari- 
able. Applying this definition 
to the circle of Fig. 71, of which 
the center is C and the radius is 
a, we have Af = P,CP2, and hence As=aAqd. Therefore 
Ag _1, Hence db _ 1 and the circle is a curve of constant cur- 


As a Co. 
vature equal to the reciprocal of its radius. 


The reciprocal of the curvature is called the radius of curvature 
and will be denoted by p. Through every point of a curve we may 
pass a circle with its radius equal to p, which shall have the same 
tangent as the curve at the point and shall lie on the same side of 
the tangent. Then the curvatures of the curve and of the circle 
are the same, and the circle shows the curvature of the curve in 
a manner similar to that in which the tangent shows the direction 
of the curve. The circle is called the circle of curvature. 

From the definition of curvature it follows that 


— as | 
p do 
If the equation of the curve is in rectangular codrdinates, 
ds 
ieaetle [By (9), § 36] 
ap 
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To transform this expression further, we note that 
ds? = dx? + dy?; 
whence, dividing by dx? and taking the square root, we have 


ae N+ (Zt) 
Since o= tan (4), [By § 15] 
dy 
db __dx? 
~ 1+(By 


Substituting, we have p= saree 


In the above expression for p there is an apparent ambiguity 
of sign, on account of the radical sign. If only the numerical 
value of p is required, a negative sign may be disregarded. 


Example 1. Find the radius of curvature of the ellipse s+4= =1. 
a a 
Here comet 
dy = b4 
ae da? ~~ 92s" 
Therefore pe SE 


Example 2. Find the radius of curvature of the cycloid (§ 51). 


We have ge = a(1 — cos ¢) = 2 asin? g, 
A Ra ge ie ame hye iC) 
ioe nS ie a cos 5° 

Therefore, by (9), § 36, 

dy = ctn Q, 
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H Cel aa? Wor 201. 
ence ds? 3 80.5 ies Tq c3* g, 
(1+ etn)? 

and Very 3 = 4asin &. 

shee, 4 

Tq os 5 

EXERCISES 
8 a 


1, Find the radius of curvature of the curve y = at the 


point (2 a, a). 


2. Find the radius of curvature of the curve y = sin~!V2 x — x? 
at a point for which x = 3. 


x? +4 a? 


3. Find the radius of curvature of the curve y? = 54, «°. 
4, Find the radius of curvature of the curve x? + y3 = a*. 
. hy 2 . 
5. Show that the circle (« — ny + y? =1 is tangent to the curve 


y = sin x at the point for which x = 5 , and has the same radius of 
curvature at that point. 

6. Find the radius of curvature of the curve x = sint, y = cos 2, 
at the point for which ¢ = 3 7 

7. Find the radius of curvature of the curve whose parametric 
equations are x =acos ¢+ ad sin ¢, y= asin d — ag cos fp. 

8. Find the radius of curvature at the point for which x= 


_,a-% 
of the curve y =a cos7! = — V2 ax — x?. 


9. Find the radius of curvature of the curve y=xsin x at the 


point for which x = S : 


53. Integration. Since, by § 46, zl sin au) = €0s ac and 


mG cos as. = — sin ax, we have immediately 


dx\a 


sin ax dx = — : cos ax + C, (1) 


fp cos ax dx = ! sin ax + C. (2) 
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Also, by aid of (8), § 48, we have 
ffsin? ax de = f° LOS BOE dy Z— SAGE + ¢, (3) 


2 4a 
unter dem f LESH =$4 92+ c, (4) 


By a similar inversion of formulas for the differentiation of 
inverse trigonometric functions we have 


li aaa = agate ® 
{aepnfertite. (6) 


These formulas may be applied to the solution of the follow- 
ing exercises: 
EXERCISES 


1. Find the area bounded by the axis of x and one arch of the 
curve y = sin x. aa 

2. Find the area bounded by the axis of x, the witch y = ae 
and the two ordinates x = —2aandx=2a. ae ere F) 

3. Find the area bounded by the axis of x and one arch of the 
curve y = 5 sin?3 x. 

4. Find the triangular area bounded on the left by the axis of y 
and on the other two sides by the curves y = sin x and y = cos 2. 

5. Find the area bounded by a portion of the first arch of each 
of the curves y = sin x and y = sin 2 x. 

3a V2 


6. A line is drawn from the origin to the point (32, x2 on the 


curve y = sin x. Find the area bounded by this line and the curve. 
7. Find the area bounded by the axis of x, the axis of y, the curve 


1 4 a 
y= Sas and the ordinate z = 9 
8. Find the volume of the solid formed by revolving about the 
line 2y+a=0O the area bounded by the first arch of the curve 
y = sin x and the axis of x. 


9. Find the volume of the solid generated by revolving about the 
line y = 1 the area bounded by one arch of the curve y = cos x and 
the axis of x. 


10. By use of Ex. 26, p. 77, find the pressure on a board bounded 
by an arch of a sine curve and its base line, if it is submerged verti- 
cally with the base line in the surface of the water. 
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GENERAL EXERCISES 


Find dy in each of the following cases: 


dx 


1. y = cos (2 x + 3) cos (2 x — 8). 


-y = 15 tan 5 + 10 tan? 5 43 tan. 


See ex, 3 Xs 


-¥ = sin? 4 x cos* 2 x. 


2 


2 


): 


y= (227-1) sin22+22cos2z. 


- y = (38 ax? — 6) sin ax — (a%x3 — 6 ax) cos ax. 


2 
3 
4 
5. y= 2 + 2(ctn 5 — ese 
6 
7 
8 


. cos (x + y) sin (x — y) =a. 


y 
-y=xsec => 
Sh se é 


Ae asl 

10. y = sin era 
24 allt 

Li COs aL ea: 

12 Se eo 
: 3x 
13. y=tan-!a2V 27 —2. 

es ai 


14. y=sec7 1 ————— 
y Verne 


15. y= Pas alk ali ne 
74 


16. y= (8 x2 —1)sin-120+22V1—4 22, 
17. y = tan-1a + 4 tan-! 23, 


x 


V4 — x? 


19. xy + tan 2 ==(0)s 


x 
PicOs te a? 


18. y= 
Y 2 


* 20; Vy? — a? + eset 2 = 0. 


Plot the graphs of the following equations : 


21. y=5sin(22+°7), 


4 
22. y= 2sin2 (2+ 4). 
23, y=3 sin 242. 
24. y= 2 cos(# _ a 


25. y¥ = 2 cos (8 x — 2). 
26. y = 2 cos 2(x — 2). 


Pb GE) keh al 24 ep 
erate aae 
28. y = ctn 5 


29. y= sin x + sin 2 x. 
30.y=2sin2x7++3sindz. 
$1.y=2+sin7 (2%~ 3). 
32.2y+sin-!?(22-—3)=7 
33.2 y=1— cos"! (22+ 1). 
84.3 y+cos !2¢2= 7. 
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35. A particle moves on the ellipse = = - f= = 1 so that its projec- 


tion upon OX describes simple mete motion given by x =a cos kt. 
Show that its projection upon OY also describes simple harmonic 
motion, and find the velocity of the particle in its path. 


36. A particle moving with simple harmonic motion of period 5 =~ 
has a velocity of 6 ft. per second when at a distance of 2 ft. from ia 
mean position. Find the amplitude of the motion. 

37. A particle moves in a straight line according to the equation 
s=5sin?t+3cos?t. Show that the motion is simple harmonic, 
and find the amplitude of the swing and a time at which the par- 
ticle passes through its mean position. 

38. A particle moves in a straight line so that at the time ?, 


s= 12-6 cos? a Prove that the motion is simple harmonic, and 


determine its amplitude and period. 

39. The amplitude of a given simple harmonic motion is 20 ft. 
When midway between the mean and the extreme points of its 
path the speed of the particle is 4V3 ft. per second. What is the 
period of the motion? 

40. A particle is moving in simple harmonic motion. The period 
of the motion is 4 sec., and when the particle is midway between its 
mean and extreme positions its speed is 10 7 V3 ft. per second. Find 
the amplitude of the motion. 

41. The amplitude of a certain simple harmonic motion is 10 ft. 
and its period is 5 seconds. Find the velocity when the particle is 


5 ft. from its mean position. 

42. Time is measured from 12 o’clock noon. At 12.15 P.M. a par- 
ticle moving with simple harmonic motion passes through its mean 
position with a speed of 2 7 ft. per minute. At 12.20 P.M. the particle 
is 30 ft. from its mean position and moving with a speed of 7 V3 ft. 
per minute. Determine the amplitude and the period of the motion. 

43. Find the radius of curvature of the curve y= <2 sin 2 at the 

x 
point for which x = ze. 
7 


44, Find the radius of curvature of the curve y = sin x 


point for which x = zr. 
45. Find the radius of curvature at the point for which z= : 


of the curve y=asin7! - — Va? — x2. 


at the 
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46. Find the radius of curvature of the curve x=acos dg, 


y = bsin ¢ at the point for which ¢ = ve 


47. Find the radius of curvature of the curve x =2 cos 4, 
y=sin? ¢. Find the Cartesian equation of the curve, and sketch. 


48. Find the radius of curvature of the curve x= 2 cos? ¢, 


y =2sin° ¢ at the point for which ¢ = ae 
49. Find the radius of curvature of the curve +=asin‘ ¢, 
y =a cost ¢ at the point for which ¢ = a 


50. Prove that the radius of curvature of the curve x = a cos? @, 
y = asin’ ¢ has its greatest value when ¢ = = 


51. A revolving light in a lighthouse } mi. offshore makes one 
revolution a minute. If the line of the shore is a straight line, how 
fast is the ray of light moving along the shore when it passes a 
point one mile from the point nearest to the lighthouse? 


52. BC is a rod a feet long, connected with a piston rod at C, and 
at B with a crank AB, b feet long, revolving about A. Find C’s 
velocity in terms of AB’s angular velocity. 


53. At any time t the codrdinates of a point moving in the xy-plane 
arex=2-—3 cost, y=3+4+2sint. Find its path and its velocity in 
its path. At what points will it have a maximum speed? 


54. At any time? the codrdinates of a moving point are x= 2 sec 31, 
y=4tan3t. Find the equation of its path and its velocity in its 
path. 


55. The parametric equations of the path of a moving particle are 
x =2cos? ¢?, y=2sin? ¢. If the angle ¢@ increases at the rate of 
2 radians per second, find the velocity of the particle in its path. 


56. A particle moves along the curve x=a(cos¢+ ¢sin ), 
y = a(sin ¢ — ¢ cos ), ¢ increasing uniformly b radians per second. 
Find the velocity of the particle along the curve. 


57. At any time t the coordinates of a point moving in the y-plane 
are r= 2tan3t, y=2ctn3¢. Find the path, and the velocity in 


the path at the point for which x= y. 
58. At any time ¢ the codrdinates of a point moving in the avy-plane 
are x = 2 cos? 2t, y=2sin?2¢t. Find the path, and the velocity in 


the path when t = Os 


oO 
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59. At any time ¢ the codrdinates of a point moving in the zy-plane 
are r=2cos3t, y=2sin?3¢. Find the path, and the velocity in 
the path when ¢t = AE 

60. Two men, A and B, starting at the same point on the cir- 
cumference of a circle one mile in radius walk each at the rate of 
one mile an hour, A going straight toward the center, and B going 
around the circumference. At what rate is the distance between them 
changing when B has walked a quarter of the way around the circle? 


61. The equal sides of an isosceles triangle are always 6 ft. 
long, and the vertical angle @ is increasing at the uniform rate of 
330 radians per second. How fast is the area of the triangle chang- 
ing? When will the area be increasing and when decreasing ? 


62. If a ball is fired from a gun with the initial velocity v, it 
ae 

2 v2 cos? a 
where a is the angle of elevation of the gun and OX is horizontal. 
What is the value of a when the horizontal range is greatest? 


describes a path the equation of which is y = x tana — 


63. In measuring an electric current by means of a tangent galva- 
nometer, the percentage of error due to a small error in reading is 
proportional to tan x + ctn x. For what value of x will this percent- 
age of error be least? 


64. A tablet 10 ft. high is placed on a wall so that the bottom of 
the tablet is 20 {t. from the ground. How far from the wall should 
a person stand in order that he may see the tablet to best advantage 
(that is, so that the angle ketween the lines from his eye to the top 
and to the bottom of the tablet should be the greatest), assuming 
that his eye is 5 ft. from the ground? 


65. One side and the opposite angle of a triangle are given. Prove 
that the triangle having the greatest area is isosceles. 


66. Above the center of a round table of radius 2 ft. is a hanging 
lamp. How far should the lamp be above the table in order that 
the edge of the table may be most brilliantly lighted, given that 
the illumination varies inversely as the square of the distance and 
directly as the cosine of the angle of incidence? 


67. A weight P is dragged along the ground by a force F. If 
the coefficient of friction is k, in what direction should the force be 
applied te produce the best result ? 
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68. An open gutter is to be constructed of boards in such a way 
that the bottom and sides, measured on the inside, are to be each 
8 in. wide and both sides are to have the same slope. How wide 
should the gutter be across the top in order that its capacity may 
be as great as possible? 


69. A steel girder 27 ft. long is to be moved on rollers along a 
passageway and into a corridor 8 ft. in width at right angles to the 
passageway. If the horizontal width of the girder is neglected, how 
wide must the passageway be in order that the girder may go around 
the corner? 


70. Two particles are moving in the same straight line so that 
their distances from a fixed point O are, respectively, x =a cos kt and 


= ==.0,C08 (it + *), k and a being constants. Find the greatest 
distance between them. 

71. The top of a wall on the edge of an ice pond is 8 ft. above the 
level of the water. An ice house stands back 27 ft. horizontally 
from the wall. A runway just resting on the wall extends from the 


water to an opening in the ice house. What is the minimum length 
of the runway? 


72. Find the angle of intersection of the curves y= sin x and 
y <= COS X. 

73. Find the angle of intersection of the curves y=sin x and 
A: 

3) 

74, Find the angle of intersection of the curves y=cosx and 
y=cos2x at the points of intersection between the lines 7 = 0 
and x= 27. 

75. Find the points of intersection of the curves y=sin x and 
y = sin 8 x between the lines x = 0 and «= 7. Determine the angles 
at the points of intersection. 

76. Find the angle of intersection of the curves y = 2 sin 2 x and 
y =tan2<« at their common points which are between the lines 


Vi sin(« 4h 


Sep gle Sl, 
r= q and x ii 


77. Prove that the curves y = 2 tan * and y =4sin a intersect at 
the point (z ’ 2), and determine their angle of intersection at that 
point. 

78. Prove that the curves y = 2 cos x and 9 x? = 7y intersect at 
the point (z. 1), and determine their angle of intersection at that 
point. 
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54. The exponential function. The equation 
y= ce, 
where a is any constant, defines y as a function of x called the 
exponential function. 
If x =n, an integer, y is determined by raising a to the nth 
power by multiplication. 


If z =”, a positive fraction, y is the gth root of the pth power 
of a. 

If x is a positive irrational number, the approximate value of 
y may be obtained by expressing x approximately as a fraction. 

Ife=0,y=o=1. Ife=—m, y=a"=—.- 

The graph of the function is readily found. * 


Example. Find the graph of y = (1.5)*. By giving convenient 
values to x we obtain the curve shown in Fig. 72. To determine the 
shape of the curve at the extreme left, we 
place x equal to a large negative number, 


say x= —100. Then y= (1.5) = (1.5)100" 


which is very small. It is obvious that the 
larger numerically the negative value of x 
becomes, the smaller y becomes, so that the O x 
curve approaches asymptotically the nega- 
tive portion of the z-axis. Fic, 72 

On the other hand, if x is a large positive number, y is also large. 


ie 


1 


55. The logarithm. Ifa number N may be obtained by placing 
an exponent L on another number a and computing the result, 
then L is said to be the logarithm of N to the base a. That is, if 

N=da?, (1) 
then L=log,N. (2) 
Formulas (1) and (2) are simply two different ways of ex- 


pressing the same fact as to the relation of N and L, and the 
168 
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student should accustom himself to pass from one to the other 
as convenience may demand. 
From these formulas follow easily the fundamental properties 
of logarithms; namely, 
logaN + log. M = log, MN, 
log. N — log, M = log, %, 
g g og M 
n logaN = log, N®, (8) 
log, 1 = 0, 


log, ‘ = — log, N. 


Theoretically any number, except 0 or 1, may be used as the 
base of a system of logarithms. Practically there are only two 
numbers so used. The first is the number 10, the use of which as 
a base gives the common system of logarithms, which are the 
most convenient for calculations and are used almost exclusively 
in trigonometry. 

Another number, however, is more convenient in theoretical 
discussions, since it gives simpler formulas. This number is 
denoted by the letter e and is expressed by the infinite series 


Lee: 1 uf 
aL IS rs a ea a 


gnereog Wt 2. — oe x 3, 411 kK 2 x's xX 4 ete. 
Computing the above series to seven decimal places, we have 
C= 2 ISZ515 ~ 
An important theorem, which is used in finding the derivative 
of a logarithm, is that i 
i Lita th) =e. (A) 
h-0 


To check this arithmetically we may take successive small 
values of h and make the following computation : 

When h = .1, a+ ht Sa La F025 9374. 

When h = .01, a+ hye == (1.01)1°O == 2.70481. 

When h = .001, (d+ nyt en (IsOQ) Wout 2 LOO. 

When h=.0001, (1+ yk = (1.0001)10 — 2.71815. 
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1 
Working algebraically, we expand (1+ h)* by the binomial 


theorem, eyeubas 1/1 gee : Rae 
(eouve 1+3 144 Hi) =), A ae 


airy a (i ae nya 
=1+;+ esas 31 oe 


me el lath 
sina erect ents 


where R represents the sum of all terms involving h, h?, h?, etc. 
Now it may be shown by advanced methods that ash approaches 
zero, R also ane zero; so that 


Lim (1+)! = 145 +3 +35 (te syereeencs 


When the number e is used as the base of a system of loga- 
rithms, the logarithms are called natural logarithms. We shall 
denote a natural logarithm by the symbol In*; thus, 


if N= eb, 
then ta Ne (5) 


Tables of natural logarithms exist, and should be used if 
possible. In case such a table is not available, the student may 
find the natural logarithm by use of a table of common loga- 
rithms, as follows: 


Let it be required to find In N. 


If x=In'N, 
then, by (5), (IN 162" 
whence, by (3), log N= log e=1n N loge, 
log N _ logN 
oP InN arog cum aa 


*This notation is generally used by engineers. However, the abbreviation ‘ iss 
is used by many authors to denote the natural logarithm. In this book ‘ Tog 
used for the logarithm to the base 10, 
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Certain graphs involving-the number e are important and are 
shown in the examples. = 


Example 1. y=In x. 


Giving «x positive values and finding y, 
we obtain Fig. 73. a) iL x 


Example 2. y=e-*. 
The curve (Fig. 74) is symmetrical 
with respect to OY and is always above 
OX. When x=0, y=1. As x increases nu- Fig. 73 
merically, y decreases, approaching zero. Hence OX is an asymptote. 


Example 3. y= (c2 ar ea). 


Y 
Y 
O O x 
Fig. 74 HIGa to. 


This is the curve (Fig. 75) made by a cord or a chain held at the 
ends and allowed to hang freely. It is called the catenary. 


Example 4. y = e~* sin bz. 

The values of y may be computed by multiplying the ordinates 
of the curve y =e” by the val- 
ues of sin bx for the correspond- 
ing abscissas. Since the value of 
sin bx oscillates between 1 and 
—1, the values of e~* sin bx 
cannot exceed those of e~%. 
Hence the graph lies in the por- 
tion of the plane between the 
curves y=e—* and y=—e-™. 


When zx is a multiple of a y 


Y 


is zero. The graph therefore 
crosses the axis of x an infinite number of times. Fig. 76 shows the 


graph whena=1,b=2 7. 
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Ls 

Example 5. y= e”* 

When x approaches zero, being positive, y increases without 
limit. When x approaches zero, being negative, y approaches zero; 
for example, when 2 = 7 pp y= C1 
and when z= — goog) ¥ =e = a0" 
The function is therefore discontinuous 
ere apy. 

The line y = 1 is an asymptote (Fig. 
77), for as x increases numerically with- 
out limit, being positive or negative, — 
approaches 0, and y approaches 1. 


EXERCISES 
Plot the graphs of the following equations: 


Liye. 5. y = te, 9.y = log'S x. 

ih 
2. y = (3):. 6. y = 3 (e@ — e-*). 10. y = log cos x. 
Bap Tick 1 y= men, lL.y= site ese Le 

: oe MP Chay) ae 
4.y=e 2. x 1oavji— es sine: 


56. Differentiation. The formulas for the differentiation of the 
exponential and the logarithmic functions are as follows, where, 
as usual, w represents any function which can be differentiated 
with respect to x, In means the Napierian logarithm, and a is 


any constant : if, eee H0ft (1) 
-" Inu = . _ (2) 

fav =a"lna te, (3) 

gx gol, (4) 


The proofs ot these formulas are as follows: 


1 By (3) scene raat du, 
y (8) § 6, 7g (08s Ty 8a 


To find <. log.u, place y = log, wu. 
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Then, if uw is given an increment Au, y receives an increment 


Ay, where Ay = log. (w+ Au) — log, u 
= loga (1 + =) 
U 
= ou log. (1 ais Au 
the transformations being ate by (8), § 55. 
Then au 1 7 1o8e( int Ae: 


Now, as Aw approaches zero the fraction Au 
u 


as h in (4), § 55. 


may be taken 


Hence Lim ( 1+ au" = 
Au 0 
Therefore dy _1 logae 
di a 
dy _ logae du. 
and dx u ax 


2. If y=In u, the base a of the previous formula is e; and 
since log.e = 1, we have 


dy _1du_ 
ax ude 
Sele y= a", 
we have Ing = In a* = win a. 
Hence, by formula (2), 
1 dy du. 
yde ee dx’ 
OY ans du, 
whence ce a“ Ina Tn 


A, If y = e the previous formula becomes 
AY _ gu MU, 
dx dz 
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. Example 1. y=In(a?—42+ 5). 
dy___ 2r—-4 


Example 2. y=e-”. a =— 2 ze 


Example 3. y = e~** cos br. 


dy — cos bx a (ea) ens “ (cos bx) = — ae~** cos bx — be~* sin bx 
dx dx 2 = — e~* (a cos bx + bsin bx). 
EXERCISES 
Find au in each of the following cases: 
2 icy =n (67 4 e5""). 
Us SO os : 
' : 1g yee Sim aes 
af= a 
2.y=S (e+e “). 13. y=In V1 + 22— 2 tan". 
$.y= a7". 14. y = e?4(2 4? —-24+41). 
Pei iahs Soe a 15. y = e?7(8 cos x + sin x). 
= 2 a <r —z 
5. y= In (x? ++ 6%—1). 16. y =sin-1 = = 
6. y=mMv22727+824+ 9. e+e 
“ age ct 17. y=sec x tan x+]n(sec r+ tan 2). 
Sat 18.y=nVet1l—1. 
8. y=In (24+ V2? +9). Vai+1+1 
9. y=In(5a+V25274+1). 39 otyajy=. 
10. y = In — 00822. y 
J 1+ cos 2x 20. ry = In (x+y). 


57. Integration. By reversing the formula for the differentia- 
tion of an exponential function, we may write 


fe dx =" er + C, (1) 

Similarly, from the formula for the derivative of In « we have 
{h fe hte Ce Tie) 

Since : = x~! this gives us the integral of 2" dz when n =— 1. 


All other values cf n are taken care of by formula (8), § 42. 
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EXERCISES 


1. The velocity of a particle in feet per second is equal to o and 
when t=1,s=0. Find s whent=5. t 

2. The siope of a curve at any point is always twice the slope of 
the line from the point to the origin, and the curve passes through 
(4, 2). Find its equation. 

3. The slope of a curve at any point is always equal to the recip- 
rocal of the abscissa of the point, and the curve passes through (3, 2). 
Find its equation. 

4, Find the area bounded by the curve y = e*, the axis of x, the 
axis of y, and the ordinate x = a. 

5. Find the area bounded by the curve xy = 4, the axis of x, and 
the ordinates x = 2 and v= 4. 4 

6. Find the area bounded by the catenary y = (es + ah the 
axis of x, and the lines x= +h. 

7. Find the area bounded by the curve xy = 18 and the straight 
linex+y=9. 

8. Find the volume generated by revolving about OX the area 


bounded by the catenary y = : (Qi 4- ea the axis of x, and the 
lines x= +h. 

9. Find the volume generated by revolving about the line y + 1=0, 
the area bounded by that line, the curve zy = 8, and the lines 
ip — A ehavel 49 = ah 


58. The compound-interest law. An important use of the ex- 
- ponential function occurs in the problem of determining a func- 
tion whose rate of change is proportional to the value of the 
function. If y is such a function of x, it must satisfy the equation 


dy _ 


where k is a constant called the proportionality factor. 
We may write equation (1) in the form 


dy _ kde; 
Yy 
whence Iny= ka + C. 


From this, by (1) and (2), § 55, 


7] = ekx ai (G; = ek@eC, 
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Finally we place e© = A, where A may be any constant, since 
C is any constant, and have as a final result 


y= Act, (2) 


The constants A and k must be determined by other condi- 
tions of a particular problem, as was done in § 20. 

The law of change here discussed is often called the compound- 
interest law, because of its occurrence in the following problem : 


Example. Let a sum of money P be put at interest at the rate of fr % 


per annum. The interest gained in a time Af is P Ta0 At, where At 


is expressed in years. But the interest is an increment of the prin- 
cipal P, so that we have A Ses 
P= P-—— Al. 
100 

In ordinary compound interest the interest is computed for a 
certain interval (usually one half-year), the principal remaining 
constant during that interval. The interest at the end of the half- 
year is then added to the principal to make a new principal on which 
interest is computed for the next half-year. The principal F therefore 
changes abruptly at the end of each half-year. 

Let us now suppose that the principal changes continuously ; 
that is, that any amount of interest theoretically earned, in no matter 
how small a time, is immediately added to the principal. The average 
rate of change of the principal in the period At is, from § 6, 


APE Er) (1) 

At 100 
To obtain the rate of change we must let At approach zero in 
equation (1), and have 


From this, as in the text, we have 
P= Ael00", (2) 


To make the problem concrete, suppose the original principal were 
$100 and the rate 4%, and we ask what would be the principal at 
the end of 14 yr. We know that when t=0, P= 100. Substituting 
these values in (2), we have A = 100, so that (2) becomes 


4, t. 
P = 100 ¢ = 100e?5, 


COMPOUND INTEREST LAW Lik. 
14 
Placing now ¢t = 14, we have to compute P = 100 e25. The value 
of P may be taken from a table if the student has access to tables 
ot powers of e. In case a table of common logarithms is alone avail- 
able, P may be found by first taking the logarithm of both sides 
of the last equation. Thus 


log P = log 100 + 44 log e = 2.2482; 
whence P = $175, approximately. 


EXERCISES 


1. The rate of change of y with respect to x is always equal to 
$y, and when x = 0, y=6. Find the law connecting y and x. 


2. The rate of change of y with respect to x is always 0.01 times y, 
and when x = 10, y= 60. Find the law connecting y and x. 


3. The rate of change of y with respect to x is proportional to y. 
When x = 0, y = 8, and when x = 2, y=16. Find the law connect- 
ing y and x. 


4. The sum of $100 is put at interest at the rate of 5% per annum 
under the condition that the interest shall be compounded at each 
instant of time. How much will it amount to in 80 yr.? 


5. At a certain date the population of a town is 10,000. Forty 
years later it is 835,000. If the population increases at a rate which 
is always proportional to the population at the time, find a general 
_ expression for the population at any time ¢. 


6. In a chemical reaction the rate of change of concentration of 
a substance is proportional to the concentration at any time. If the 
concentration is 7 when t= 0, and is 735% When t= 6, find the law 
connecting the concentration and the time. 


7. A rotating wheel is slowing down in such a manner that the 
angular acceleration is proportional to the angular velocity. If the 
angular velocity at the beginning of the slowing down is 200 revolu- 
tions per second, and in 1 min. it is cut down to 50 revolutions per 
second, how long will it take to reduce the velocity to 25 revolutions 
per second ? 


59. Certain empirical equations. If x and y are two related 
quantities which are connected by a given equation, we may 
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plot the corresponding curve on a system of xy-coérdinates, and 
every point of this curve determines corresponding values of 
x and y. 

Conversely, let x and y be two related quantities of which 
some corresponding pairs of values have been determined, and 
let it be desired to find by means of these data an equation con- 
necting x and y in general. On this basis alone the problem 
cannot be solved exactly. The best we can do is to assume 
that the desired equation is of a certain form and then en- 
deavor to adjust the constants in the equation in such a way 
that it fits the data as nearly as possible. We may proceed 
as follows: 

Plot the points corresponding to the known values of x and y. 
The simplest case is that in which the plotted points appear to 
lie on a straight line or nearly so. In that case it is assumed 
that the required relation may be put in the form 


y=mzx + b, (1) 


where m and 6 are constants to be determined to fit the data. 
The next step is to draw a straight line so that the plotted 
points either lie on it or are close to it and about evenly dis- 
tributed on both sides of it. The equation of this line may be 
found by means of two points on it, which may be either two 
points determined by the original data or any other two points 
on the line. 

The resulting equation is called an empirical equation and 
expresses approximately the general relation between x and y. 
In fact, more than one such equation may be derived from the 
same data, and the choice of the best equation depends on the 
judgment and experience of the worker. 


Example 1. Corresponding values of two related quantities x and y 
are given by the following table: 


‘Find the empirical equation connecting them, 


EMPIRICAL EQUATIONS 179 


: We plot the points (x, y) and draw the straight line, as shown in 
Fig. 78. The straight line is seen to pass through the points (0, 1) 
and (2, 2). Its equation is 
therefore, by § 14, 

y=0.52+1, 


which is the required equation. 


ve 


In many cases, however, 
the plotted points will not 
appear to lie on or near a 
straight line. We shall con- 
sider here only two of these 
cases, which are closely connected with the case just considered. 
They are the cases in which it may be anticipated from previous 
experience that the required relation is either of the form 


Fig. 78 


y= ao, (2) 
where a and 6 are constants, or of the form 
y = ax", (3) 


where a and n are constants. 

Both of these cases may be brought directly under the first 
case by taking the logarithm of the equation as written. Equa- 
tion (2) then becomes 


log y= loga+ x log b. (4) 


As log a and log 6 are constants, if we denote log y by y’, (4) 
assumes the form (1) in x and y’, and we have only to plot the 
points (xz, y’) on an xy’-system of axes and determine a straight 
line by means of them. The transformation from (4) back to 
(2) is easy, as shown in Example 2. 

Taking the logarithm of (3), we have 


log y= loga+ n log a. (5) 
If we denote log y by y’ and log x by 2’, (5) assumes the form 
(1) in x’ and y’, since log a and n are constants. Accordingly 
we plot the points (x’, y’) on an x’y’-system of axes, determine 
the corresponding straight line, and then transform back to (3), 
as shown in Example 8. 
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Example 2. Corresponding values of two related quantities x and 
y are given by the following table: 


8 18 20 


3.2 4.6 7.3 9.8 15.2 24.6 36.4 


Find an empirical equation of the form y = ab’. 
Taking the logarithm of the equation y= ab’, and denoting 
log y by y’, we have y' = loga+ x log b. 


Determining the logarithm of each of the given values of y, we 
form a table of corresponding values of x and y’, as follows: 


x 8 10 12 14 16 18 20 


y’ =logy | 0.5051 | 0.6628 | 0.8633 | 0.9912 | 1.1818 | 1.8909 | 1.5611 


We choose a large-scale plotting-paper, assume on the y’-axis a 
scale four times as large as that on the x-axis, plot the points (x, y’), 
and draw the straight line (Fig. 79) through the first and the sixth 
point. Its equation is, by § 14, 


y' = 0.08858 x — 0.20354. vs 


Therefore log a=-— 0.20354 an 
= 9.7965 —10, whencea=0.626; 15 
and log b = 0.08858, whence 10 
b= 1.22. Substituting these 65 
values in the assumed equation, 
we have 


y = 0.626 (1.22) 
as the required empirical equation. The result may be tested by 


substituting the given values of x in the equation. The computed 
values of y will be found to agree fairly well with the given values. 


0 Bb 4 6 8 10 12 4 Ie 18 20. 
Fic. 79 


Example 3. Corresponding values of pressure and volume taken 
from an indicator card of an air-compressor are as follows: 


18 21 26.5 33.5 44 62 


0.6385 | 0.556 | 0.475 | 0.397 0.3821 | 0.243 


Find the relation between them in the form pr” = c. 


— 
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Writing the assumed relation in the form p = cv” and taking the 
logarithms of both sides of the equation, we have 


log p = — nlogv+ loge, 
or y=—nxet+ b, 
where g= logo, = log v, and b'= loge, 
The corresponding values of x and y are 


x=logv |—0.1972 | — 0.2549 | — 0.3238 | — 0.4012 | — 0.4935 | — 0.6144 


y = log p 1.2553 1.8222 1.4232 1.5250 1.6435 1.7924 


We take large-scale plotting- 
paper assuming on the x-axis 
a scale twice as large as that 
on the y-axis, plot the points 
(x, y), and draw the straight 
line as shown in Fig. 80. The 
line is seen to pass through 
the points (— 0.05, 1.075) and 


(— 0.46, 1.6). Its equation is — 11 
therefore, by § 14, =(80-.55- 50 -45-40-35-30-.25-20-15-10-05 01° 
y=—1.28x%+ 1.01. Fic. 80 
Hence n = 1.28, logc = 1.01, c= 10.2, and the required relation 
between p and v is pvl-28 — 10.2. 
EXERCISES 


1. Show that the following points lie approximately on a straight 
line, and find its equation: 


25 30 


14.5 18.2 


2. For a galvanometer the deflection D, measured in millimeters 
on a proper scale, and the current J, measured in microamperes, are 
determined in a series of readings as follows: 


D 20 48.2 LE 92.0 | 118.0 | 140.0 | 165.0 | 199.0 


if 0.0493 0.0821 | 0.123 | 0.154 | 0.197 | 0.284 | 0.274 | 0.828 


Find an empirical law connecting D and I. 


182 EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


3. Corresponding values of two related quantities x and y are 
given in the following table: 


x Ont 0.3 0.5 0.7 0.9 ial 1.3 1.5 


y | 0.3316 | 0.4050 | 0.4946 | 0.6041 | 0.7379 | 0.9013 | 1.1008 | 1.3445 


Find an empirical equation connecting x and y in the form y = ab’. 


4, In a certain chemical reaction the concentration c of sodium 
acetate produced in a stated number of minutes ¢ is as follows: 


i 2 3 4 5 


0.00837 0.00700 0.00586 0.00492 0.00410 


Find an empirical equation connecting c and ¢ in the form c = abt. 


5. The deflection a of a loaded beam with a constant load is found 
for various lengths / as follows: 


1000 900 800 700 600 


7.14 5.22 3.64 2.42 1.50 


Find an empirical equation connecting a and / in the form a = nl™, 


6. The relation between the pressure p and the volume v of a gas 
is found experimentally as follows: 


20 23.5 31 42 59 78 


0.619 0.540 0.442 0.358 0.277 0.219 


Find an empirical equation connecting p and v in the form pv" = ¢, 


GENERAL EXERCISES 
Find wt in each of the following cases: 


l.y=x—$ln(1 +e”), eee aaa, 3,2) 
Jeg In a eee nthe 
iar 6. y= x(In2x)2?-—2aln224+22. 
3.y=In(4e+Vi6x?+1). 7 y=2xetan!2e—Fln(1+4 2). 
Dy ee eo 8. y = 4 sec? ax + In cos az. 
14° xe-+38 9. y= 5 e7"(423 —622+627—8). 


10. y=8 xsec13 x—In (32+ V9 x2—1). 
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Find the graphs of the following equations: 


+1 as 
ll.y=e*. 1b ly = ee, 19. = 'e8e>?. 
1a 16. y = $(e* + e-*). x 
12.4 = ze * i gn e-2 20.y=e *cosz. 
13. y = xe-™. Ue pe* 21. y = log sin 2 x. 
14, y = (4)"*- 18. y = xe-*, 22. y = log tan3 x. 


23. Prove that the curve y = e~** sin 3 x is tangent to the curve 
y = e~** at any point common to the two curves. 


x 


24. Show that the catenary y = (8 + ea) and the parabola 
y=at - x” have the same slope and the same curvature at their 
common point. 

25. Find the radius of curvature of the curve x = e'sint, y = e‘ cost. 


26. Find the radius of curvature of the curve y=In x and its 
least value. 


27. Find the radius of curvature at the point « = 2 a of the curve 
y = Va? — a? — aln (2 + Vx? — a?). 
_z 
28. Find the radius of curvature of the curve y=e “sin38 2x at 


the origin. 
1+2 


29. Find the radius of curvature of the curve y = e !~* at the point 
for which x = 0. 

30. Show that the radius of curvature of the curve y = In cos x 
' ean never be less than unity in numerical value. 


31. The slope of a curve at any point is always equal to n times 
the slope of the line joining the point to the origin, and the curve 
passes through the point (1, a). Find its equation. 

32. Find the curves such that the portion of the tangent between 
the codrdinate axes is bisected by the point of tangency. 

33. Find the area in the first quadrant bounded by the hyperbola 
xy = 6 and the parabola x7+ 5y —19=0. 

34. Find the volume generated by revolving about the line x = 2 
the triangular area bounded by the curve «y= 10 and the lines 
iy Yd CVG VL Pp 

35. A substance of amount x is being decomposed at a rate which 
is proportional to x. If «=3.24 when t=0, and x=1.72 when 
t = 40 min., find the value of x when ¢ = 1 hr. 
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36. A substance is being transformed into another at a rate which 
is proportional to the amount of the substance still untransformed. 
If the amount is 50 when t= 0, and 16.4 when t= 4 hr., find how 
long it will be before ;} of the original substance will remain. 


37. According to Newton’s law the rate at which the temperature 
of a body cools in air is proportional to the difference between the 
temperature of the body and that of the air. If the temperature of 
the air is kept at 60°, and the body cools from 130° to 120° in 800 sec., 
when will its temperature be 100°? 


38. Assuming that the rate of change of atmospheric pressure p 
with respect to the distance h above the surface of the earth is pro- 
portional to the pressure, and that the pressure at sea level is 14.7 lb. 
per square inch and at a distance of 1600 ft. above sea level is 13.8 lb. 
per square inch, find the law connecting p and h. 


39. For a copper-nickel thermocouple the relation between the 
temperature ¢t in degrees and the thermoelectric power :p in micro- 
volts is given by the following table: 


Find an empirical law connecting ¢ and p. 


40. The safe loads in thousands of pounds for beams of the same 
cross section but of various lengths in feet are found as follows: 


ili! 12 13 14 15 


123.6 121.5 111.8 107.2 


101.3 90.4 


Find an empirical equation connecting the data. 


41. In the following table s denotes the distance of a moving 
body from a fixed point in its path at timet: 


4 
0.6400 


6 7 8 


0.1024 0.0410 0.0164 


Find an empirical equation connecting s and t in the form s = ab’, 
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42. In the following table c denotes the chemical concentration of 
a substance at the time ¢: 


2 4 6 eS 10 


0.0069 0.0048 0.0033 0.0023 0.0016 


Find an empirical equation connecting c and ¢t in the form c = ab‘. 


43. The relation between the length / in millimeters and the 
time ¢ in seconds of a swinging pendulum is found as follows: 


63.4 80.5 90.4 101.3 107.3 140.6 


0.806 0.892 0.960 1.010 1.038 1.198 


Find an empirical equation connecting / and t in the form t = kl". 


44, For a dynamometer the relation between the deflection 0, 
7h US 


400 


when the unit 0 = » and the current J, measured in amperes, is 


as follows: 


280 320 


362 


240 


0 120 160 201 


I 


40 86 


0.147 | 0.215 | 0.252 | 0.293 | 0.829 | 0.360 | 0.390 | 0.417 | 0.442 


Find an empirical equation connecting J and @ in the form I = k@”. 


45. In a chemical experiment the relation between the concen- 
tration y of undissociated hydrochloric acid and the concentration x 
of hydrogen ions is shown in the table: 


x | 1.68 | 1.22 | 0.784 | 0.426 | 0.092 0.047 0.0096 | 0.0049 


y | 1.382 | 0.676 | 0.216 | 0.074 | 0.0085 | 0.00315 | 0.00036 | 0.00014 


Find an empirical equation connecting the two quantities in the 
form y= kx". 


CHAPTER VII 
POLAR COORDINATES 


60. Graphs. So far we have determined the position of a 
point in the plane by two distances, x and y. We may, however, 
use a distance and a direction, as follows: 

Let O (Fig. 81), called the orzgin, or pole, 
be a fixed point, and let OM, called the 
initial line, be a fixed line. Take P any 
point in the plane, and draw OP. Denote 
OP by r, and the angle MOP by 0. Then r 
and @ are called the polar coérdinates of the 
point P(r, 6), and when given will completely determine P. 

For example, the point (2, 15°) is plotted by laying off the 
angle MOP = 15° and measuring OP = 2, 

OP, or 7, is called the radius vector, and 6 the vectorial angle, 
of P. These quantities may be either positive or negative. A 
negative value of 6 is laid off in the direction of the motion of 
the hands of a clock, a positive angle in the opposite direction. 
After the angle @ has been constructed, positive values of r are 
measured from O along the terminal line of 6, and negative 
values of r from O along the backward extension of the terminal 
line. It follows that the same point may have more than one 
pair of codrdinates. Thus (2, 195°), (2, — 165°), (— 2, 15°), and 
(— 2, — 345°) refer to the same point. In practice it is usually 
convenient to restrict @ to positive values. 

Plotting in polar coérdinates is facilitated by using paper ruled 
as in Figs. 83 and 84. The angle @ is determined from the num- 
bers at the ends of the straight lines, and the value of r is counted 
off on the concentric circles, either toward or away from the 
number which indicates 6, according as r-is positive or negative. 

The relation between (r, @) and (z, y) is found as follows: 

Let the pole O and the initial line OM of a system of polar 
coérdinates be at the same time the origin and the axis of x of a 

186 


0 


ie 


P(r,60) 
Fic. 81 
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system of rectangular codrdinates. Let P (Fig. 82) be any point 
of the plane, (x, y) its rectangular codrdinates, and (r, 0) its 
polar coordinates. Then, by the definition of the trigonometric 
functions, 


cos 6 =%, 
r 
sin 6 = ¥. 
ie 
Whence follows, on the one hand, 


(1) 


2=7 cos 0, 


Ges, 
and, on the other hand, Fic. 82 


Penrose sin ht —— 2, ee an) 
+y?, sind Saat cos 6 VPLp (2) 
By means of (1) a transformation can be made from rectangv- 
lar to polar coérdinates, and by means of (2) from polar to 
rectangular co6rdinates. 
When an equation is 
given in polar coordi- 
nates, the corresponding 
curve may be plotted by 
giving to @ convenient 
values, computing the 
corresponding values of 
r, plotting the resulting 
points, and drawing a 
curve through them. 


Example 1. 
r=3+20c0s8 0. 


To plot this curve, we 
assign values to 0, com- 
pute the corresponding values of r with the aid of a table of natural 
cosines, and plot the points of the curve whose coérdinates are thus 
determined. Proceeding in this manner we see that, as the values 
assigned to @ increase from 0° to 90°, cos 0 decreases from 1 to 0; 
hence r decreases from 5 to 3, and we draw the corresponding are AB 
(Fig. 83). As 0 increases from 90° to 180°, cos @ decreases from 0 to 
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—1, r decreases from 8 to 1, and we draw the arc BC. As 6 increases 
from 180° to 270°, cos @ increases from — 1 to 0, r increases from 
1 to 3, and we draw the are CD. As @ increases from 270° to 360°, 
cos 6 increases from 0 to 1, r increases from 3 to 5, and we draw the © 
arc DA. 

If any more values are assigned to 6, the corresponding points 
will follow the curve already drawn. Hence the curve in Fig. 83 is 
the complete curve of the given equation. The curve is one form of 


Mmacon. 


Example 2. r=asin3 6. 


As 6 increases from 0° to 30°, r increases from 0 toa; as @ increases 
from 30° to 60°, r decreases from a to 0; the point (r, @) traces out 
the loop OAO (Fig. 84), 
which is evidently sym- 
metrical with respect to 
the radius OA. As @ in- 
creases from 60° to 90°, r 
is negative and decreases 
from 0 to —a; as @ in- 
creases from 90° to 120°, 
r increases from— a to 
0; the point (r, 0) traces 
out the loop OBO. As @ 
increases from 120° to 
180°, the point (r, 0) traces 
out the loop OCO. The 
curve is now complete, for 
larger values of 60 give 
points already found, as 
sin 8 (180°+ 6) =—sin3 0. 
The three loops are congruent, because sin 3 (60° + 6)'= — sin 8 9. 
This curve is called a rose of three leaves. 


Example 3. r? = 2 a? cos 20. 
Solving forr, wehave r=+aV2 cos 2 06. 


Hence, corresponding to any values of 6 which make cos 2 0 posi- 
tive, there will be two values of r numerically equal and opposite 
in sign, and two corresponding points of the curve symmetrically 
situated with respect to the pole. If values are assigned to @ which 
make cos 2 6 negative, the corresponding values of r will be imagi- 
nary and there will be no points on the curve, 
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Accordingly, as @ increases from 0° to 45°, r decreases numerically 
from aV2 to 0, and the portions of the curve in the first and the 
third quadrant are constructed (Fig. 85); as @ increases from 45° 

™ to 135°, cos 2 6 is negative, and there is no portion of the curve 
between the lines 9 = 45° and 
6 = 185°; finally, as @ increases 135° 
from 135° to 180°, r increases 
numerically from 0 to av2, O 
and the portions of the curve 
in the second and the fourth 
quadrant are constructed. The Fic. 85 
curve is now complete, as we ; 
should only repeat the curve already found if we assigned further 
values to 0; it is called the lemniscate. 


45° 


Example 4. r= aé. 


In plotting this curve, @ is considered in circular measure. When 
6=0,r=0; and as @ increases, r 
increases, so that the curve winds 
an infinite number of times around 
the origin while receding from it 
(Fig. 86). In this example, we ob- 
tain for negative values of @ points 
of the curve which cannot be ob- 
tained by use of positive values. In 
the figure the heavy line shows the 
portion of the spiral corresponding 

‘to positive values of 0, and the dotted line the portion corresponding 
to negative values of 6. The curve is called the spiral of Archimedes. 


Example 5. r =e”. 
When 6=0, r=1. As @ increases, 
r increases, and the curve winds around 
the origin at increasing distances from 
it (Fig. 87). When @ is negative and 
increasing numerically without limit, 
r approaches zero. Hence the curve 
winds an infinite number of times Mu 
around the origin, continually ap- 
proaching it. The dotted line in the fig- 
ure corresponds to negative values of 0. 
The curve is called the logarithmic 
spiral, Fic. 87 
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EXERCISES 


Plot the following curves: 
L. fe asin 28. wi pete © 


2.r=acos3 @. 
8. r2 = a? sin 0. 


ea pee j 

3 9. r2 =a? sin 3 0. 
pees ea 10. r=a(1 -- cos 2 @). 
: 2 ll. r=a(1+ 2 cos2 9). 
5.r=2+8 cos 0. 12. r= a tan @. 
6. r=a (1+ cos @)*. 13. 7 = cdan 20. 


Plot in one diagram each of the following pairs of curves and find 
their points of intersection : 

14. r=3c0s0,r=3V3sin@. 16.r=1+ cos, r=2 cos 2. 

15. r2=a?sin 0, r?=a?sin29. 17. r2 =a? sin 0, r? =a? sin 3 0. 


Transform the following equations to polar codrdinates : 
18. cy-+ 2= 0. 20. 72+ y?+2axr=0. 
19. 22+ y2?—2Zar+2ay=0. 21. (x? + y?)? = a?(x? — y?). 


Transform the following equations to rectangular codrdinates : 
22.r=acse 0. 23.r=2 asin 0. 24.r=—atan 6. 25: r=aqin7 ov. 


61. Certain curves. In this section we shall derive the polar 
equations of certain curves directly from L 
their definitions or geometrical properties. 

1. The straight line. Let LK (Fig. 88) 
be a straight line perpendicular to the P 
initial line OM at A, where OA =a. Let 
P(r, @) be any point of LK, and draw OP. 
Then, by trigonometry, OP cos 9@= OA, or ee 


M 
, COS)G =0: (1) e 2 
Conversely, if the codrdinates of any 
point P satisfy (1), it can be shown that P K 
is ona straight line perpendicular to OM at Fic. 88 


A, that is, isa point of LK. Hence (1) is the polar equation of LK, 
As @ increases from 0° to 90°, cos 6 decreases from 1-to 0, 
whence it is evident, if the equation is written in the form 


* This curve is called a cardioid. 
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a : 
Bee ea that r increases from a to ©, and the corresponding 


part of the line is AL. As @ increases from 90° to 180°, cos 8 
decreases from 0 to — 1, r is negative and decreases in numerical 
value from oo to a, and the corresponding part of the line is KA. 
If any other values are assigned to 6, no new points can be 
found. It is to be noted, however, that the part AK of the line 
may also be found by letting @ vary from 0° to — 90°. 

2. The circle. Take any point of the circle as O and the diam- 
eter through that point as the initial line for the system of polar 
coordinates (Fig. 89). Let the radius 
of the circle be a; then OA = 2a. 
Let P(r, 6) be any point of the circle, 
and draw OP and PA. Since the 
triangle OPA is inscribed in a semi- 
circle, it is a right triangle. There- 
fore, by trigonometry, 

OP = OA cos AOP, 
or r=2acos @. 4) Fic. 89 


Conversely, if the codrdinates of any point P satisfy (2), it 
can be shown that OPA is a right triangle, and hence P is a 
point of the circle. Hence (2) is the polar equation of the circle. 

As @ increases from 0° to 90°, r B R 
decreases from 2a to 0 and the 
upper half of the circle is con- 
structed. As 6 increases from 90° 
to 180°, r is negative and decreases 
from 0 to — 2a, and the lower half 
of the circle is constructed. If any 
more values are assigned to 6, the 
points located will be but repeti- 
tions of those already located. If 
preferred, however, the lower half 
of the circle may be plotted by as- 
signing values of 0 from 0° to — 90°. 

3. The parabola. Let O (Fig. 90) be the focus of a parabola, 
whose directrix RS is perpendicular to the initial line OM at the 
point A, where OA = 2c. Then OM is the axis of the parabola. 


Cc s 
Fic. 90 
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Let P(r, 0) be any point of the parabola and draw OP, PN per- 
pendicular to OM, and PL perpendicular to RS. By the defi- 
nition of the parabola, OP = PL; but OP =7, and PL= NA 
—=0A—ON=2c-—rcos$. Therefore r= 2c —~r cos 0, which 
may be written in the form 

af ae 3 
a rupee t (3) 
1+ cos 0 

Conversely, if the codrdinates of any point P satisfy (3), it 
may be proved that P is equally distant from O and RS, and 
hence is a point of the parabola. 

Equation (3) is usually written in the form 


neater , 
ae -- eos 0’ (4) 
where the constant k is the distance from the focus to the 


directrix. 
As @ increases from 0° to 180°, cos 6 decreases from 1 to — 1 


and r increases from ; to oo, the corresponding part of the 
parabola being VB. As @ increases from 180° to 360°, cos 6 in- 
creases from — 1 to 1 and r decreases from © to f the cor- 


responding part of the parabola being CV. No other values 
need be assigned to @, as the curve is now complete. It may be 
noted, however, that the lower part of the parabola may be 
found by assigning values of @ from 0° to — 180°. 


EXERCISES 


1, Find the polar equation of a straight line parallel to the initial 
line OM and at a distance a from O. 


2. Find the polar equation of a straight line distant a from. O 
and with its normal from O making an angle a with the initial line 
OM. 


3. Find the polar equation of a circle of diameter 2 a passing 
through O and having a diameter perpendicular to OM at O. 


4. Find the polar equation of a parabola having its focus at O 
and its directrix perpendicular to the radius vector 6 = 180° at a 
distance k from O. 


sta ll 
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5. Find the polar equation of the locus of a point which moves 
so that its distance from O is always one half its distance from the 
straight line RS which is perpendicular to the initial line OM at the 
point A, where OA =a. 


6. In a parabola prove that the length of a focal chord which 
makes an angle of 30° with the axis of the curve is four times the 
length of the focal chord perpendicular to the axis. 


7, A comet is moving in a parabolic orbit around the sun at the 
focus of the parabola. When the comet is 100,000,000 miles from 
the sun, the radius vector makes an angle of 60° with the axis of the 
orbit. How near does it come to the sun? 


8. A comet moving in a parabolic orbit around the sun is observed 
at two points of its path, its focal distances being 5 and 15 million 
miles, and the angle between them being 90°. How near does it 
come to the sun? 


62. The differentials dr, d@, ds. We have seen, in § 39, that 
the differential of arc in rectangular codrdinates is given by the 


equation ds? = dx? + dy?. (1) 
If we wish to change this to polar codrdinates, we have to 

place x=reosd, y=rsind; 

whence dx = cos 0dr —rsin 6 dé, 


dy = sin 0 dr +r cos 6 dé. 


Substituting in (1), we have 
ds? = dr? + r?d@?. (2) 


This formula may be remembered by means of an ‘‘elementary 
triangle” (Fig. 91), constructed as follows : 

Let P be a point on a curve r = f(8), the 
courdinates of P being (r, 6), where OP =r 
and MOP =86. Let @ be increased by an 
amount d6, thus determining another point 
Q on the curve. From QO as acenter and 9? Feo 
with a radius equal to r, describe an arc of : 
a circle intersecting OQ in RF so that OR=OP=r. Then, 
by §44, PR=rdoé. Now RQ is equal to Ar, and PQ 1s equal 
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to As. We shall mark them, however, as dr and ds respec- 
tively, and the formula (2) is then correctly obtained by treat- 
ing the triangle PQR as a right triangle with straight-line 
sides. The fact is that the smaller the triangle becomes as Q 
approaches P, the more nearly does it behave as a straight-line 
triangle; and in the limit, formula (2) is exactly true. 

Other formulas may be read out of the triangle PQR. Let us 
denote by W the angle PQR, which is the angle made by the 
curve with any radius vector. Then, if we treat the triangle PQR 
as a straight-line right-angle triangle, we have the formulas: 


in y = 148 _ dr — de, 
sin y = 7g cos p= a tan y = re (8) 


The above is not a proof of the formulas. To supply the 
proof we need to go through a limit process, as follows: 

We connect the points P and Q by 
a straight line (Fig. 92) and draw a 
straight line from P perpendicular to 
OQ meeting OQ at S. Then the tri- 
angle PQS is a straight-line right- 
angle triangle, and therefore 

SP 
chord PQ 


SPs oreo G 
are PQ chord PQ 


Now angle POQ = AQ, are PQ = As, and, from the right tri- 
angle OSP, SP = OP sin POQ =r sin A@. Therefore 


sin sgp ="SmA@, _arePQ _,sinAd Ad are PQ (4) 


As chord PQ  A@_ As chord PQ’ 


sinSor = 


Fig. 92 


Now let A@ approach zero as a limit, so that Q approaches P 
along the curve. The angle SQP approaches the angle OPT, 


where PT is the tangent at P. At the same time “nae ap- 


proaches 1, by § 44; ae approaches do, by definition; and 
are PQ : ue 


chord PQ approaches 1, by § 39. In this figure we denste the 
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angle OPT by yand have, from (4), 


sin y = are (5) 


which is the first of formulas (8). It is true that in Fig. 92 we 
have denoted OPT by yw and that in Fig. 91 WY denotes OQP 
But if we remember that the angle OQP approaches OPT as a 
limit when Q approaches P, and that in using Fig. 91 to read off 
the formulas (3) we are really anticipating this limit process, the 
difference appears unessential. 
The other formulas (8) may be obtained by a limit process 
similar to the one just used, or they may be obtained more 
quickly by combining (5) and (2). For, from (2) and (5), we 


have 
= CEN i I ae aN eee 
1=(E) + (BY =e tae 
dr 
whence cos Y= ae (6) 


By dividing (5) by (6) we have 
r dé. 


tan y=@ 
an y= "2 (7) 
In using (7) it may be convenient to write it in the form 
r 
tanny i ce (8) 
do 


since the equation of the curve is usually given in the form 


r = f(6), and a is found by direct differentiation. 


Example. Find the angle which the curve r= a sin 4 § makes with 
the radius vector 0 = 30°. 


Here “ —4acos4 6. Therefore, from (8), 


eget 4 Oe a 
eS peepee iu cote 
Substituting @ = 30°, we have 
tan y = } tan 120° = — ¢V3 = — .4830. 


Therefore wW = 156° 35’. 
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EXERCISES 


1. Find the angle which the curve r = asin 3 0 makes with the 
initial line. 

2. Find the angle which the curve r=38+2 cos 6 makes with 
the radius vector 0 = 60°. 


3. Find the angles which the curve r = a(1 + sin 2 6) makes with 
the initial line and with the line 0 = 45°. 


4. Find the angle which the curve r=a cos? § makes with the 
initial line at each point where it intersects that line. 


5. Find the angle at which the curve r = 2(1 — 2 sin 6) crosses 


the initial line at each point of intersection. 
6. Show that for the curve r = a sin? g, ps 3. 


7. Show that the angle between the cardioid r = a(1 — cos @) and 
any radius vector is always half the angle between the radius vector 
and the initial line. 


8. Show that the angle between the lemniscate r? = 2 a? cos 2 6 
and any radius vector is 5 plus twice the angle between the radius 


vector and the initial line, if is in the first quadrant. 


63. Area. Let O (Fig. 93) be the pole and OM the initial line 
of a system of polar codrdinates (r, 6), OP; and OP: two fixed 
radius vectors for which 
6=6,, and 6@= 62 respec- 
tively, and P;P2 any curve 
for which the equation is 
r = f(0). Required the area Q 
P,OP2. 

To construct the differ- * 
ential of area, dA, we divide 
the angle P;OP2 into parts, 
dé. Let OP and OQ be 
any two consecutive radius 
vectors; then the angle 9 M 
POQ=d6. With O as a cen- eae 
ter and OP as a radius, we draw the arc of a circle, intersecting 
OQ at R. The area of the sector POR = 3(OP)? d0 =1 r? dé. 


wv 
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It is obvious that the required area is the limit of the sum of 
the sectors as their number is indefinitely increased. Therefore 
we have dA =172d0 


and A= [> r? dé. 
) 


1 


This result is unchanged if P; coincides with O, but in that 
case OP, must be tangent to the curve. So also P2 may coincide 
with O. 


Example. Find the area of one loop of the curve r=asin30 
(Fig. 84, § 60). 
As the loop is contained between the two tangents @=0 and 


i it the required area is given by the equation 


A= [* ha? sin? 3 0d0 
apis 
12 
EXERCISES 
1. Find the total area of the lemniscate r? = 2 a? cos 2 0. 
9. Find the area of one loop of the curve r = asin n0. 
3. Find the total area of the cardioid r = a(1 + cos @). 
4. Find the total area bounded by the curve r= 5+ 3 cos 0. 
5. Find the total area bounded by the curve r= 3+ 2 sin 6. 
6. Find the area bounded by the curves r = a cos 3 6 and r =a. 
”. Find the total area bounded by the curve r= 3 + 2 cos 4 0. 


8. Find the area bounded by the curves r=6-+ 4 cos @ and 
r= 4 cos 0. 
9. Find the area which is inside the curve r= 4 + 2 cos 6 and 
outside the circle r = 4. 
10. Find the area of each of the two portions into which the circle 
r= 4 cos 8 is divided by the straight line r = 3 sec éQ. 
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GENERAL EXERCISES 


Plot the following curves: 


1. r? = a? sin g. 


9. r2 = a? tan 0. 


10. r? = a? tan be 


2. r2 = a? sin 4 0. 2 
3.r=a(1 —sin 0). l.r=1+sin 3. 
4,r=a(1+ cos 2 @). : 
5.r=2+4cos 0. 12.r=2-+ sin 5° 

yd 3 aig st 13. r= 14 sin 32. 

8. r2= 4 sec 2 0. 14. r? = a?(1 + 2 cos 2 6). 


Plot in one diagram each of the following pairs of curves, and 
find their points of intersection : 


15. 
16. 
Mele 
18. 
19. 
20. 


r=2+4sin 0,r=2+ cos 0. 
r=acos 6,r=asin2 0. 

r= asin 0, r2= a? cos 2 @. 

r2 = 8 cos 2 0, r2 = 2 cos? @. 
r=asin 0, r? =a? sin 2 0. 
r=a(1+sin 2 0), r2?=4 a? sin 2 0. 


Transform the following equations to polar codrdinates: 


aie 
22. 


x 
= ‘ 
ie aa 
Ula Gana. 


Transform the following equations to rectangular codrdinates: 
231? = 2-a° Bin 2c. 
24. r=a(1+ cos 6). 


25. Show that the curves r? = a? sin 2 6 and r? = a2 cos 2 @ inter- 
sect at right angles. 


26. Find the angle of intersection of the curves r = 2 sin 6 and 


r2= 4 sin 2 @. 


27. Find the angle at which the curve r = a(1 + 2 sin 4) cuts the 
radius vector perpendicular to OM at each point at which it inter- 


sects it. 
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28. Find the angle at which-the curve r = 2 + cos 2 6 meets the 
sircle r = 2. 
29. Find the angle of intersection of the curves r=acos 6 and 
f== 4 sin-2 6. 


30. Find the polar equation of the curve which intersects all the 
radius vectors at the same angle. 


31. Find the polar equation of a curve, passing through the point 
(2, 0), such that the tangent of the angle between the radius vector 
and the curve is equal to the square of the radius vector. 


32. Find the polar equation of a curve, passing through the 
point (1, 2), such that the tangent of the angle between the radius 
vector and the curve is equal to minus the reciprocal of the radius 
vector. 


33. Find the total area bounded by the curve r? = a? sin 0. 
34. Find the area bounded by the radius vectors 6=0 and 
o— S and a part of the first turn of the logarithmic spiral r = e”. 


35. Find the total area bounded by the curve r? = a? sin 3 @. 


36. Find the area which is inside the circle r = a and outside the 
eardioid r = a(1 + cos @). 


CHAPTER VIII 


SERIES 

64. Power series. The expression 
do + ax + aor? + age? + agzt*+---, (1) 
where do, 11, d2, -- - are constants, is called a power series in x. 


The terms of the series may be unlimited in number, in which 
case we have an infinite series, or the series may terminate after 
a finite number of terms, in which case it reduces to a polynomial. 

If the series (1) is an infinite series, it is said to converge for a 
definite value of x when the sum of the first n terms approaches 
a limit as increases indefinitely. 

Infinite series may arise through the use of elementary opera- 
tions. Thus, if we divide 1 by 1—~x in the ordinary manner, we ob- 
tain the quotient 4 ep ett eee 
and we may write 

Se altet e+e pty... (2) 

Similarly, if we extract the square root of 1+ 2 by the rule 

taught in elementary algebra, arranging the work as follows, 


be rag 
ta AED ee rine e 
% 


? 


the operation may be continued indefinitely. We may write 
Vite=14+$-"4..., (3) 
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The results (2) and (8) are useful only for values of x for 
which the series in each case converges. When that happens 
the more terms we take of the series, the more nearly is their 
sum equal to the function on the left of the equation, and in 
that sense the function is equal to the series. For example, the 
series (2) is a geometric progression which is known to converge 
when z is a positive or negative number numerically less than 1. 
If we place x = 4 in (2), we have 


$=1+3+4+e7+4+°°> 

which is true in the sense that the limit of the sum of the terms 
on the right is 3. If, however, we place x = 8 in (2), we have 
—$=14349+4274--, 
which is false. A reason for this difference may be seen by 
considering the remainder in the division which produced (2) 
but which is neglected in writing the series. This remainder is 
x” after n terms of the quotient have been obtained. Therefore 
we have exactly 


copa lteter te tate 
If x is numerically less than 1, the last term in (4) becomes 
smaller and smaller as m increases, while if x is numerically 
greater than 1, that term becomes larger. Hence in the former 
case it may be neglected, but not in the latter case. 

The calculus offers a general method for finding such series 
as those obtained by the special methods which led to (2) and 
(3). This method will be given in the following section. 

65. Maclaurin series. We shall assume that a function can 
usually be expressed by a power series which is valid for appro- 
priate values of x, and that the derivative of the function may 
be found by differentiating the series term by term. The proof 
of these assumptions lies outside the scope of this book. 

If we wish to find the power series for a given function, we 
may follow a procedure which we shall now outline in general 
and afterward carry out in detail in the illustrative examples. 
We begin by equating the function, whatever it is, to a series of 


the form = 44 Be-+ Cx?+ Dx? + Ext + Fao +--+, (1) 
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where the coefficients A, B, C,--- are unknown constants which 
are to be determined. They are called wndetermined coefficients. 
We next differentiate both terms of the equation thus formed, 
then differentiate that result, and so on, forming as many new 
equations as seems desirable. 

We have then a set of equations which are to be true for all 
values of x which make the series convergent. We may con- 
sequently place x = 0 in each equation, and find that we may 
usually determine A, B, C,--+. These values substituted in 
(1) give the required series. In a few elementary cases (see 
Example 3) the values of A, B, C, --- become infinite. This 
means the series (1) cannot be found. For a full discussion of 
this matter the student must consult more advanced texts. 


Example 1. Expand sin x into a power series in x. 

Place sinx= A+ Bxu+ Cx? + Dx? + Ex*+ Fx +- 

Differentiating successively, we have: 
cosx=B+2Cx+3 Da?+ 48x? + 5 Fat+--s, 


— sins = 2C +6 Dx +12 Ex? + 20 Fx? +:-,, 
— cos r= 6D +24 Ex + 60 Fx? +--,, 
sin 7 = 24E +120 Fx +--., 
cose = PAIN PN ice, 


Placing x = 0 in each of these equations, we have 
Q=A, 1=3B,0=2C, —1l=6D, 0=24 7 1 =1207; 


whence, A=0, B=1, C=0, D=—}, E=0, F=;4,- 
Substituting these values in the first series, we have 
ae en : 
sin += x 6 te 120 ar - 


We observe that there is no even power of x in the series as far 
as determined; this is because the left-hand sides of the equations 
from which A, C, and E are determined are either sin x or — sin x 
and hence become zero when x= 0. Moreover, the coefficients of 
the odd powers of x may be written so as to indicate how they are 
formed. Take, for example, the equation from which D is deter- 
mined; the term 6 D in this equation is the result of differentiating 


*The last sign in the series indicates that more terms are to be added algebra- 
ically. It is not necessarily the sign of the following term. 
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Dzx* three times in succession. But the first differentiation gives 
8 Dex’, the second differentiation gives 3 D(2 xz) =3-2 Dz, and the 
third differentiation gives 3-2-1 D=3! Dsince the product 3-2-1 


is denoted by 3! (§ 55). Using 3! D in place of 6 D, we find D=— A 
In like manner we may prove F = a j 


If the expansion is carried out to five terms we should now expect 


the series to be 3 5 7 9 
. appa lg a 
ees “Ae ny Pak loeT adi an oe 


and this is found to be the case when the work is completed. 


Example 2. Expand (a+ 2)", where a and n are any constants, 
in a power series in . 
We place (a+2)"= A+ Bu+ Cu? + Da? + Ext +--+, 
Differentiating successively, we have 
n(ia+«x)"'=B+2Crx+ 3Dx?+ 4 Bx3+..., 
nivn—1)\(a+2)*-2= 2!C +38-2De+ 4-8Ex?+.-.., 
n(n—1)(n—2)(a+%)"-3= 3!D +4:-3-2Ex +--., 
n(n—1)(n—2)(n—3) (a+ax)"~4= 4! fees, 
Placing x = 0 in each of these equations and solving for the unde- 
termined coefficients, we have 
Ngo VERE Th hoe ae Of ae » ia, 


= n(n — ie = 2) an-3, 
pa WM 1) am 2)(n — 3) Wet 


Hence the required series is 


(a + ai) =qr-+ na" la + mt q"— 242 + n\n — Me = 2) qr 3y3 
“ n(n im aa 2) (n aii! 3) a” 44 +- MOO 


This series is exactly what we should have found if we had ex- 
panded the expression (a + x)” by the rules of the binomial theorem 
learned in elementary algebra for a positive integral exponent. As 
a matter of fact, we have just proved that the binomial theorem 
holds for any exponent, positive or negative, fractional or integral. 
If n is a positive integer, the series will be a polynomial of n + 1 
terms; in all other cases the series will be infinite. 
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Example 3. Expand In (1 + x) in a power series in x. 

The reason we take In (1+ 2) rather than Inz, which might 
seem to be more natural, is that In xz is an example of a function 
which cannot be expanded into a power series in x, since we should 
find the coefficients infinite if we tried to use the method of the 
previous examples. 

Accordingly we place 

In(i+a2)=A+ Be + Cx? + Dx? + Ext + Fab +-::, 


and by successive differentiation find 


Taps ha) = B+2Cet8 Dat + AEBx+ 5 Fatte-s, 
—114a)~?= 2C +6Dx 412 Be? + 20Pe +e, 
21+2)-3= 6D +24Ex + 60 Fx2+-:-., 

= ORL aye sce 24E +120Fr +:-:, 
24(1 + 2) = 120F +++ 


Placing « = 0 in these equations and solving, we find 

A=Inl=(.9 Bal, C=—4, 0,5 Ga — sek eee 

Hence the required series is 
In(l+2)=2- 


a2 Ce? ae 
2 Pedic 

The work of finding the coefficients may be abridged by stopping 
the differentiation with the second equation, for we know, by algebra, 
that 1 


=l—x7+27?—27% + 74+--., 


1+ 2 
Substituting this value in the second equation, we have 
l—x+2?—27+at++---=B+2Cxe+3 Dx? +4 Ex? +5 Fxt+---, 


Comparing coefficients of like powers of v, we have 
B=1, 2C=—1, 3D=1, 472-1, 07 — 1 
whence we obtain the values of B, C, D, E, and F previously deter- 
mined. 


This method of abridgment can generally be used to advantage 
when the left-hand side of the first derived equation can be readily 
expanded into a power series by division or by the binomial theorem. 


It is possible to embody the results of this discussion in a 
general formula. For that purpose let us write in place of any 
one of the specific functions used in the illustrative examples 
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the general expression for a function f(x). Let us denote the 
successive derivatives of this function by f’(z), f’’(x), f’’"(a), +++. 
Placing 
f(x) = A+ Bue+ Cx? + Dx? + Ext+---, 


and differentiating, we have 


f(@)=B+2Cz+ 3 Dx?+ 4 Bx8 4... 
f'(@) = 2!C +3-2Dxr+ 4-38 Bx?4+..., 
= Bi Dee deo? Leen es 
fi¥(e) = chi) eae 


Denoting by f(0), f’(0), (0), f’’’(0), fiV(0), - - + the values of 
F(x), f(x), f(x), f(x), f(x), ++ when x = 0, and solving, we 
find 


= eet J pes) ween) me fO) 
A=f(0), B= f'(0), ole cs (ea LE cy tr 
Hence the required general series is 


F(x) =f) + f'(0) «+ a a? + ot a3 + ri Hits SESE 


This is called the Maclaurin series. The illustrative examples 
are special forms of this series. 


EXERCISES 


Expand each of the following functions into a Maclaurin series, 
obtaining the first four nonvanishing terms: 


ie: 5. tan! 2. 8. cos? x. 

2. cos x. fr Daler + e*)7. 
6. sin (z + x): : 

3. tan x. 4 10. In (1 + sin 2). 

4, sin7! 2, tei (2-2). 11. V1 + 22. 


66. Taylor series. Instead of expanding a function into a 
series of powers of 2, as is done in the previous section, we may 
expand into powers of the binomial x — a, where a is a constant 
chosen at pleasure. The procedure is analogous to that of the 
previous section. 
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We equate the given function to 
A+ Bix —a)+ C(a#—a)?+ D(x —a)?+---> 


and differentiate successively. To determine the coefficients, we 


now place x =a in order to make x —a=0. The method ig 
illustrated in the following examples: 


Example 1. Expand sin x in powers of x — zal 
We place 


aa a ao ay (x-2) ~ 
sing = A+ B(x T) + o(z Z)'+ D(x r+ ° 
Differentiating successively, we have 


cosz = B+2.0(0—2) +3 D(x—2) +. 


3 > 
—sinz= 2C + 6D(r—Z)+--., 
— cos r= 6 D ai 
Placing « = a we have 
iV8=A, £=B, —3}V8=2cC, —4}=6D, 
whence A=3¥V3, B=i, C=-—}V3, D=—- 4. 
Therefore 


Example 2. Expand In z in powers of x — 3. 
We place 


Inzg=A-+ Bie — 38) + C(x — 8)? + D(x — 3)? +---. 
Differentiating, we have 


1 


pn BTA Ce — 3) 3 De 3)2 poe, 
1 
a 2C +6 D(ix—8) +--+, 
2 
ae a 6 D oo oR 


Placing « = 3 and solving the resulting equations, we have 


A=lIn 3, C= i, 
Hence 


Inz=In8 + }(¢ — 3) — Fy (@- 3)? + d(x-3 


-—_—- 
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It is possible to embody: the results of this discussion in BY 
general formula. Let f(x) be any function which it is desired 
to expand in powers of « — a. Placing 


f(x) = A+ Ba —a)+C@—a)?+ Da@—a)3+... 
and differentiating, we have 
f'(@)=B+2C@—a)+ 38D@—a)?+..., 
fey= ate 13.2 D@—a) ---, 
f'"(e) = 31D idle 


We now place x = a in these equations, and denote by f(a), 
f'(a), f(a), ete. the values of f(x), f’(x), f(x), ete. when x = a. 
Solving for A, B, C, etc., we have 


INC Baye c= LM, jie eee, 
Hence the required general series is 
fe) =f +F@@-g+ 50 (e-ayr+LO@ @—ays+--., 
This is called the Taylor series. 


EXERCISES 


Find the first four terms in the expansion of each of the following 
functions in a Taylor series, using the value of a given in each case: 


1. e,a=6. 4, cos z, a= —- 7. V1+2’,a=1. 
1 ft Cat 
2. ei 8. tanz,a=-- 
1+a ue a= 3. 3 a 
. ere ; sade 
3. sin 2 a= A lipeat Si de ea 9. In(sin x), a 4 


67. Computation by series. One important use of a series is in 
the computation of the value of a function for a given value of 
a. For this purpose it is necessary that the series should con- 
verge and it is also desirable that the series should converge 
rapidly. By this we mean that it should be possible to compute 
the value of the function by using only a few terms of the series. 
This consideration enables us to decide whether we should use a 
Maclaurin or a Taylor series. 
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If x is numerically less than unity, the powers x?, x3, etc. are 
successively smaller and smaller. Hence in this case the 
Maclaurin series is the one to use, and the smaller the value of 
x the fewer terms of the series will be necessary to compute 
the value of the function to a required degree of accuracy. 

If x is numerically greater than unity, the powers of x are 
successively larger and larger, and in this case a Maclaurin series 
is not convenient. Hence we should use a Taylor series, first 
choosing a value of a such that « — a is numerically less than 
unity. Then the powers (x — a)?, (« — a)’, ... are successively 
smaller and smaller, and the nearer x is to a the fewer terms of 
the series will be necessary to compute the value of the function 
to a required degree of accuracy. We express this by saying 
that the Taylor series is useful in the neighborhood of x =a, 
while the Maclaurin series is useful in the neighborhood of 

=0(. In choosing a it is necessary that we know the values of 
the function and its derivatives for x = a. 


Example 1. Find the value of sin 10° to four decimal places. 


It is necessary to express the angle in circular measure, since all 
formulas of the calculus which involve the trigonometric functions 


are based on that hypothesis. Now 10° = aa radians = Ae radians 
= .17453 radians. Hence we place x = “a = .174538, where we take 


five significant figures in order to insure accuracy in the fourth 
significant figure of the result,* and substitute in the series of Ex- 
ample 1, § 65. 


We have sin a = .17453 — Tee Si 


= .17453 — .00089 = .17864. 
Hence to four decimal places sin 10° = .1736. 
We have used only two terms of the series, since a rough calcu- 
lation, which may be made with x = .2, shows that the third term 
of the series will not affect the fourth decimal place. 


Example 2. Find the value of sin 61° to four decimal places. 
In radians the angle 61° is a = 1.0647. Since this number is 


greater than unity, we will not use a Maclaurin series. We shall 


* This is not a general rule. In other cases the student may need to carry two 
or even three more significant figures in the calculation than are needed in the result. 
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use a Taylor series, choosing for a the circular measure of an angle 
near 61° whose sine and cosine we know. This angle is evidently 
BO" ies = radians. We take from Example 1, § 66, the expansion of 
sin xz in the neighborhood of a namely, — 


sing = 5 V3 + 3(x— 4) — ¢V8(2-Z)4---. 


/ 


61 1 1 1 
If 1 Soe PSPs - == 
we place x 180’ We have x 3 = Iso .01745. Therefore 


a Ke = V8 + 4(.01745) — 4V3(.01745)? + --- 


= .8746---. 


Another method of solving this problem is to expand sin (z + x) 
in a Maclaurin series. We find 


sin (2 +2)=4V8+4a-1VB a ++. 


si 


aah = .01745 in this equation, we have 


sin 9% = $V8 + 4(.01745) — $-VB(.01745)2 ++ 
= .8746 


Placing «= 


as before. 
EXERCISES 


. Compute sin 3° to four decimal places. 

. Compute cos 12° to four decimal places. 

. Compute cos 62° to four decimal places. 
. Compute sin 44° to four decimal places. 

. Compute cos 29° to four decimal places. 
. Compute e? to four decimal places. 

. Compute e!+ to four decimal places. 

. Compute In (1.2) to four decimal places. 


9. Compute the value of 7 to two decimal places, from the 
expansion of sin~! x (Ex. 4, § 65) and the relationship sin~! Slaw . 


ao. nNx A So. Ff CO DD FPF 


10. Compute V9 to four decimal places by the binomial theorem, 
placing a= 8 andx=1. 
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GENERAL EXERCISES 


Expand each of the following functions into a Maclaurin series. 
If the given function contains only x", place x*"=y, expand in 
powers of y, and replace y by x”. 


+ mite. 5, esin x , 8.In (a+ V1 + 22). 
9 We 6. etan x, 9. sin x?. 

Saceuall menace 1 : 10 1 : 

4, e”. “V1 + 2? V1 — x4 


11. Obtain the expansion of tan x by dividing the series for sin x 
by that for cos x. 

12. Obtain the expansion of seex by dividing 1 by the series for cos~z. 

13. Expand e* cos x into a Maclaurin series, and verify by mul- 
tiplying the series for e” by that for cos x. 

14. Find Ve to four decimal places. 

15. Compute sin 35° to four decimal places. 

16. Compute tan 5° to four decimal places. 

17. Compute In sec 46° to four decimal places. 

18. Using the series in Ex. 1, compute In $ to five decimal places. 

19. Using the series found in Ex. 1, compute In 2 to five decimal 


places, and thence, by aid of the result of Ex. 18, find In 8 to four 
decimal places. 


20. Using the series found in Ex. 1, compute In 3 to five decimal 
places, and thence, by aid of the first result of Ex. 19, find In 5 te 
four decimal places. 

21. Using the series found in Ex. 1, compute In £ to four decimal 
places, and thence, by aid of the result of Ex. 19, and In 7 to three 
decimal places. 

22. Compute the value of 7 to four decimal places, from the 


expansion of tan~! x and the relation tan -! = S at 2 tan>! = = =f. 
23. Compute V15 to four decimal places a the binomial theorem. 


24. Compute V28 to four decimal places by the binomial theorem. 


25. Obtain the integral i SDE dp in the form of a series 
expansion. 


26. Obtain the integral If e-* dx in the form of a series expansion. 


27. Obtain the integral pS oe in the fore Ee : 
Haya, (42 << Ila) i; N/ fees series expan: 


CHAPTER IX 
PARTIAL DIFFERENTIATION 


68. Partial derivatives. A quantity is a function of two vari- 
ables x and y when the values of « and y determine the quantity. 
Such a function is represented by the symbol f(x, y). For 
example, the volume V of a right circular cylinder is a function 
of its radius r and its altitude h, and in this case 

Vain) rain: 
Similarly, we may have a function of three or more variables 
represented by the symbols f(x, y, z), f(x, y, 2, w), ete. 

Consider now f(x, y), where x and y are independent varia- 
bles so that the value of x depends in no way upon the value 
of y nor does the value of y depend upon that of x. Then we 
may change x without changing y, and the change in x causes 
a change in f. The limit of the ratio of these changes is the 
derivative of f with respect to « when y is constant, and may 


be represented by the symbol a . 
y 
Similarly, the derivative of f with respect to y when «x is 
constant, is represented by the symbol Ga These derivatives 


x 


are called partial derivatives of f with respect to x and y respec 
tively. The symbol used indicates by the letter outside the 
parenthesis the variable held constant in the differentiation. 
When no ainbiguity can arise as to this variable, the partial de- 


rivatives are ore by the symbols = cf and i thus: 


-(£)- Lim 1@ +A w) is mm, 
Z * 


da Ar 0 Ax 
jae =(# \= Lim fy + Aw) —F@ 9), 
Oy \dy/r Ayo Ay 


So, in general, if we have a function of any number of vari- 
211 


212 PARTIAL DIFFERENTIATION 


ables f(x, y,.++,2), we may have a partial derivative with 
respect to each of the variables. These derivatives are expressed 
by the symbols ( , oe . WZ, or sometimes by f,(%, Y, «++, 2), 
LG, Y; 26.9.9 z), eon oy Fels Y, gi stllne L 2). 

To compute these derivatives we have to apply the formulas 
for the derivative of a function of one variable, regarding as 
constant all the variables except the one with respect to which 


we differentiate. 

ct We 
may change the temperature while keeping the pressure unchanged. 
If At and Av are corresponding increments of ¢ and v, then 


Ay = Ct At _ ot _cAt 


p Dp Pp 
Ov__¢. 


et op 
Or we may change the pressure while keeping the temperature 
unchanged. If Ap and Av are corresponding increments of p and 2, 


Example 1. Consider a perfect gas obeying the law v = 


and 


ec No cite a Oe 
p+ apie p?+pAp 
ov —ss et 
and apes 
Example 2. f=x?—3x7y+y3, Example 3. f=sin (x? +4 y?), 
gai 2 of 
Se ae Oa, Ag 2 COS (2? + 9), 
of of 
=~ =—327+3 y?. — 2 2 
By aa?) By 2 y cos (x? + y?), 


Example 4. x=rcos 0, y=rsin 0. 


We may here regard x and y as explicit functions of r and @ and 
differentiate accordingly with the following results: 


2 = cos 8, oF = —rsin 6, 
(1) 
CU — sin 6, BY =r 00s 8. 


We may also regard r and 6 as functions of x and y, and find the 


vartial derivatives oe 08, or and pee These derivatives may be 


found in two ways.” 0% ay’ oy 
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1. Solving for r and @ in terms of x and y, we have 

r=V22+y2, @=tan-14, 

whence we find v 
or ie 


erful Were on ape 
aE eee cos 6, Se ame he 
08 V] eet C04. + tty e.chs 6 (2) 
ox x? + y? r Oy x2+y2— r fe 


2. We may differentiate the equations x =r cos 0, y=rsin 6 as 
they stand, regarding r and @ as implicit functions of zx and y. 
Differentiating with respect to x, we have 


or ey oe 
il = 7 Se ere re 
cos ap Sin 0 An 
0 = sin “alr re LL, 
2 Ox Ox 
since a = 1 and the derivative of y with respect to z is zero since y 
is held constant in the differentiation. Solving these equations for 
or 00 
Aa and an’ We find 
x v Of — 00 _~—s sin 8 
~—=cos), —=———-: 
Ox Ox f 
Differentiating with respect to y, we have 
0 = cos 05" —rsin 9 27, 


1 Se fey) filter, coe 6 oe: 


oy oy 


Solving these equations for 5 and - we find 


These results agree with (2). 


It may be inferred that if we have two equations containing four 
variables, any two may be taken as the independent variables and 
the remaining two as the dependent variables, and that we can find 
the corresponding partial derivatives even if we cannot express the 
dependent variables as explicit functions of the independent variables. 


It is to be emphasized that a in (1) is not the reciprocal of se 
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. : On hae 5 OF. 2 (Ore 
in (2). In fact, in (1) ae (2), and in (2) ae (f) 3 and be- 
cause the variable held constant is different in the two cases, there 
ig no reason that one should be the reciprocal of the other. It 


happens in this case that the two are equal, but this is not a general 


rule. In fact in (1) and at in (2) are neither equal nor reciprocal. 
EXERCISES 
Find oz and Oe in each of the following cases: 
Ox oy 
Lea ey ye 5. 2=In(= +2). 
ees!) 
BAe OI 6. 2 = cos =H 
i be 

Gh SS En Seek 7.2= 68 sin ¥. 
4,z=sin—!2y. 8.2=In(a+ V2? + y?). 

9. If — el ces y, Oz Oz oon 

Zz ae PIW ee oy 0. 
10. If 2 = Vx? + y? ex prove Pasi) Es A 
Ox oy 


69. Higher partial derivatives. The partial derivatives of 
f(x, y) are themselves functions of x and y which may have 
partial derivatives, called the second partial derivatives of f(x, y). 

a (af\, A(af\, a/af\, 2 (af | 
They are yeh ual tee ee But it may be 
shown * that the order of differentiation with respect to x and y 
is immaterial when the functions and their derivatives fulfill 
the ordinary conditions as to continuity, t so that the second 


* See Woods's “Advanced Calculus,” p. 68. Ginn and Company. 
+A function of x is said to be continuous if the increment of the function 
approaches zero when the increment of x approaches zero. Then 


Li ~ = 
pene’ [f(@ + Ax) — f(@)]=0 


or Lim f(« + Az) = f(a), 
Ax 0 

whence S(a + Ax) = f(x) +€ 

where €-0 as Azx-0. 


A function of two or more variables is continuous if the increment of the function 


ar ae zero as the increments of the variables approach zero in any manner 
whatever. 
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partial derivatives are three in number, expressed by the 


symbols 
i a 
Ox\ox) ox? °™ 
22) 50-2 
Ox\0y] dy\dx)} odxdy °™ 


auloy)~ ae = 


Similarly, the third partial derivatives of f(x, y) are four in 
number; namely, 


BUI = Be 
OL\OX? } Ox? 
ited reer eae 
zeae) en sil an) > Baby 
2(@) Bt 


So, in general, a “ signifies the result of differentiating 


f(x, y) p times with respect to x, and q times with respect to 
- y, the order of SURI EE being immaterial. 


In like manner, a O ae signifies the result of differentiating 


f(x, y, z) p times with respect to x, q times with respect to y, 
and r times with respect to z, in any order. 


EXERCISES 
022 
= 2 2 oe ° 
Tilt = Gea 4-) etn find ——— Bundy 
2. If z= e* cos (y — x), find —. 
022 


— 2 sore 
3. If z= In (y? + 2 xy), find Dydx 
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Verify Bs (2) el (2) in each of the following cases: 


Ox \Oy ~ Oy \Ox 
4. z= xy? + 2 ev. 6.2=xsin-12. 
sol ales wt 1.2=—_—_L—. 
5.2= sa i aeig’ 
ban =t2, O72 , Oe 
8. If 2 = tan . prove Bua t Dy? as 5! 
22 Zz 
= Qyp2 292 py eee 202 = (: 
9. If z = In (a2x? + by”), prove b aye to By? 0 
02(rV) 


2 
10. If V =r” sin ng, prove n?r + m(m + 1) = = 0. 


Or? 

70. Total differential. In § 68 we considered the change in 

f(x, y) due to changing z alone, y being kept constant, and found 

the partial derivative oS In like manner we held x constant 
x 

and changed y alone and found the partial derivative of . We 


now wish to consider the change in f due to changing Bote x and 
y at the same time. Accordingly we give x an increment Ax and y 
an increment Ay and denote the corresponding increment of f by 
Af, where Af = f(a + Az, y + Ay) — f(a, y). (1) 
The computation of Af for given values of x, y, Az, and Ay is 
a question of arithmetic or algebra. 


For example, let f=xertoyty?, (2) 
and let oy "1 and yin 2- 
Then fr = (1)? + (1)(@) + 2)? = 7. (3) 
Now let Ax == Vand Ayo oe 
Then eo on We ee rare ee 
and fo = (1.1)? + (1.1) (2.2) + (2.2)? = 8.47; (4) 
whence Af =fe—fo=— 147. (5) 
More generally, we may let the first value of f be 
fi = 2? + xy + y?. (6) 


Adding increments Az and Ay to x and y respectively, we have 
whence 2= (@+Az)?+(e+Azy(ytAy)+y+hy2; (1) 
Af=fe—fi=(22+y)Ar+ (+ 2y)Ay+ (Az)?4+AzAy+(Ay)2. (8) 
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An examination of (8) shows that Af may be divided into two 


parts, namely, (22+ y)Azr+ (4+2y)Ay, (9) 
which is of the first degree in Ax and Ay, and 
(Az)? + Ardy + (Ay)?, (10) 


which is of the second degree in Ax and Ay. 
Now if Ax and Ay are small, as, for example, 
Axc=-001, Ay =-.0002, 
then (Az)? = .000001, AxvAy = .0000002, (Ay)? = .00000004, 
all of which are much smaller than Ax and Ay. Hence the ex- 
pression in (10) is very small in comparison with the expression 
in (9), (at least, unless x and y are themselves very small). 
Hence we may call (9) the principal part of the increment (8). 
Now the coefficient of Az in (8) is ~ and the coefficient of 


Ay is an so that (8) may be written 
Bot of 
Af= ae Az + ay Ay + (Ax)? + Ax Ay + (Ay)? (11) 
We shall now show that (11) is a special case of a general 
se ame Apes af Ax + a Ay + Az + eAy, (12) 
x y 


where f is any continuous function of x and y which can be 
differentiated and e; — 0, €2 — 0, as Ax > 0, Ay > 0. 

To prove this, we note that (1) is unaltered by writing it in the 
_ form Af = {f(x + Az, y + Ay) — f(x, y + Ay)} 

+ {f(x,y + Ay) —f@, y)}. (18) 

Consider the expression in the first brace of (18). By § 68 and 
the definition of a limit, 
fla + Ax, y+ Ay) —f(x, y+ Ay) = [fe(x, y + Ay) + €’] Az, (14) 


where f,(z, y+ Ay) is as with y replaced by y+ Ay, and 
L 


e’ > 0 as Ax —0. Now we assume that of is continuous.* 
Hence fel, y + Ay) = fel, y) +”, 
where e’’ > 0 as Ay — 0. Hence (14) gives 
fla + Aa, y + Ay) — f(z, y + Ay) = [fe y) + a] Az, (15) 
where qg=e +e”. 
* See footnote, p. 214. 
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Similarly, considering the quantity in the second brace in (13), 
we have f(a, y+ Ay) — f(a, v) = [fulz, y) + e2] Ay. (16) 
Substituting these two values in (13), we have 
Af = fe(x, yAx + fy(x, y)Ay + aAx + erdy, (17) 
which is the same as (12), which we set out to prove. 
Now the value of Af in (12) consists of two parts, one of 
which we call the principal part, namely, 


a nxt F ry, (18) 
Ox oy 


which contains Ax and Ay multiplied by coefficients which do 
not become small with Az and Ay, and the other part, 
€,Ax + eoAy, (19) 
where the coefficients of Av and Ay are quantities which ap- 
proach zero as Ax and Ay approach zero. The quantity (19) 
is accordingly very small as compared with (18), at least in 
general. We now take the principal part of the increment Af 
and call it the tof«/ differential of f and denote it by df. 
We cannot define dx and dy in this way when x and y are the 
independent variables. We shall therefore, as in § 18, define the 
differential of an independent variable as equal to its increment. 


Hence we have dx= Ax, dy = Ay, (20) 
MO Baia Ol ipa 
and df = An da + By dy. (21) 


It is evident that the total differential expresses approxi- 
mately the change in the function caused by changes in both 
the independent variables. 


Example. The period of a simple pendulum with small oscillations 


is i 
Y pes rf} 
g 


whence (ies 


* This formula has been obtained on the hypothesis that « and y are independ- 
ent values. It is also true when x and y are functions of other variables. See 
Woods’s “Advanced Calculus,” p. 78. 


— 
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Let 1 = 100 em. with a possible error of 3 mm. in measuring, and 
T = 2 sec. with a possible error of ity sec. in measuring. 

Let it be required to find approximately the largest error made in 
computing g due to the errors in] and T. We have, by (20) and (21), 


dl=+5'5, dT=+ 345 


_ 47? 8 721 
and dg =F dl + e sag) a 
We obtain the largest possible error in g by taking dl and dT of 
opposite signs, say dl = 51, dT = — =1,. 
2 
Then dg = a + 1? = 1.05 72 = 10.36. 
The ratio of error is 
Se ot 005 E0101 05x11 06% 
g l a 
EXERCISES 


1. Caleulate the numerical difference between Az and dz when 
2 oo ory 2, Y= 3, Acar —.01, and Ay=dy=.001: 

9. The base AB of a triangle is 10 in. long, the side AC is 15 in. 
long, and the angle A is 45°. Calculate the change in the area caused 
by increasing AC by .1 in. and the angle A by 1°. Calculate also the 
differential of area corresponding to the same increments. 

3. A right circular cone has an altitude of 10 ft., and the radius of 
its base is 4 ft. Find approximately the change in the volume of the 
' cone caused by increasing the altitude by .1 in. and decreasing the 
radius of the base by 3 in. 

4. The equal sides of an isosceles triangle are each 5 ft. long, and 
the base is 8 ft. long. Find approximately the greatest possible error 
in the computed area of the triangle caused by possible errors of 
.02 ft. in the length of each of the equal sides and .04 ft. in the length 
of the base. 

5. If C is the strength of an electric current due to an electro- 
motive force E along a circuit of resistance R, by Ohm’s law 

EH 
C= = 
If an error of 1 per cent is made in measuring E, and an error of 
2 per cent in measuring R, find approximately the greatest possible 
percentage of error in computing C. 
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6. The density D of a body is determined by the formula 
Wied aAces 
Ww a Ww’ 
where W is the weight of the body in air and W’ the weight in water. 
If W = 240,000 gr. and W’ = 220,000 gr., find approximately the 
greatest possible error in D caused by an error of 4 gr. in W and an 
error of 8 gr. in W’. 

7%. The velocity v, with which vibrations travel along a flexible 
string, is given by the formula JE 


joy 


= 


where ¢ is the tension of the string and m the mass of a unit length 
of it. Find approximately the greatest possible error in the compu- 
tation of v if t is found to be 6,000,000 dynes and m to be .005 gr. 
per centimeter, the measurement of ¢ being subject to a possible 
error of 1000 dynes and that of m to a possible error of .0005 gr. 


8. An acute angle ¢ is determined from the formula ¢ = sin-! =, 


where x is a side and y the hypotenuse of a right triangle. The 
lengths of x and y are, respectively, 5 ft. and 13 ft., with a possible 
error of 1 in. in the measurement of each. Find approximately the 
greatest possible error in the computed value of ¢. 


71. Exact differential. We have just seen (21) §70, that if 
f(x, y) is a function of « and y, we have 


df = 2 ae + SE dy (1) 


When the function f(x, y) is known, the partial derivatives 


a and may be found. Let us denote them by M and N 


respectively, so that 
fe ip 
Ox "oy af @) 
where M and N are certain functions of x and y. The second 
member of (1) is then of the form 
Mdz + Nady. (3) 


Now expressions of the form (3) may arise in practice by 
ether methods than by differentiation, or may be written down 
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at pleasure, M and N being any two functions whatever. 
Hence it is important to know when (8) is the same as (Ie 
We shall accordingly prove the following theorem: 


The necessary and sufficient condition.that an expression 
Mdx + Ndy 


shall be a total differential of some function f(x, y) ts that M and 
N should satisfy the equation 
aM _ ON, 


Oy Ox (4) 


To prove that the condition is necessary, we assume that (3) 
is equal to the differential of some function f(z, y), that is, that 


df = Mdx+ Nady, (5) 
and shall prove that (4) necessarily follows. 
We have, by (2), 
jee iy yilels 


ox oy 
ON ay aN = ae) 
peice oy aes 0x ox\oy 


But from § 69 these results are equal, and hence (4) must be 
true, as was to be proved. 

To prove that the condition is sufficient, we assume that we 
have Mdx-+ Ndy with M and N such that (4) is true. We 
must then be able to find a function f(x, y) such that 


Wie ja 
Le M, y N. (6) 
If the first equation of (6) is to be true, we may integrate that 
equation, holding y constant. In place of the usual constant of 
integration we may have a function of y alone, which we will 
denote by $(y), since the derivative of such a function with 
respect to x would be zero. Hence we have 


fle, y) = { Mdz + $y). (7) 
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But this value of f(x, y) must satisfy the second equation of 
(6), and, substituting in that equation, we have 


[ude + P= N, 
oy 


or ia =N— if Mdxz. (8) 


By hypothesis, the first ies of (8) does not contain x. 
Hence if the second member should contain x, the equation 
would be absurd, and the work would stop. 

The condition that the second member of (8) should not con- 
tain x is that its derivative with respect to x should be zero. 
That is, we must Hee 


os ae [mar] =o, 
Ox x oy 


which is the same as 


oo ole fuar|= 0, 
Ox = oy\ox 
which isthe sameas @N @M _ 0 
Ox oy 
which is a true equation according to the hypothesis, (4). Hence 
o(y) can be found from (8) and substituted in (7). The function 
f(x, y) has therefore been found. 
Hence (4) is a sufficient condition to make any expression (3) 
a total differential. Since in this case (8) may be exactly found 
by differentiation, it is also called an exact differential. 
Example. The expression (3 x? + 6 xy)dx + (8 x2 + 8 y?)dy is an 
exact differential, since i 
pet Oa Ce 


and £ @2+8y)=6x, 
and the results are equal. 


The expression (x? + 2 ie + (y? — x?)dy is not an exact differ. 
ential, since 


5 (2 + 2.ay) = 2x 


Y 
d —— (4% 42) — 
au aan x7) = 22, 


and the results are not equal. 


a gee 
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EXERCISES 

Find which of these expressions are exact differentials: 
- (524 — 3 xy + 2 xy?) du + (2 x24y — 23 +5 y*) dy. 
. (1 — y)dx + y(1 — x)dy. 
~-(22-—yt+1)dx+ 2 y—2—-1)dy. 
(y+ 2)de +(x +2)\ay 

a9 ee 
. y? dx — (x? + 2 xy)dy. 
1+ y? ee! Ate ae 


: Pee al te aan 
. dx + (x — y)dy. 
. (a+ y)2dx + (x? +2 xy + 8 y?)dy. 
TAL y 
2 + ( -— 1 + Sly. 
Vaz + y? ( TS) y 
. (y + xy?)dx — dy. 


1 -2 oo al 
12.-e de — (Se ¥ + =) dy. 
y y y 


COT OD oT FP wOWWH 


_ 
So 


—_ 
—_ 


72. Rate of change. If we differentiate any function f(z, y) 
with respect to x, the resulting partial derivative - gives the 


rate of change of f with respect to x when x alone varies. In 


= gives the rate of change 


of f with respect to y when y alone varies. 
Now suppose that x and y are functions of a single variable t. 
Then f is a function of that single variable ¢, and we may wish 


to find ue To do this, we divide Af((12), § 70) by At and take 


the limit as At > 0. The result is 


af = of dx of dy | (1) 
dt dxdt | dy dt’ 
for, as At—0, Ar —0 and Ay—0, and hence «,—0 and 
€2 — 0. 


Or we might have divided df ((21), § 70) by dt, thus finding 
(1) directly. 


_ like manner, the partial derivative 
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If x and y are functions of more than one variable ¢, then f 
is a function of more variables than t, and hence the correspond- 
ing derivative of f with respect to t is a partial derivative and is 
denoted by at - To find this derivative, we divide Af((12), § 70) 
by At and take the limit as At — 0. The result is 
Of __ Of Ou , Of oy (2) 


at ox ot ody ot 


the derivatives of x and y with respect to ¢ being partial 
derivatives. 3 
The partial derivative _ gives, as already noted, the rate of 


change of f with respect to x when z alone varies; that is, as 
we move from one point in the zy-plane to any second point 
in that plane in a direction parallel to OX. Hence we may 


regard i as giving the rate of change of f in a direction parallel 


to OX. In like manner, af gives the rate of change of f in the 


xy-plane in a direction parallel to OY. Formula (1) now 
enables us to find the rate of change of f in any direction in the 
xy-plane. Yy 

Let P(x, y) (Fig. 94) be any a 
point in the plane, and Q(x+ Az, 
y+Ay) be any second point in 
the plane. Let the value of f(z, y) Lm \s 
at P be denoted by f and the value F, s 
at Q be denoted by f+ Af. Divide 
Af by As, the length of the are PQ 
of a curve drawn through P and © “ 
Q, and take the limit of Af as Fig. 94 

s 

As—0. This limit will be denoted by af and will measure 
the rate of change of f in the direction of the tangent line to the 


curve PQ at the point P in exactly the same way that a and 
of ss 


By measure the rates of change of f in directions parallel to OX 
and OY respectively. 
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But, by (1), af _ Of dx , of dy, 3 
, ds dxds ' dy ds’ (3) 
and if the tangent line makes an angle ¢ with OX, we have, 
by § 89, da d 
Oe ay — xi 
me cos @ and Fe sin ¢, 
and hence (8) becomes 
df _ of Le 
on, cos dé + By sin ¢, (4) 


and gives the rate of change of f in a direction making an 
angle @ with OX. 

We may visualize (4) by thinking of the profile map of a 
country built up on the xy-plane, with f as the height of the 


country above sea level. Then Ae gives the rate of change of 


the height of the country as one moves from any point in a 
direction whose projection on the xy-plane is parallel to OX, 
that is, gives the slope or the grade of a road through that 


point in that direction. In like manner, i gives the grade of 


a road whose projection is parallel to OY, and (4) gives the 
grade of a road whose projection makes an angle @ with OX. 


In particular, if a road is such that at all points of it a mA) 


the road is level, that is, all points of it are at the same height 
above sea level; and if at any point, ¢ is so taken as to make 


ut have its greatest value, the corresponding road is the steepest 
road through the point. By following on the zy-plane from 


point to point the direction in which a 0 we may construct 
‘*“eontour lines” often seen on maps. 

But f need not necessarily be height. It may have other 
physical meanings, such as the electrical potential at P(x, y), 
or the temperature at that point, and the profile map may be 
considered a graphical representation of the function. 


Example 1. If the radius of a right circular cylinder is increasing 
at the rate of 2 in. per second, and the altitude is increasing at the 
rate of 3 in. per second, how fast is the volume increasing when the 
altitude is 15 in. and the radius 5 in.? 
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Let V be the volume, r the radius, and h the altitude. Then 


V= rh. 
dv _@Vdr | aVdh 
By (1), ‘i Ged 
oe dr 2 dh 
; = ped + 7r di . 
: foes el _ a dv 
By hypothesis, ore Pas att 3, r=56, A=15.. Therefore dt 


= 375 7m cu. in. per second. 

The same result may be obtained without partial differentiation 
by expressing V directly in terms of ¢. For, by hypothesis, 
r=54+2t,h=15+ 381, if we choose =0 when r=5 andh=15. 
Therefore V = (875 + 875 t + 120 #2 + 12 #)7; 


whence ay = (375 + 240 t + 36 2)m. 
When ¢t = 0, a = 375 7m cu. in. per second, as before. 


Example 2. The temperature wu at a point in the xy-plane is given 
by the formula ae Vat + y?. (1) 


The rate of change of temperature in a direction parallel to 
OX is Ou 


x : 
Ox x? + yj?’ (2) 
the rate of change of temperature in a direction parallel to OY is 
CU, Sas he 
Oy x2 + y?’ (3) 


and the rate of change of temperature in a direction making an angle 
¢ with OX is, by (4) above, 
du_xcosd+ysin d (4) 
ds x? + y? 
If aes 0 at all points of any curve, then u is constant on that 
curve, and the temperature is the same at all points of that curve. 
Such a curve is called an isothermal line. 


Placing a = 0, we find 
tan@=—2, 
p i (5) 
dy_ _& 
or dx << y (6) 


for any isothermal line. 
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Writing (6) in the form 


xdx+ydy=0, (7) 
we can integrate and obtain the result 
w+ y? =a, (8) 


where a? is a constant. 
Hence the isothermal lines in this problem are concentric circles 
with their common center at O. 
Since equation (1) gives the temperature at any point, we could 
have found the equation of an isothermal line by placing u = c in (1). 


The result is c= In Vx? + x, (9) 
which can be put in the form 
x2 + y? = oe, (10) 


a result in agreement with (8). 
We will now determine the direction in which the rate of change 


of temperature is greatest, that is, we will determine ¢ when wD is 


a maximum. ds 
Differentiating (4) with respect to ¢, we have 
f(y ase Fos (11) 
dd \ds 22 4-4? 
When eo (*) = 0, we have 
dd \ds 
—zsingd+ycosg=)0, (12) 
whence tan ¢ = i : (13) 


and it can readily be shown that when ¢ satisfies (13), ue is a 
/ maximum. : 

Comparing (13) with (5), we see that the direction of most rapid 
change of temperature is normal to the isothermal lines. This result 
agrees with the general theorem that any function f(x, y) increases 
most rapidly in the direction normal to the contour lines. 


EXERCISES 
= 
1.Ifz=e™" ey x = sin t, y= cos t, find the rate of change of z 


with respect to t. 
2.Ifz=In4, x= cost, y = sin t, find the rate of change of z with 
ay 


respect to t when t= i 


Slt 7 = ean cy — a t, y = t, find the rate of change of z with 
respect to ¢ when t= 1, 
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4. The equal sides of an isosceles triangle are increasing at the 
uniform rate of .02 in. per second, and the vertical angle is decreas- 
ing at the uniform rate of 1’ per second. How fast is the area of the 
triangle increasing when the equal sides are each 3 ft. long and the 
angle at the vertex is 60°? 

5. If V = (e* — e~“*)cos ay, prove that V and its derivatives in 


any direction are all equal to zero at the point ( 0, oe 


2a 
1 : A 
6. If V = find the rate of change of V at the point 
Va? + y? ; 
-(8, 4) in a direction making an angle of 135° with OX. 
7. At any point in the plane XOY the electrical potential is 


Sa ta ene nee 


Find the rate of change of V at the point (1, 1) in a direction 
making an angle of 45° with OX. 

8. In what direction from the point (1, 1) is the rate of change 
of V (Ex. 7) the greatest? 


9. Prove that the rate of change of z = In(x + Vx? + y?) in the 
direction of the line drawn from the origin of codrdinates to any 
point P(x, y) is equal to the reciprocal of the length of OP. 

10. In what direction from any point (x, y) is the rate of change 
of the function z = e~” cos ay the greatest? 


73. Differentiation of a definite integral. From the definition 
of a definite integral given in Chapter III 


i f(x)de = F(e) — Fla), (1) 
where the upper limit x is left as a variable. Then 
ig) Sede = P'@) = fla), (2) 
b 
Similarly, if f(x)de = F(b) — F(z), 
2b 
ae “ | f(o)da = — Fe) = — f(a). (3) 


b 
Consider now the integral if f(x, a)dx, where a is a parame- 


a 
ter independent of x. This parameter does not affect the in- 
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tegration, but appears in the value of the integral. Hence (1) 
takes the form’ 


[ f(a, ode = F(b, a) — F(a, a). (4) 


Obviously equation (4) may be differentiated with respect to 
a, and we sa 


0a 
For sa a xe 


b 
ff Vaxrdz = a6 (Vb3 — Va), 
and £ ver ede = ——— (VB — Va). (6) 
We now wish to prove that as ana Peer may be performed 


under the integral sign before vntegrating, when the functions in- 
volved are continuous and a and 0 are finite. That is, we wish 


to prove Z [ie Aide =f >Of(a, a) ie (7) 
0a), ee Bee 
To prove formula (7), let us write 
6 
ula) = f° fle, addr, (8) 
since wu is a function of a. Now give a apn increment Aa. Then 
b 
u(a + Aa) =[ f(x, a + Aa)dz ; (9) 
whence 


u(a + Aa) — u(e) = if "Lf, a+ Aa) —f(ce, a)]dx. (10) 


We now divide by Aa, and perform the division under the 
integral sign, since Aa is not dependent on x. We have 
ula + Aa) — u(a) =[ fas + Aa) — f(a, a) fot) 
Aa € Aa 
But by § 68 and (2), § 1, 
fle, a+ Aa) — ft, a) _ Of 4. 
Aa 0a 
where ¢ 0 as Aa — 0, if we assume that f is continuous 
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Hence (11) may be written in the form 
w(o+ Aa) — ula) _ f Oe Hi "edz. (12) 
Aa a 0a a 
We now let Aa—0. The left-hand member of (12) ap- 
proaches va by definition of a derivative. The first integral on 


the right of (12) does not contain Aq and hence is not altered 
as Aa — 0. It seems plausible that the second integral in (12) 
approaches zero as a limit, and this, in fact, may be shown* to 
be true for the type of function which we consider in this book. 
Hence, taking the limit of both sides of (12) as Aa — 0, we have 
formula (7), which we set out to prove. 

Applying this method to the integral considered in (6), we 


have 9 > Ve | fs 3 
mal Veit de = [NF de = = (V8 - Ve). 


EXERCISES 
Verify formula (7) by differentiating the following integrals with 
respect to a both before and after integrating: 


1. i (a 2x? — ©) de. BE fo we. 
2. ip lee (axe) | ae. 4, (i 1 EEO" ae. 


5. From the formula f. * sin Ona 
ib ; x cos ax dx. 


6. From the formula ip * cos ax dx = 
ih x sin ax dx. 


7. From the integral if 


1 : 
mee eh tain the value of 
a a 


Ste obtain the value of 


- a 5 Obtain by differentiation with 
dx 
0 ice if g2)2 


8. From the integral 12 Vans 


respect to a the value of 


obtain by differentiation with 


respect to a the value of if aaa 
a? — 42)? 


* See Woods’s “Advanced Calculus,” p. 141 
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$. From the integral J “x¢dx obtain by differentiating with re- 


spect to a the value of ji "vt In adz. 
1 


10. 


From the integral fp * eaz dy obtain by differentiating with 


respect to a the value of i * ver dat, 
0 


12. 
13. 


GENERAL EXERCISES 
. If z= In (ay? — xy), find the value ot FE + 
ag cia ood 0 
Ifz=In [+4 find the value of x7 + y 2. 
1 
Ite=y° + yer, prove a? & + y SE = 3 y?. 
Ifz=In[(e+y)(a# + y2)}, prove « See 8. 
If z= Vy? — x? sin- eee, dz =e. 
Ox tog 
alte (ee -Fry 2) tana ©, prove a 2 by = 2D FB 
If z= xyet, prove « 2 4 y & — Bee 
Ifz=e-“sina(k+ 2), ie he 
Ox? ~ Oy?” 
ee ee UE = pede 
wii ene ne) cos kx, prove =; = Cae ee 
. Ifz=e-"sin (my + «Va2m? — k?), sane 2 494% = gil 
Ox Ox oy? 
02Vv _,10V 1 62V 
— ea ——— — — —_ —_ = 
. If V =e cos (alnr), prove Ar? + ae oe OG? 0 


Ozu O2u, Ou 
— Ox ay) 2 ge 2, 
Ti 4 = (6% + e%)?, » prove ~ 5 aoe aehy toy 4 au. 


The hypotenuse and one side of a right triangle are 10 in. 


and 6in. If the hypotenuse is increased by .02 in. and the given 
side is decreased by .01in., find approximately the change in the 
other side, the triangle being kept a right triangle. 


14, 


The eccentricity ¢ of a hyperbola is given by the formula 
ack V a? + be 


a 
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where a and b are the semi-axes of the hyperbola. Find approxi- 
mately the greatest possible error in the computed value of e¢ if a 
and b are, respectively, 4 ft. and 8 ft., with a possible error of 1 in. in 
the measurement of each. 

15. If F denotes the focal length of a combination of two lenses 
in contact, their thickness being neglected, and f; and fz denote the 
respective focal lengths of the two lenses, then 

i hes Re 


If f,; and fz are said to be 8 in. and 4 in. respectively, find approxi- 
mately the greatest possible error in the computation of F from the 
above formula if errors of .02 in. in f; and .01 in. in fg are made. 

16. The distance between two points A and B on opposite sides 
of a pond is determined by taking a third point C and measuring 
AC = 40 ft., BC = 100 ft., and BCA = 60°. Find approximately the 
greatest possible error in the computed length of AB caused by 
possible errors of 3 in. in the measurement of both AC and BC. 

17. The distance of an inaccessible object A from a point B is 
found by measuring a base line BC = 200 ft., the angle CBA=a 
= 45°, and the angle BCA = B= 380°. Find the greatest possible 
error in the computed length of AB caused by errors of 2’ in measur- 
ing both a and B. 

18. The horizontal range R of a bullet having an initial velocity of 
vo, fired at an elevation a, is given by the formula 
_ %? sin 2 a, 

g 
Find approximately the greatest possible error in the computation 
of R if v = 8000 ft. per second with a possible error of 12 ft. per 
second, and a = 60° with a possible error of 2’ (take g = 32). 

19. The area of a circular segment bounded by a chord and an 
are subtending an angle 2 0 at the center of the circle is given by 
leah, A=r70—A 1? sin 20. 


Assuming r to be 6 ft. with a possible error of .1 ft., and @ to be - 


with a possible error of .01 radian, find approximately the greatest 
possible error in the computation of A. 

20. The stiffness of a rectangular beam varies as the product of 
its breadth and the cube of its depth. From a circular log 10 in. 
in diameter a rectangular beam of breadth 6 in. is sawed, having 
the greatest possible depth. If the measurements of the diameter 
of the log and the breadth of the beam may each be inaccurate by 


R 
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01 in., find approximately the greatest possible error in the com- 
puted stiffness of the beam. 

1. If z=sin-1 — 

2 z=sin racy 

2 with respect to ¢ when t = oo 


»x=sin lt, y= cost, find the rate of change of 


22. The altitude of a right circular cone decreases at the uniform 
rate of .01 in. per second, and its radius increases at the uniform rate 
of .02 in. per second. How fast is the lateral surface of the cone in- 
creasing when its altitude is 3 ft. and its radius 2 ft.? 


23. If w= In pasted ee find the rate of change of uw at the point 


V/ x2 +2 
(8, 4) in the direction toward the point (7, 7). 


24. If the electric potential V at any point of a plane is given by 


the formula V = In[(x — 1)? + (y— 1)2]? find the rate of change of 
potential at any point: (1) in a direction from (1, 1) to (#, y); (2) in 
a direction perpendicular to the above direction. 


25. If the electric potential V at any point of a plane is given bv 
NEEIE(P EOE 
Virtua) 
at the point (a, a) in the direction toward the origin and at the point 
(a, 2 a) in the direction toward the point (0, 4 a). 

26. In what direction from the point (8, 4) is the rate of change 
of the function z= kxy a maximum, and what is the value of that 
maximum rate? 


27. Find a general expression for the rate of change of the func- 


the formula V =1n » find the rate of change of potential 


tion u=e-¥sinx+ : e—3¥ gin 8 x at the point ( 0): Find also the 
maximum value of the rate of change. 

28. From the integral if “sin ax dx find by successive differentiation 
the value of i “2? sin ax da. 

29. From the integral i “cos ax dx find by successive differentiation 
the value of af “x2 cos ax di. 

30. From the integral Jf “eda find by successive differentiation 
the value of I. “p3eat dan. 

31. From the integral J “ot dx find by successive differentiation 


the value of ih “(In AD auto en 


CHAPTER X 
INTEGRATION 


74, Introduction. The process of integration has been defined, 
(§ 20), as the determination of a function when its derivative 
or its differential is known. Some formulas of integration have 
already been written down and applied in the solution of prob- 
lems. We will now make a more systematic study of inte- 
gration and derive a more complete list of formulas which will 
include those already found. These formulas will be proved 
anew, however, in order that this chapter may be a self- 
contained discussion of methods of integration. 


By definition, if f(x)dx = dF (zx), 
then [fear = Fn) C, 


where C is the constant of integration. 

The expression f(x)dx is said to be under the sign of integra- 
tion, and f(x) is called the zntegrand. The expression F(x) + C 
is called the indefinite integral to distinguish it from the definite 
integral defined in Chapter III. 

In all the formulas which will be derived the constant C will 
be omitted, since it is independent of the form of the integrand ; 
but it is to be added in all the indefinite integrals found by 
means of the formulas. 


The two formulas 
f cdu=c {! du (1) 


and f@utart dot.) = faut fao+ faw4-. (2) 


are of fundamental importance. Stated in words they are as 
follows : 


(1) A constant factor may be changed from one side of the sign 
of integration to the other. 
234 
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(2) The integral of the sum of a finite number of functions is the 
sum of the integrals of the separate functions. 


To prove (1), we note that since cdu = d(cu), it follows that 


fedu= fdteu) = cu=e f au. 


In like manner, to prove (2), since 


du+dv+dw+---=d(utv+tw4-.-.-.), 
we have 


f ut dot do +++) = fdato+w+e-) 
=utv+w+--- 


= faut [dot fdw+--. 


The application of these formulas is illustrated in the follow- 
ing articles. 


75. Integral of u”. Since for all values of m except m = 0 
du) = mu™1 du; 


WIN SS mea 
= g ey ONE, 
it follows that ji u”™—!du = _. 


Placing m= n-+1, we have 


bp yrri 1 
U" au = 
for all values of n except n = — 1. 

In the case n = — 1, the expression under the sign of inte- 


gration in (1) becomes on, which is recognized as d(In w). 


Therefore f a = ioe (2) 
It is evident that formulas (8), § 42, and (2), § 57, are but 
special cases of (1) and (2) respectively, where u = x. To apply 
these formulas to more general cases, it is evident that we must 
choose for wu some function of the variable which will bring the 
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integral, if possible, under one of the formulas. The form of the 
integrand suggests the function of the variable which should be 
chosen for u, as will be seen in the solutions of the following 


illustrative examples : 
Example 1. Find the value of fla (a 22 + br + © =A *) dx. Applying 


(2), § 74, and then (1), § 74, we have 
2 ck = 2 dr -2 
J(« + br +244 )dz=afa dx +b [xdx +e s +k fa dx 
Sn tg het oie ee 
3 2 up 

Example 2. Find the value of f Va?+2adx. Let us try placing 
v?-+2=u. Then, by differentiation, 2 «dx = du, so that xdx = 4 du. 
Hence 


2 = ie = 2 sags By ui 
[ve+2 2.00n = fut Sdu => futdu 5 pon 
=littcal@4ntic 
3 
4(ax + b) 
E le 8. Find th ] f | “= 
xample in e value of {- c+ 2 bs oe 


Here we will place aa? + 2 br = u. 
Then (2 ax + 2 b)dx = du, so that (ax + b)dx = 3 du. 


4(ax + b)dx =f 2@aof% 


H 
ae ax? + 2 bx 


=2Inu+C 
= 2 In(ax?+ 2 br) +C 
= In(ax? + 2 bx)? + C, 


Example 4. Find the value of f (e% + b)2e% dx. 
Let e*+b=u. Then e” adz = du. 
Hence e + b)2e% dx = pod 

fiers re o= fu 


== [urdu 


Bl ler 
oR. he 


sa (e+) £C. 
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If the integrand is a trigonometric expression it is often pos- 
sible to carry out the integration by-either formula (1) or for- 
mula (2). This may happen when the integrand can be expressed 
in terms of one of the elementary trigonometric functions, the 
whole expression being multiplied by the differential of that 
function. For instance, the expression to be integrated may 
consist of a function of sin x multiplied by cos xdz, or a func- 
tion of cos x multiplied by (— sin xd), ete. 


Example 5. Find the value of i cos? 4xdx. Since d(sin 4x) 


=4cos4xdz, we will separate out the factor cos 4 xdx and try to 
express the rest of the integrand in terms of sin 4 x. We have 


cos? 4 xdx = cos? 4 x(cos 4 xdx) = (1 — sin? 4 x) (cos 4 xdz). 


Since we have succeeded in expressing the rest of the integrand in 
terms of sin 4 x, we let sin 4 x = u, whence cos 4 xdx = } du. Heuce 


feos? 4 xdx ={( — sin? 4 x) (cos 4 xdzx) 


= f (1— wu) du) 
= fa — u?)du 


at pari 
=7(u ae 


=1(sin4da—Jdsin? 4x) +C 


= 75(8 sin 4 x — sin? 42) +C. 


Example 6. Find the value of if sec® 2 xdx. 


Since d(tan 2 x) = 2 sec? 2 xdz, we separate out the factor sec? Z x dx 
and express the rest of the integrand in terms of tan 2 x. 


Thus sec® 2 xdx = sec* 2 x(sec? 2 xdx) 
= (1 + tan?2 x)?(sec? 2 xdz) 
= (1+ 2 tan?2 x + tan‘ 2 x) (sec? 2 xdz). 
Now place tan2 x = u, and we have 
if see’ 2 xdx = $f +2u?+ ut)du 
=}(ut3ue t+ $s) +C 
=ttan2e+4tan'2e+ 4) tanb2e+C. 
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EXERCISES 


Find the values of the following integrals: 
e + sin ax 
(e?” — cos ax)? 
4 1+ sin 2% 
2. (5V 7 — =)de. 19. (eee 
J V erste eS 


£3 Vx — ve 18. [ee 


1 


— 
Sas 
———- 
oo 
8 
wo 
+ 
for) 
8 
| 
Slee 
a 
8 


i 


2Vor 2e—s27 +1 
(Ce + eee sec? ax 
er te 1+ tan ax 
3 
5. pee 15. sin? 3 x cos 3 xdz. 
6. {@ + 3)3 ada. 16. [cos (22+ 8) sin (2 2+ 8)dz. 
ie {ve — 8)? x3 dz. ie fesin® 5 x cos? 5 xdzx. 
2 
8. | =———— de. 4 
LS x 18. f sec 2 edz. 
22 22 
9. (Soa. 19. fctn(8 x + 2) esc3(3 x + 2)dz. 
10. ae dz. 20. [sind x — 1)dz. 


76. Other algebraic integrands. The following formulas of in- 
tegration, in which the integrands are algebraic functions of uw, 
can easily be verified by differentiation, and this verification 
should be made by the student. 


licecemes fume my 
fgtense a 
—— sin7! = (3) 
lee In(u + Vu? + a2). (4) 

eS In(u + Vu? — a2). (5) 
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In the verification of (8) the student will observe that the 
formula holds only if sin~! - is in the first or the fourth quadrant, 
since the plus sign before the radical in 1, § 48, holds only for 
those quadrants. If, however, it is necessary to have sin“ in 


the second or the third quadrant, it will be necessary to prefix 
the minus sign on the right-hand side of the equation. 
On the other hand (1) holds for all quadrants. 


Example 1. Find the value of {<3 erie 


Letting 2 « = u, we have 2 dx = du, whence dz = 3 du. Hence 


dx _p.adu 
HAg?+7 Ju2+7 


ok du 
=e 
il 


1 

==: 1 aC 
DO ee NG, 
1 20 

=e — tan~1 —=+ C. 
2V7 V7 


Example 2. Find the value of f = ot es 
—2x 


Letting V2 x =u, we have V2 dx=du, whence dx = os du. Hence 


Fi 


Ss: ae 
=WIES 


k uU 
sin-! —=+C 
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Example 3. Find the value of fe ee fay oriat 


Since there are terms of both the first and the second degree in 2, 
we place those terms in a parenthesis, and write 
e?+2xe+5= (x?+227)+4+ 5. 
We may make the terms in parenthesis a perfect square by adding 
1 (the square of half the coefficient of x), and in order not to change 
the value of the expression we subtract 1 from 5. Thus 


ee+2e+5= (x?74+227)+5 
= (#?+227+1)+ (5-1) 
=(x+1)?4+4. 
We can now place x + 1 = u, whence dx = du. Hence 


(eae =| ead 


2s 


ep a. 
AG, tan 9 +C 
me) A ae ga a | 
= tan 5 + C. 

Example 4. Find the value of if eet 

We first divide out the coefficient of x?, writing the integrand in 

the form 1 1 eal 1 
2 o+ha-db 2 (e+ 4)?- da’ 


the second fraction having been transformed er the method used in 
Example 3. We now let x + | =, whence dz = du. Hence 


[rarest perenne 


See 
“fot 
sobs I 
Sanya ee 
=m tte 


where C= 35 In2+ K. 
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By eee ne the first constant of integration as the sum of the 
constant ti In 2 and a new constant K, we have been able to simplify 
the form oe the integral; but the two forms of answer really differ 
only in the constants of integration. 

In this connection it may be noted that if the same integral is 
evaluated by using different formulas, the resulting integrals may 
seem to be different, but it can always be shown that they differ 
only in the constants of integration. 


Example 5. Find the value of sf ea 
Vv x—32 


out the coefficient of x? and write the terms containing x in a paren- 
thesis with the minus sign before it, since the term in 2? is negative. 
Thus 1 1 1 


V1+2"2—-322 V3 V4 — (22-22) 


We now complete the square of the terms in x, as in Examples 3 
and 4, with the result that 
1 pe eee Le ee 
Vit¢2e—82!° V3 Vé-(e Ven (@—2? 


Placing x — } = u, we have dx = du. 
dx ee x 
ag (SS eel eee 


1 SS aes 
~ V3 ViR- ya 


- We first factor 


—2 
Example 6. Find the value of {2 243 dx. 


Separating the integrand into two fractions 
ey ee eS 
207+3 227+83 

and using (2), § 74, we have 


Bitlet (a ti drs {A435 2 dx 
Petts J2a°+3 J204+3 
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If we let 2 «2 + 3 = wu in the first integral, then du = 4 x dz, and 
Sade 5 ¢du_5d = 2] 2 72 4+ 3): 
papetad ag mesg mer +8); 


2x*+8 
and if we let V2 x = u in the second integral, then du = V2 dx, 
and [28 = v2 f oog= v2 2 . ~atane ae V8 tan eae 
Therefore fs dx =?in@ i whi eee. 
EXERCISES 
Find the values of the following integrals: 
0 Ig 8. ty 15. == 
gare 4 yams eee ce 
3. (= = 10. FS 17. == 
et ibe fz a 18. ft ae. 
5. (a 12. irecacrecre 19. oot Tt de. 
hg + ae 0. fae 


Lvl, ay tay pee 
A rer gery rd (ee ey emer 


77. Integrals of trigonometric functions. Of the following for- 
mulas for the integration of the trigonometric functions, each 
of the first six is the direct converse of the corresponding for- 
mula of differentiation (§ 46), and the last four can readily be 
verified by differentiation, which is left to the student. 


i sin udu = — cos u. (1) 


i cos udu = sin u. (2) 


‘TRIGONOMETRIC FUNCTIONS 
hi sec? udu = tan u. 
ih esc? udu = — ctn u. 
f sec u tan udu = sec u. 
fese u ctn udu = — ese u. 
tan udu =—In cos u. 
fotn udu = In sin u. 
J sec udu = In (sec u+ tan uv). 


fese udu = In (ese wu — etn u). 


(9) 


(10) 


Often a trigonometric transformation of the integrand facili- 
tates the carrying out of the integration, as shown in the 


following examples: 


Example 1. Find the value of f sin 7 xdx. 


If we let Uh Ue 
_ then ab = I ake 
whence dx = + du, 
and. if sin 7 xdx= ff sin u(# du) 
=+ sin udu 
=—teosut+C 


=—tcosTx+C. 


Example 2. Find the value of i sec(2 x fe 1)tan(2 x + 1)dz. 


If we let u=2x+1, then du = 2 dz, 


and fsec x -+1)tan(22+1)dce= 3 [ sec u tan udu 
=4secu+C 
=4sec(2x2+1)4+0C. 
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Example 8. Find the value of i cos? 3 xdx. 
Since by (8), §48,  cos?8 x= 3(1+cos6 72), 
Jf cos? 8 cdx = {@ + 4 cos 6 x)dx 
=}fde+ 4 [cos 6 xdx 


ae iat 
=52ttzosné6s+C, 
the second integral being evaluated by formula (2) with u = 6 a. 


Example 4. Find the value of Af V1 + cos 5 xdz. 


Since by (9), § 438, 
ae 


[VIF cos 5 xdx = = fve cos 22 dn 
= V2 2 f cos 2a 
= 22 2 sin © ei 

Example 5. Find the value of iF tan? 3 xdzx. 


Since tan? 3 x =sec?38 2-1, 
tan? 3 «dz = f (see? 3x2%—1)dx 


= fsec? 3 xde— [dx 


= 7% tan3z—~z, 
the first integral being evaluated by formula (8) with u=8 2. 


EXERCISES 
Find the values of the following integrals: 
i fosin (4 « + 8)dz. 5. fsee (2 x + 4)dx. 
2. [cos (3 x — 2)dx, 6. f ese (8 x — 2)drr, 
3. fran? =~ dr. 4 sec (2 — 3 v) tan (2 — 3 x)dz. 


4. ik etn (42 — 2)dz. 8. if esc? (1 — 3 x)dz. 
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9. [ sec? = dx. cos 4 x 4 
f 3 a liens 2 a 
10. fese (2 — 5 x) ctn (2 — 5 x)dz. 16. feos? Z Z de. 
11. sin? 22 de, Ve fsin? 5 = eos? 3 at. 
12. ftan? (2x + 3)dz. 18. ik /1 + cos = dx, 
13. fri — cos 3 xdx. 19. fosin 3 x cos 2 xdz. 
32 dx 

— 20. | —_——.- 

14, i (sin 5 cos al dx. if ay geearar 


78. Integrals of exponential functions. The formulas 


{i e"du =e (1) 


and fr a“du = a a (2) 


nha 


are derived immediately from the corresponding formulas of 
differentiation. 


Example 1. Find the value of ie est dx, 
If we let 3 x = u, we have 


Example 2. Find the v. 


a 1 
If we place V5 = 5° and let * =u, we have 
- = sai) 5“du 


= + 


ed, ot Ney C. 
In 3 V5 + 
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EXERCISES 
Find the values of the following integrals: 
On = 
1. fede, 6. f = + de, 9. [e+ ade. 
ae 1-—e z 10 
2. ze dx. 6. i lhe dx. 10. f ao + x}°)dz. 
8. {@ dk e— 32) 2dy, a fe cos X gin x dx. 11. fax ertbs dx, 
1 
e= —e-7 e tan ez 
1. [eps & 8. f = de. 12. [ ae, 


79. Substitutions. In all the integrations that have been 
made in the previous sections we have substituted a new vari- 
able u for some function of x, thereby making the given integral 
identical with one of the formulas. There are other cases in 
which the choice of the new variable wu is not so evident, but in 
which, nevertheless, it is possible to reduce the given integral 
to one of the known integrals by an appropriate choice and 
substitution of a new variable. We shall suggest in this section 
a few of the more common substitutions which it is desirable 
to try. 

1. Integrand involving powers of a+ bx. The substitution of 
some power of z for a + bx is usually desirable. 


Example 1. Find the value of i] etilied 
(1 +2 2)* 


Here we let 1+ 22=23; then a= } (23 — 1) and dx = 3 22dz. 
20% 
Therefore a =s | (2? —2 24+ 2)dz 
eae: 3 J 
=3( 2. 1 


— —(=78 — 245 ayy} 
B18” mene +52) + 


= x85 27(5 26 — 16 22 + 20) +. 
Replacing z by its value (1 + 2 x) and simplifying, we have 


f—4.=5 (1+22)3(9 —12 "+4 2022) +¢. 
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2. Integrand involving powers of a-- ba". If the integrand 
contains x”~'dz as a factor, but otherwise contains only powers 
of x” and of a+ bx", the substitution of some power of z for 
a -+ bx” is desirable, since d(a + ba") = bnx"—!dzx. 


Example 2. Find the value of ub ———— dx. 


We may write the integral in the form 


f= Wie we a? (a dx) 
and place x?+ a?=2?. Then xdx = zdz, and the integral becomes 
2202 z—a 
[ =f[(1+5% ao) eae ent 2 40, 


Replacing z by its value in terms of x, we have 
2 2 
f 4 a= VP ret Sin TZt2— 44 ¢ 
v Vie? +a?+a4 
Example 3. Find the value of ih a5 (1 + 2 x)?dx. 


We may write the integral in the form 
fed + 2 23)?(x2dz), 
and place 1+ 2 23=2z?. Then x?dx = 4 zdz, and the new integral in 
zis 
af ce — 2?)dz = oy 22(8 22 — 5) + C. 
Replacing z by its value, we have 


fa +2 a%hdx = fd +2299 29-1) +0. 


3. Integrand involving square roots. This occurs very fre 
quently in practice. 

If the square root is of the type Va-+ bz, the substitution 
a + bx = z? is to be made in accordance with 1. 

If the square root is one of the types Va? — x”, Vx? — a”, or 
\/x?2 + a2 and the integrand is of the type described in 2, the 
substitution of z for the radical is to be made as illustrated in 
Example 2. In other cases a trigonometric substitution may be 
made as shown in 4, 5, and 6. 
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If the square root is of the type Va + bx + cx”, it may be put 
into one of the forms Va? —wu?, Vu? —a?, or Vu?+a? as 
shown in Example 5, § 76, and the above 


directions followed. 4 
4. Integrand involving Va? —x?. If a 

right triangle is constructed with one leg Vatnet 

equal to x and with the hypotenuse equal Fic. 95 


to a (Fig. 95), the substitution x = a sin ¢ is suggested. 


Example 4. Find the value of ij Va? — x?dx. 


Let x=asingd. Then dx=acos ¢d¢ and, from the triangle, 
Va? — x? =a cos ¢. 


Therefore fv a — 2dr = a? f cos? dd¢ 


=}a?{ 1 +cos2 g)de 
2 (p+ 7sin2$)+C. 


But @ =sin“! a 
and sin2 ¢6=2sin dcosd 
a2 BV Pee 
a?” ’ 
for, from the triangle, sin ¢ = : and cos ¢ = ee 


Finally, by substitution, we have 


[ve - Pdx => (« Va? — x? + a? sin~12) 3G. 
a 


5. Integrand involving Vx? + a2. If a right tri i 
structed with the two legs equal to x and : pe EaMGe 


a respectively (Fig. 96), the substitution y 


: Ge 
x =a tan ¢ is suggested. be 
Example 5. Find the value of i je Oe ee 
(x2 + a2)t Fic. 96 


Let c=atan d. Then dx=asec?¢d@ and, from the tri 
mus b x m the triangle, 


dx iL dd ui 
Theref SS se Sala a Stef + 
es el le +qa2)t a@Jsecp a? feos RD ae 27 & 
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But, from the triangle, sin ¢ = Vai ; So that, by substitution, 


dx 0 
anata aes SS Of 
jase +a)? a Vx? +a? me 


6. Integrand involving Va? —a?. If a right triangle is con- 
structed with the hypotenuse equal to x and with one leg equal 
to a (Fig. 97), the substitution « = a sec 


is suggested. my s 
Example 6. Find the value of g 
[ove — a’? dx. Fie. 97 


Let x=asec gd. Then dx=asec ¢ tan dd¢ and, from the trie 
angle, Vx? — a? =a tan ¢. 


Therefore He t2N x? — atdx = a® f tan? ¢ sec! ddd 


= a’ [ (tang + tant d) sec? ddd 
a5(4 tan? + ¢ tan'd) + C. 
But, from the triangle, tan ¢ = Vax? —a?, so that, by substi- 
tution, we have a 
weVa? — a?d qs (2 a? + 3 x7)V (x ip pili 
We might have written this integral in the form f x? Vx? — a? (xdx) 
and solved by letting 22 = x? — a?. 


EXERCISES 
Find the values of the following integrals: 
1. wee 6. eae nt te foc fe 8) Fda. 
é {emer (ae 12. [SS ae. 
e+ ap, 8. iieeaR 13. l—BS 
| ee “7 dx 
; San : ren iad J = @— 2)! 


10. i a 15. ih wets dee 


dx 
5, ge 5 
We Vx? — 25 (4 22+ 9)2 
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80. Integration by parts. Another method of importance in 
the reduction of a given integral to a known type is that of 
integration by parts, the formula for which is derived from the 
formula for the differential of a product, 


d(uv) = udv+vdu. 


From this formula we derive 


w= fudo+ fodu, 


which is usually written in the form 


fudo=w— fodu. 


In the use of this formula the aim is evidently to make the 
original integration depend upon the evaluation of a simpler 
integral. 


Example 1. Find the value of Hs xe* dx. 


If we let x = u and e*dx = dv, we have du = dx and v = e*. 
Substituting in our formula, we have 


f xerdx = ee — ferdz 
= xe*—eF +C 
= (« —1l)e*?+C. 
It is evident that in selecting the expressior for dv it is desirable, if 
vossible, to choose an expression that is easily integrated. 


Example 2. Find the value of {i sin“! xdzx. 


Here we may let sin-'x=wu and dx =dv, when Sa OU 
anGwi—=—y: : a VL 

Substituting in our formula, we have 

eax 
V1 — x? 
=xsintx+V1—22+C, 


the last integral being evaluated by § 79. 


[sin cdx =x sin1z — 


Sometimes an integral may be evaluated by successive inte- 
gration by parts. 
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Example 3. Find the value of f wre Ue, 
Here we let x? = u and e*dx = dv. Then du = 2 xdx and vy = e*. 
Therefore i eda = 4767 — 2 i xe* dx. 
The integral i; xe*dx may be evaluated by integration by parts 
{see Example 1) so that finally 
[ werde = ve? — 2(a2 — le? + C=e%(x2? —244+2)+C. 
Example 4. Find the value of i e% sin bx dx. 
Letting sin bx = u and e* dx = dv, we have 
i e sin brdx = ; e** sin bx — : i e** vos brdx. 


In the integral ie e** cos badx we let cos bx = u and e* dx = dv, and 


have 
i e* cos ba dx = 1 e* cos ba + uy i e* sin ba dx. 
a a 


Substituting this value above, we have 
ihe sin brdz = 1 e* sin bx — 6 (= e** cos ba + b i e* sin bedz). 
a a\a a 


Now bringing to the left-hand member of the equation all the 
terms containing the integral, we have 


(1 + “yf e sin brdz = L e sin bx — a e** cos ba, 
a a 


a? 
ae _ e*(a sin bx — b cos br) 
whence f e* sin brd7 = eee 
Example 5. Find the value of fv x? + a’dz. 
Placing Vx?+a2?=u and dx=dv, whence du = [a ad 
v = x, we have a -- a 
[Vi 4 Oar =2Ve te — foe. (1) 
Vt? + oO? 
Since x? = (x2 + a?) — a, the second integral of (1) may be 


written as (x? + a2)dx 


(+a?)dt oe [—_ 
— dx 
which equals [v2 + a*dx — oe 


252 . INTEGRATION 

Evaluating this last integral and substituting in (1), we have 
[v2 + a2dx =xVu? +a? — [ve + a2dz + a? In (2+ V2? + a2), 
whence [ve + a2dx = 4[aVx? + a? +a? In (x + Vx? + a?) J. 


EXERCISES 


Find the values of the following integrals: 


i f ve%de. ae fw In xdz. 

2. fare de. 8. fz cos? 3 xdx. 

3. fcos-tadz. 9. fz tan=* wd. 

4. ftantadr, 10. fe sec"! 2 xdz. 

5. fe sin xdx. his fe cos xdz. 

6. [2 sin 2 xdz. 12, fan cos x) sin xdx. 


81. Integration of rational fractions. A rational fraction is a 
fraction whose numerator and denominator are polynomials. It 
can often be integrated by expressing it as the sum of partial 
fractions whose denominators are factors of the denominator 
of the original fraction. We shall illustrate only the case in 
which the degree of the numerator is less than the degree of the 
denominator and in which the factors of the denominator are 
all different. If the degree of the numerator is equal to, or greater 
than, the degree of the denominator, the fraction should be 
reduced by division to a polynomial plus a fraction whose 
numerator is of lower degree than its denominator. 


Example 1. Find the value of if me ae 
The factors of the denominator are x + 8, x — 2, andx+2. We 
assume 2411 14 ee 
pit MoI ese et a) 
(@+3)@?—4) 24+38 4-2 4+2 | 


where A, B, and C are constants to be determined. 
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Clearing (1) of fractions by multiplying by (x + 3) (7? — 4), we have 
x’? +11x+14=A(x—2)(x+2)+ B(x+8)(x+2)+C(x+3)(x—2), (2) 
or 
v?+11l2+14=(A+ B+ C)x?+(5B+C)x+(—4A+6B-—6C). (8) 
Since A, B, and C are to be determined so that the right-hand mem- 
ber of (3) shall be identical with the left-hand member, the coefficients 
of like powers of x on the two sides of the equation must be equal. 
Therefore, equating the coefficients of like powers of x in (3), we 
obtain the equations A+B+C=1, 
§B+C=11, 
—-4A+6B-6C=14, 
whence we find A=—2, B=2,C=1. 


Substituting these values in (1), we have 


si Ns as Se ae rs 2 4 1 : 
(x + 8) (x? — 4) +3 “4-2 2x42 
x?+i1ilxex+14, _ 2. dx 2 dic 
ane eta) a ik a ae 
= —2In(x+3)+2In(x—2)+In(~+2)4+C 
x+2)(x—2 
py cae eee Tae rete. 
Example 2. Find the value of {f Set ae, 
The factors of the denominator are x+1 and x7—x+1. We 
_ assume sate Aga i A BYE _. (1) 
+1 xgt+l1l «#-—x+4+1 


Clearing of fractions and rearranging terms, we have 
322-—42—-1=(A4+ B)z2?+(-A+B+4+C)r+(At+C). (2) 
Since A, B, and C are to be determined so that the right-hand mem- 


ber of (2) shall be identical with the left-hand member, the coefficients 
of like powers of x on the two sides of the equation must be equal. 


Therefore we have A+B=8, 
A+c=-1, 


whence we find A= 2, B=1,C=— 3. 


8a22—4x—-1 2 dx 
Hence f +1 bat = (74+ /25n® 
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The value of the first integral is 2ln(x +1). To evaluate the 
second integral we write 
e—2t1=(e?-2+}3)t+1-4=(@—-3) +h 
which suggests the substitution u = 2 — 4. Then 


t—3 at udu _ 5 f_du_ 
[ieee he wee Swed Jue 


u 3 5 424 
= =In( u? + —)——= tan! -— = 
2 n(u +7) V3 V3 
Lin(o? —2 +1) — >. tans 22. 


V3 V3 


We have finally 


re lay =2 In(x +1) +5 In(22 —x+1) ae tan-122=] ———- 
EXERCISES 

Find the values of the following integrals: 

On era ee ee 

2 feat ta ® [amo ae © 

pe a 

a it : Sone: de, 8. fi eae maaang as 

Afsake. og fRBeale 


82. Definite integrals. As shown in Chapter III, 


b 
f f(a)de = [F(x) + C]’=[F®) + C]—[F@+¢] 
2 = F(b) — F(a). 


It appears that the constant of integration cancels out and 
may be omitted in evaluating a definite integral. 

When a definite integral is evaluated by substitution it is 
usually desirable to change the limits to the values of the new 
variable which correspond to the values of the old variable 
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Example 1. Find di cy; a? — x? dx. 

Let x=asin¢. The limits of the given integral are x = 0 and 
x =a. Substituting these values in the equation x =a sin ¢, we find 
that when x=0, 6=0; and when x=a;¢= om so that ¢ varies 


from 0 to a as x varies from 0 to a. Accordingly, 


ff Va? — x?dx = afl cos*h dp 


7 
= [5 (6+ 5sin2 o) | 
ange 
oe 
When a definite integral is evaluated by integration by parts, 
the limits may be handled as follows: 
If f(x)dx is denoted by wdv, the definite integral | f(x)dx 


b a 
may be denoted by | wdv, where it is understood that a and b 


are the values of the independent variable. Then 


b ; b 
if udo= tual, = f vdu. 


To prove this, note that it follows at once from the equation 


[wo] = [dw = [ (ude + rdw = [ud + [ rdw. 


Example 2. [ee sin cdz = |= x? COs a}? + ak x cos «dx 


—2[? d 
2 ip ay oe x ; 

= : hie ite 

=[22sin |? 2s, sin x dx 

ods 2 

2S 4p op [2 cos |? 

=7—2. 
A special difficulty occurs in evaluating a definite integral by 

(1) and (8), § 76, which involve inverse trigonometric functions. 

Consider in the first place 


dx 


Pai aaieye 3 a)’ = tan! b—tan7!a. 
ee . 
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There is an ambiguity, since tan—!a and tan~!b have each an 
infinite number of values. Let us draw the curve y = tan7!x 
(Fig. 98), which consists of an infinite number of separate parts, 
or branches. If we take OM = a, tan~ ‘a 
is the distance of any one of the points 
P;, Po, P3,--- from OX, distances which 
are represented by the lines MP1, MP2, 
MP3, --:. In like manner, if we take 
ON = b, then tan~'!b is represented by 
any one of the lines NQi, NQ2, NQ3,°-:. 
It follows that tan~!b — tan~!a may be 
represented by the difference found by 
subtracting from any line representing 
tan~!b any line representing tan~!a; 
and it is obvious that unless we choose 
tan-!a and tan~'b according to some system, we may get a 
great variety of values for our integral. It would seem reason- 
able to choose the values of tan~! a and tan~!b so that they may 
be represented by the ordinates of two points on the same branch 
of the curve. That this is correct may be shown as follows: 

From the definition of a definite integral as given in § 23, if 
we hold a fixed and let b approach a as a limit, the value of the 
integral approaches zero as a limit. Accordingly whatever point 
Q is taken to determine tan~!b, it should approach the point P, 
which determines tan~!a, as ON approaches OM. Hence P and 
Q should be on the same branch of the curve. It is immaterial 
which branch of the curve is taken, and, for convenience, we 
shall always take the branch so that tan-!a and tan~1b shall lie 


bet oe, Ts 
etween 5 and 5 


v3 dx = T w\ 7 
E le 3. = 1 = = (a1 ee ee ee 
xample iP es tan-1V3 — tan ( l=5 ( =o 
Let us now consider the integral 
GE ks 


———_ = [sin-!z]” = sin7!b — sin~!a 
a V 1 one un? 2 : 


where we have the same kind of ambiguity as that just discussed. 
A similar discussion leads to a similar result; namely, sin—1a 
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and sin-1b must be taken between — - and aE This is also in- 
dicated by the fact, pointed out in § 76, that the formula of in- 


tegration used is valid only when sin- coe is in the first or the 
fourth quadrant. 


a We Leer Vee os 
Example 4. jb Se 11 — sin '(-3)=2-(-2)=32 
EXERCISES 
Find the values of the following integrals: 
dx 6 dx 
i = 12. pe MLE 
i (x? — 1)? sv2 02 Va? — 9 
il 2) d ~/ 
pe eee i fra VB hag 
DOO £82 2 ae 
w V3 dx 
3. {| Stan 2 2) apa baie 14. Toe See 
is an 2 x sec? 2 «dx i) (2? +13 
2 dx 3Vv3 dx 
se Ose. 15. ee 
ais V4 x0 — 2% iL 2 V2 + 9 
. dx 1 x*dx 
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83. Table of integrals. Much time and labor in integration 
may be saved by using a table in which are collected those 
formulas of integration which are frequently required in the 
applications of the calculus. In order that the student may 
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become familiar with the use of such a table, a brief one has 
been placed at the end of this text. In it we have collected the 
formulas of integration already used in this chapter and have 
added a few others which may be derived from them by sub- 
stitutions or by integration by parts. In all cases they can be 
verified by differentiating both sides of the equation. 

It will be noticed that some of the formulas express the given 
integral only in terms of a simpler integral. 

It will often happen that the integral to be evaluated is 
exactly like one of the formulas of the table; in such cases the 
integral can be written down immediately. In other cases, it 
will be necessary, as in the previous work, to choose some 
function of the variable for x or u and make the corresponding 
transformation. 


GENERAL EXERCISES 


Find the values of the following integrals: 


1. [a 2S [ieee te fee 
2, at a c linereex’ ete Sera 
3; leat vk Sa We l= a on? 
Sieat Cds 
13. TS 20. Jscete+8)tan®(e+8) dz 
14. (Se oi jee 
15. ESS = = dx. 22. J (tan § — ot 5) dz. 
ac Nieto 8. (jaeoe 
We fcos® § dx. 24. pee dx 
18. lee ae 25. lreewore dx 


ae Lane 26. sin 20 ea 
19 fisin (2x2+3)cos?(2.c+3) dx. a cos & sin x dex 
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CHAPTER XI 
APPLICATIONS 


84, Fundamental theorem. In Chapter III we have solved 
certain problems involving areas, pressures, and volumes by 
use of the definite integral. The general method used in each 
case was to analyze the problem into the limit of the sum of an 
infinite number of terms of the form f(x;)Az, where Ax is an 
increment of x which is taken as positive and may be replaced 
by dx when z is the independent variable. We made use of the 
following formula, derived in § 22, 


i=n-1 b 
Lim > fla)de= f fee)de, (1) 
n>o j=0 a 
which is the fundamental theorem of integral calculus. 

The term f(x)dz, as well as the concrete object it represents, 
is called the element of the sum or the element of integration. 
In each problem we first found this element of integration and 
then proceeded to the integration. 

We now wish to extend this method to a larger type of prob- 
lems. Before doing this, however, certain theoretical questions 
need to be considered. 

In finding the element of integration, it is often not possible 
to express the terms of the sum (1) exactly as f(x;)Az, the more 
exact expression being [f(x;) + €;]Av, where the quantities e; are 
not fully determined but are known to approach zero as a limit 
as Ax approaches zero. It is consequently of the highest impor- 
tance to show that ed, 

Lim e; Ax =0 
so that > 0 x 


Lim $‘iflr) + ele = Lim S Hayde= ["peeyae. 
260 


FUNDAMENTAL THEOREM 261 


For that purpose, let y be a positive quantity which is equal to 
the largest numerical value of any e; in the sum. Then 


ae ee ra 
and — 2y Ax = Ze; Ax = Dy Az. 
But ay Az = yz Az = y(b — a) 
and Lim Zy Ax = 0 since y approaches zero as Ax approaches 


ts hed , t=n-1 
zero. Hence Lim Ze; Ax = 0. 
n>o0ti=0 
Hence the quantities €; which may appear in expressing the sum 
do not affect the value of the integral and may be omitted. 


Quantities such as Az and e;, which approach zero as a limit, 
are called infinitesimals. Terms such as f(x)Az, which are 
formed by multiplying Az by a finite quantity, not zero, are 
called infinitesimals of the same order as Az. Quantities such 
as e; Az, which are the products of two infinitesimals approach- 
ing zero together, are called infinitesimals of higher order than 
either infinitesimal. 

The theorem above proved may be restated in the following 
way: 

In forming the element of integration infinitesimals of higher 
order than f(x)Ax may be disregarded. 


For example, consider the area under a curve considered in 
§ 22, Fig. 24. We have cbtained the area by considering it as 
the limit of the sum of the areas of rectangles each of which has 
the area y Ax. Suppose that in place of rectangles we should 
use trapezoids formed by drawing chords DPi, PiP2, ete. 
(Fig. 24). The parallel sides of one of these trapezoids are, re- 
spectively, y and y + Ay, and hence its area is y Ax + 5 Ay Az. 
The term 4 Ay Az is an infinitesimal of higher order than y Ax 
and our theorem asserts that no error is made in neglecting it in 
finding the limit of the sum. In fact it is geometrically evident 
that the limit of the sum of the areas of the trapezoids is the 
same as the limit of the sum of the areas of the rectangles. 


85. Infinite limits or integrand. There are cases in which it 
may seem to be necessary to use infinity for one or both of the 
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limits of a definite integral, or in which the integrand becomes 
infinite. We shall restrict the discussion of these cases to the 
solution of the following illustrative examples: 


Example 1. Find the area bounded by the curve y = = (Fig. 99), 
the axis of x, and the ordinate x = 1. 


It is seen that the curve has the axis of xvas y 
an asymptote; and hence, strictly speaking, the 
required area is not completely bounded, since 
the curve and its asymptote do not intersect. Ac- 
cordingly, in Fig. 99 let OM =1 and ON=b(b > 1) 
and draw the ordinates MP and NQ. Then 


b 
Area MNQP = "a =|- | a -+ 


If the value of } is increased, the boundary line NQ moves to the 
right; and the greater b becomes, the nearer the area approaches 
unity. 

We may, accordingly, define the area bounded by the curve, the 
axis of x, and the ordinate x = 1 as the limit of the area MNQP as b 
increases indefinitely, and denote it by the symbol 


(jee, eo 


Example 2. Find the area bounded by the curve y= = 
(Fig. 100), the axis of x, and the ordinates xz =0 and x =a. a= 


Since the line x =a is an asymptote of the curve, y — o when 
x — a; furthermore, the area is not, strictly speak- 
ing, bounded. We may, however, find the area 
bounded on the right by the ordinate x =a — h, 
where hk is a small quantity, with the result 


a-h dz E a SG hi 
as Ee || ei NS = sin7} : 
J, Va? — x? alo ae a 
Ifih—0, singh ee ee 
a 2 
Hence we may regard er as the value of the area 0 a. 
required, and express it by the integral Fic. 100 


a-h dx 


je : 
0 Va?—2?2 as0v0 Wq2— 322° 
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: : és 
Example 3. Find the value of di 


> 8 S/F 


Proceeding as in relpeks 1, we place 


fea ump 
But pm [2 vel) =e\/p— 2 


an expression which increases indefinitely as b — 0; hence the given 
integral has no finite value. 

We accordingly conclude that in each case we must determine 
a limit, and that the problem has no solution if we cannot find 
a limit. 


86. Element of integration. We shall collect in this section 
under the headings Area, Pressure, and Volume some of the 
elements of integration which are useful in determining those 
quantities. Some of these elements have already been used in 
previous sections, and some of them are derived here for the 
first time in this text. Y 

Area. Let the required area (Fig. 101) 
be bounded below by the curve y = fi (x) 
and above by the curve y = fo(x), where 7 
fo(x) > fi(z). To form elements of area Ad 
we draw a series of straight lines par- , 

‘allel to OY and dx apart, and form a fe 

series of rectangles such as P;P2RS. If 
we denote MP2 by y2 and MP, by m1, 
the length P;P2 of this rectangle is y2 — yi, and its width is dz. 
Hence, if the area of such a rectangle is taken as the element 
of areadA, dA = (y2— yi)dx = [fo(x) — fi(@)] de. (1) 


If one of the boundary curves is replaced by the axis of x, and 
the equation of the other curve is y = f(x), we can form, as in 
§ 22, a similar series of elementary rectangles having one end 
on OX and have as a special case of (1) the formula 

CA) Oli (C00, (2) 

Tm (1) and (2) we assume that dz is positive. Then in (1), dA 

is always positive; in (2). however, dA is positive where the 


FIG. 101 
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axis of x is the lower boundary, and is negative where the axis 
of x is the upper boundary, of the required area. 

Similarly, if the required area is bounded on the left by the 
curve xz = f;(y), and on the right by the curve x = fo(y), we may 
form the elementary rectangles of area by drawing a series of 
straight lines parallel to OX and dy apart. With this construc- 
tion the area of any rectangle is (%2—21)dy, where x; and x2 
are the respective values of x for the points of the two curves 
in which they are intersected by one of the series of parallel lines. 


Hence dA = (x2 — x1)dy = [fe(y) — fi(y) dy. (3) 
As a special case of (3) we have the formula 
dA = x dy =fly)dy, (4) 


when one of the curves coincides with the axis of y. 

In (8) and (4) we assume that dy is positive. Then in (8) 
dA is always positive; in (4), however, dA is positive where the 
axis of y is the left-hand boundary, and is negative where the 
axis of y is the right-hand boundary. 

If part of the boundary of the required area is a curve whose 
equation is given in polar codrdinates, we draw (§ 68) a series 
of radius vectors, any two consecutive radius vectors making 
an angle d@ with each other. We then take as the element of 
area the area of a sector of circle of radius r, where r is the 
radius vector of the point of the curve at which it is intersected 
by one of the series of radius vectors. As the angle of the sector 
is dé, it follows that dA=1,72 dé. (5) 


Or we may proceed as follows if the equation of the boundary 
curve is in polar codrdinates. We may divide the required area 
up into circular rings by drawing a series of 
concentric circles having their common cen- 
ter at the origin O, the radii of two consecu- 
tive circles differing by Ar (Fig. 102). 

Then the area of such a ring is 

w(r + Ar)? — rr? = 2 ar Ar+ 7 Ar? 
=2 ar Ar-+ «Ar, Fic. 102 


where € = 7-Ar and is hence an infinitesimal since it vanishes 
when Ar vanishes. 
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By the theorem of § 84, ° 


t=n-1 i=n-1 


Lim » (2ar; + €;)Ar = Lim » 2ar; Ar. 
47S 10 


n> {0 


Hence we may take as the element of area a circular ring of 
this type and let dA=2nrdr. (6) 


Pressure. To find the hydrostatic pressure on any vertical 
plane area, we may draw a series of straight lines across the area 
parallel to the surface of the liquid (§ 24), each pair of consecu- 
tive lines being at an infinitesimal distance apart. We can then 
form a series of infinitesimal rectangles of area dA with their 
long sides parallel to the surface of the liquid. Then if h is the 
depth of either of the long sides below the surface of the liquid 
and w is the weight of a unit volume of the liquid, we have the 
element of pressure dP given by the formula 


dP = hw dA. (7) 


Another method is to draw a series of straight lines (Fig. 103) 
perpendicular to the surface of the liquid MN, each pair of 
consecutive lines being an infinitesimal distance apart, and let 
dA be the area of an infinitesi- 4, ® N 
mal rectangle such as P; P2RS. 
It is easy to show that the 
pressure on any rectangle is 
equal to its area multiplied by 
w and the depth of its middle 
point (see Ex. 24, p. 77). If 
TP,=h; and TP2=he, and 
P is the middle point of P;P2, B 
then TP = 4(hi + hz). Fic. 103 

Hence the element of pressure dP is given, in this method, by 


the formula dP =3(hy + ho)w dA. (8) 


To evaluate either (7) or (8) it is necessary to express both 
h and dA in terms of the same variable. 

Volume. To form an element of volume, dV, we pass through 
the solid a series of planes (§ 25) all perpendicular to some 
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chosen straight line, each pair of consecutive planes being at an 
infinitesimal distance apart. As these planes are parallel, they 
cut the given solid up into slices of infinitesimal thickness. Let 
A represent the area of either face of a slice. Let h represent the 
distance of the face of the slice from some chosen fixed point on 
the straight line to which all the cutting planes are perpendic- 
ular. Then the thickness of a slice may be denoted by dh, and 
the volume of the slice is approximately A dh. Accurately speak- 
ing, A dh is the volume of a solid of base A and sides of length dh 
perpendicular to the base, but the volumes of this solid and the 
slice differ by an infinitesimal of higher order. Hence we take 
the slice as the element of volume dV and let 


dV =Adh. (9) 


If we are to carry out the work by evaluating a definite in- 
tegral, we must be able to express A in terms of h, or both of 
them in terms of a third variable. 

Another element of volume may be found as follows: Through 
the solid pass a series of right circular cylinders having a com- 
mon axis. These cylindrical surfaces divide the solid up into 
cylindrical shells. If the radii of two consecutive cylindrical 
surfaces are r and r + dr, the area of the cross section of the in- 
cluded shell may be taken by (6) as 2 mrdr. If the altitude of 
the shell is denoted by h, the volume of the shell is approximately 
2 mrhdr. Accordingly we may take such a cylindrical shell as 
an element of volume dV and write 


dV = 2 arhdr. (10) 


To use this element of volume it is necessary to express h in 
terms of r, or r in terms of h, or both ry and h in terms of a third 
variable. 

The use of some of these elements is illustrated in the follow- 
ing examples: 


Example 1. Find the area of the ellipse = — se? t= ale 
It is evident from the symmetry of the curve (Fig. 104) that one 


fourth of the required area is bounded by the axis of y, the axis of X; 
and the curve. 
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Constructing the rectangle MNQP as the element of area dA, we 


have b 
CAT kal — x? dx. 
Hence A=4f ove wads 
0a 
syle |zVa— = + a? sin-12|" 
a al, 
= rab. 


Fig. 104 


Example 2. Let the ellipse of Example 1 be represented by the 
equations COS. y=bsing. 
Using the same element of area, and expressing y and dz in terms 
of ¢, we have g¥4 — (bin 6)(— asin ¢ dd) 
=—absin? ¢ dd. 


e ° vie 
As v varies from 0 to a, ¢ varies from 2 to 0; 


hence A=4f"ydr=—4 fab sin? d dd. 
2 


It is evident from formula (1), § 23, that the sign of a definite in- 
tegral is changed by interchanging the limits. Hence 


=: 2sin2d d 
A 4 ab {, sin’d dp 


7 

2 
= rab. 

0 
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Example 8. Find the area bounded by the axis of x, the para- 
bola y2= kz, and the straight line y+ 22—k=0 (Fig. 105). 
The straight line and the parabola Y 
intersect at the point C (i 5) and 
the straight line intersects OX at 


B( 0). Draw CD perpendicular to 


OX. If we construct the elements of 
area asin Example 1, they will be of 
different form according as they are 
to the left or to the right of the 0 
line CD; for on the left of CD we 
shall have Fic. 105 
dA = ydz = k*x? da, 
and on the right of CD we shall have 
dA = ydx = (ke — 2 x)dz. 


It will, accordingly, be necessary to compute separately the areas 
ODC and DBC and take their sum. 


D 


k 


k 
pig oe 5 ners 4 
Area ODC = [ thtatde “= E ret | = ab k2, 
0 


2 
Area DBC =? (k—2 sax =| ke =e |= qs he. 
4 4 


Hence the required area is 3 k?, It is to be noted that the area 
DBC, since it is that of a right triangle, could have been found by the 


formulas of plane geometry; for the altitude DC = 3 and the base 
~k_k_k eyes 
DB=>5 r aerte and hence the area = Te: 


Or we may construct the element 
of area as shown in Fig. 106. 

Then, if x; and ze are the abscis- 
sas, respectively, of P; and Pz, 


dA = (%2—2)dy see ae dy. 
2 k) 


va 


Hence 


oss Fic. 106 


ELEMENT OF INTEGRATION 269 


Example 4. Find the volume of the ring solid generated by revolving 
acircle of radiusa about an axisin its planed units from its center(b>a). 

Take the axis of revolution as OY (Fig. 107) and the line through 
the center as OX. Then the equation of the circle is 


(Cb)? 192 =a", 


A straight line parallel to OX meets the circle in two points: Py, 
where x = x; = b — Va? — y?, and Ps, where x = 12 =b + Va? — y2. 
A section of the required V 
solid made by a plane 
through P;P2 perpendicular 
to OY is bounded ky two te 
concentric circles with radii 
MP, = 271 and MP2 = x2 re- OO MM 
spectively. Hence 

dV = (wx? — 12x?)dy 

= 4 rb Va? — y?dy. 

The summation extends 
from the point L, where UY 
y=-—a, to the point K, L 
where y = a. On account of Fig. 107 
symmetry, however, we may take twice the integral from y=0 to 


y =a. Hence 
VS 2 f 4 7b Va? — y?dy = 2 1a. 
0 


Example 5. Find the volume of a hemisphere of radius a by use 
of formula (10). 

Let a quarter of the hemisphere be represented in Fig. 108. Let 
OX be perpendicular to the base of the 
hemisphere at its middle point O. Let 
P,R1S;T; and P2R2S2T2 be quarters of 
right circular cylinders of radii r and 
r+ dr, respectively, with OX as a com- 
mon axis. If P,71 is taken as the alti- 
tude of the cylindrical shell thus formed, 


Pi T1 = Va? — Pr, 
since OT; =a, OP; = 1, and OP:T;= 90°. 
Hence dV = 2 mrvVa? — r2dr, 
and WW = fre arVa2 — r2dr 


(on es er ge yi]? a2 3 
= 3 (a £7) og Be 
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EXERCISES 


1. Find the area of one of the closed figures bounded by the © 
curves y2 = 9 x and y? = x. 

9. Find the area bounded by the curve y? = 4(4 — 2) and the 
line2x—83y=0. 

3. Find the area between the axis of x and nne arch of the cy- 
cloid x = a(¢ — sin ¢), y = a(1 — cos 9). 

4, Find the area bounded by the hyperbola xy = 16 and the line 
xty—10=0. 

5. Find the total area bounded by the curve 4 y? = 9 x? — x4, 
6. Find the area bounded by the parabola x? = 4 ay and the 

8 a3 
22 +402 

7. Find the total area bounded by the curve r = a(1 — cos 2 @). 

8. Find the area of that part of the circle r = 8 cos @ which is 
outside the circle r = 4. 

9. Find the total area bounded by the curve r = 4 + 2 cos 3 0. 

10. Find the area inside the curve r = 5 + 3 cos 2 @ which is out- 
side the circle r = 5. 

11. Find the area inside the circle r=acos @ and outside the 
curve r= a(1— cos @). 

12. Find the area inside the curve r = 1 + 2 cos 0 which is outside 
the small loop of that curve. 

13. Find the volume of the solid formed by revolving about OX 
the area bounded by OX, OY, and the curve 2? + y? =a’, 

14. The area bounded by the ellipse x? + 4 y= 16 is revolved 
about the line «+ 4=0 as an axis. Find the volume of the solid 
generated. 

15. Find the volume of the solid formed by revolving about the 
axis of x the area in the first quadrant bounded by OY and the 
curves y=8—2 x? and y=4 x?. 

; 16. Find the volume of the solid generated by revolving about the 
line « =4 as an axis the area bounded by the line x =4 and the 
hyperbola 9 x? — 4 y? = 36. 

17. The section of a certain solid made by any plane perpendicular 
to OX is a square with the ends of one diagonal on the hyperbola 


Ay? — 9 y? = 36. Find the volume of this solid between the planes 
perpendicular to OX at the points for which x = 3 and x=6. 


curve y = 


MEAN VALUE O71 


18. The section of a given solid made by any plane perpendicular 
to OX is an equilateral triangle with the ends of one of its sides on the 
curve y? = 9 x? — x4. Find the total volume of the solid. 

19. The surface of the water in a given reservoir is 8 ft. above the 
bottom of the dam. In the side of the dam is a semicircular gate of 
2 ft. radius, the diameter of the semicircle being on a level with the 
bottom of the dam. What is the pressure on the gate? 

20. A gasoline tank is in the form of a right circular cylinder of 
radius 2 ft., with its axis horizontal. Find the pressure on one end in 
terms of w, the weight of a cubic foot of gasoline, when the gasoline 
is 3 ft. deep in the tank. 

21. The vertical end of a given water tank is in the form of a 
parabolic segment, the base of which is horizontal and 4 ft. long, and 
the vertex of which is 2 ft. below the base. Determine the pressure 
on the end of the tank: (1) when the tank is full; (2) when the sur- 
face of the water is 1 ft. below the top of the tank. 


87. Mean value of a function. Let f(x) be any function of z, 

and let y=f(x) be represented by the curve AB (Fig. 109), 
where OM =a and ON = b. Takethe points M1, M2,:- +, Mn-1 
so as to divide the distance : 
MN into n equal parts, each ; B 
equal to dx; then b —a=ndx. 
At the points M, Mi, Mo,---, 
M,-1 erect the ordinates yo, 
Y1, Y2> ***) Yn=1- Then the 
average, or mean, value of 
these n ordinates is 


Yor Yr Yaa Ya=1, 


ww Fic. 109 
This fraction is equal to 


(yotyityet: ++ yn—i)de _ yoda + yrda + yode + +++ +Yn—10x | 


MM, M, 


ndx b—a 
If 7 is indefinitely increased, this expression approaches as a 
limit the value 1 b 
— i fa)de. 


. This is evidently the mean value of an “infinite number” of 
values of the function f(x) taken at equal distances between 
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the values x =a and x= b. It is called the mean value of the 
function for that interval. 
If we now draw the ordinate NB, the integral 


ay “ade 


is graphically represented by the area MNBA. Hence the mean 
value of the function is graphically represented by the altitude 
of a rectangle with the base MN which has the same area as 
MNBA. 

We see from the above discussion that the average of the 
function y depends upon the variable x of which the equal 
intervals dx are taken, and we say that the function is aver- 
aged with respect to x. If the function can also be averaged with 
respect to some other variable which is divided into equal parts, 
the result may be different. This is illustrated in the examples 
which follow. 


Example 1. Find the mean velocity of a body falling from rest 
during the time ¢, if the velocity is averaged with respect to the time. 
Here we imagine the time from 0 to ¢, divided into equal intervals 
dt and the velocities at the beginning of each interval averaged. 
Proceeding as in the text, we find, since v = gt, that the mean velocity 


equals 1 i 
— mee 
< ail gtdt = 4 gt,. 


Since the velocity is gt; when ¢ = ty, it appears that in this case the 
mean velocity is half the final velocity. 


Example 2. Find the mean velocity of a body falling from rest 
through a distance s; if the velocity is averaged with respect to the 
distance. 

Here we imagine the distance from 0 to s; divided into equal inter- 
vals ds and the velocities at the beginning of each interval averaged. 


Proceeding as in the text, we find, since v = V2 gs, that the mean 
velocity is 1 x 
ir V2 gsds = 2 V2 gsi. 


8, — 0 


Since the velocity is V2 gs; when s = s1, we see that in this case 
the mean velocity is two thirds the final velocity. 
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* EXERCISES 


1. Find the mean value of the lengths of the perpendiculars from 
a diameter of a semicircle to the circumference, assuming the per- 
pendiculars to be drawn at equal distances on the diameter. 

2. Find the mean length of the perpendiculars drawn from the 
circumference of a semicircle to its diameter, assuming the perpen- 
diculars to be drawn at equal distances on the circumference. 

3. Find the mean length of the radii of a loop of the curve 
r=acos 4 0, the angle between successive radii being constant. 

4. From a point 1 in. from the center of a circle of radius 4 in. 
straight lines are drawn to points equally spaced along the circum- 
ference. Find the mean of the squares of the lengths of these lines. 

5. Find the mean area of the plane sections of a right circular 
cone of altitude h and radius a made by planes perpendicular to the 
axis at equal distances apart. 

6. In a right circular cone of altitude 2 and radius of base 1, all 
possible right circular cylinders with their upper bases equally spaced 
along the altitude of the cone are inscribed. What is the mean vol- 
ume of the inscribed cylinders? 

7. The angular velocity of a certain wheel is proportional to the 
square of the time. It starts from rest and in 3 minutes acquires an 
angular velocity of 800 revolutions per minute. Find the average 
angular velocity in that time. 

8. Find the mean width of one arch of the curve y = sin x. 

9. A particle vibrates according to the law s=asinkt. Find the 
average velocity of the particle during the time of vibration from an 
extreme to the mean position of its path. 

10. The formula connecting the pressure p in pounds per square 
inch and the volume 2 in cubic inches of a certain gas is pv = 40. 
Find the average pressure as the gas expands from 4 cu. in. to 8 cu. in. 


88. Length of a plane curve. To find the length of any plane 
curve AB (Fig. 110), we assume n — 1 Y 
points Pi (11, y1), P2(2, y2), P3(xs, ya), 

-+, Pn_—1(%n—1, Yn—1) On the curve be- 
tween A and B, and connect each pair 
of consecutive points by a straight 
line. The length of AB is then defined 
as the limit of the sum of the lengths 
of the n chords as n is increased with- Fic. 1J0 


»4 
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out limit and the length of each chord at the same time 


approaches zero as a limit. 
The length of any chord P;P;,1 is, by § 27, 


V (fiat £0)? it — a = Ax; + Ay: (1? 


if we denote x;41 — x; by Ax; and yi41 — yi by Ay. 
Hence the length of the chords is 


i=n=1 
2 VAs + Ay’, (2) 
and, by definition, 3 ay 
Length AB=Lim S$’ VAz; + Ay, (3) 
0) 


n> oo 


To bring this into the form of a definite integral we need to 
have the equation of the curve so given that x and y are both 
functions of an independent variable ¢. Here ¢ is a third in- 
dependent variable, or it may be either « or y. 

Then we may write (3) in the form 


er ey eee Ay;\? 
beats ee aa + Ga At. 4 
ae aE At (4) 
Ax dx nq Ay _, 
Now as At — 0, a =s 7 and te di? 
and hence 
and therefore, by (2), § 1, 
dx\? , (dy 
dt / Ae we (5) 


We may now substitute in (4) by means of (5), with the 
result that 


Length AB = Lim Ss E (ey a (ey + a| dt 


v 


=tin S254 @Fa @ 


according to § 84. 
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Hence, we have ‘ 
4 I/dx\2, /dy\2 
L = Ow ay 
dee J (ai) + (Gh) @ 7) 


where é and t; are the values of ¢ which determine the points 
A and B respectively. 
We may write (7) in the more convenient form 


estes un = I Vas dy?, (8) 


the appropriate limits of integration to be substituted. 

It is to be noted that the expression Vdx? + dy? under the 
sign of integration is the ds of § 39. Accordingly we may express 
this ds in terms of polar codrdinates, and obtain the formula 


ean Wee 4 Var + Pde? (9) 


to be used in case the equation of AB is in polar coordinates. 
To evaluate either (8) or (9) we must express one of the 

variables involved in terms of the other, or both in terms of a 

third. The limits of integration may then be determined. 


Example 1. Find the length of the parabola y? = kx from the 
vertex to the point (a, b). 

From the equation of the parabola we find 2 ydy=kdx. Hence 
formula (8) becomes either 


e Ke 4e+k 
caf yt+ ar= fe 
b [4 y2 
or =) eee 


Either integral leads to the result 


2 2 
sa Pe + e+ ein eetVee ee ee 


Example 2. Find the length of one arch of the cycloid 


x=a(¢-—sin 9), y = a(1 — cos ¢). 
We have dx=a(1—cos¢)d¢, dy=asin ddd; 
whence ds =a V2 —2 cos ddd = 2 asin $ dd. 


Therefore sa2af™ sin 2 dg = 8a. 
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EXERCISES 


1. Find the length of the curve 2 y? = (x — 2)3 from its point of 
intersection with OX to the point (4, 2). 

2. Find the total length of the curve 8 y? = x? — x4. 

3. The position of a body moving in the plane XOY is given at 
any time t by the equations x = t? — 8, y = (? + 2. How far will the 
body move during the first five seconds if the unit of time is the 
second and the unit of distance is the foot? 

4, Find the length of the curve x=e-?'sin2t, y=e-?' cos2t 
between the points for which t= 0 and t= a 

_5. A point is moving along the curve r =a sin® 2. If it starts from 


the pole, how far will it go before it gets back to the pole again? 
6. Find the total length of the curve r = a(1 — cos 8). 


7. Find the length of the catenary y = = e +e ~a) from x = 0 to 
p= Iie 

8. Find the length of the curve y = In £ 
for which « = 1 and x = 2 respectively. 

9. Find the length of the loop of the curve 9 y? = 3 x? 4+ 23, 

89. Area of a surface of revolution. A surface of revolution 
is a surface generated by the revolution of a plane curve around 
an axis in its plane. Let the curve AB (Fig. 111) revolve about 
OH as an axis. To find the area of the 
surface generated, assume n — 1 points, 
P,, Po, P3,++-, Pn—1, between A and B 
and connect each pair of consecutive 
points by a straight line. These lines are 
omitted in the figure since they are so 
nearly coincident with the arcs. The 
surface generated by AB is then defined 
as the limit of the sum of the areas of 
the surfaces generated by the n chords 
AP, PiPs, P2P3, ots [Pn 183 as n in- 
creases without limit and the length of 
each chord approaches zero as a limit. 

Each chord generates the lateral surface of a frustum of a 
right circular cone, the area of which may be found by elemen- 
tary geometry. 


xe 


1 ! between the points 


O 


Fig. 111 


SURFACE OF REVOLUTION 277 


Draw the-lines ANo, PiNi, P2No, + + - perpendicular to OH, 
and place 


NoA=70, NiPi=11, NoP2=12,+-++, NnB=Tn. 


Then the frustum of the cone generated by P;P;,.1 has for the 
radius of the upper base Ni41P:41 = 7:41, and for the radius of 
the lower base N,P;=7,, and for its slant height P,P;,1. Its 
lateral area is therefore equal to 


2 ee Se 


But Tra = 1s + Ar;. 
Therefore the lateral area of the frustum of the cone equals 


Zz aC -b oh) Piet 
Now P;P;41 differs from ds (§ 88) by an infinitesimal of 
higher order. The lateral area of the frustum is therefore 
an infinitesimal which differs from 


2 mr;ds 


by an infinitesimal of higher order. Hence, if we represent the 
required area by S, we have dS = 2 ards, whence 


s=2n [ rds. 


To evaluate the integral it is necessary to express r and ds in 
terms of the same variable and supply the limits of integration. 


Example. Find the area of the surface of revolution generated 
by revolving about OX the portion of the parabola y? = kx be- 
tween the points for which x= 0 and x =a respectively. 

Let B (Fig. 112) be the point of the parabola Y 
for which x =a; the required surface is gener- 
ated by the arc OB. 

As in Example 1, § 88, we find 


de=N/ 1 ne pe ee 
4 y? 2y 
VA ka + k 7, 


Sa Fic. 112 
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If PQ is the are represented by ds, then r of the formula is the y 


for the point P. 
V4 kx + k? d 
2y 


= V4 kx + k?2 dx, 
= rs 2 
and Sa Va kx + k2 dx 


Hence dS =2 wy: x 


1 a|° 
= ss -2) 2 
=n [at ke + B98] 


0 
pallies 2\3— 1,3], 
g i Ld ka + &?) ] 


EXERCISES 


1. Find the area of a zone of height h on a sphere of radius a. 


2. Find the area of the surface of the ring formed by revolving a 
circle of radius a about an axis in its plane b units from the center 
(b> a). 


3. Find the area of the surface formed by revolving the curve 
ee + ys = a3 about OY. 
4, Find the area of the curved surface of the catenoid formed by 


x z 
revolving about OX the portion of the catenary y= AG + ea) 
between x= —h and x=h. 


5. Find the area of the surface formed by revolving about the 


ae ee 
tangent at its lowest point the portion of the catenary y = d¢: +e a) 
between «x =—h and x=h. 2 


6. Find the area of the curved surface formed by revolving about 
OY the portion of the parabola y? = kx between y = 0 and y=k. 


7. Find the area of the surface formed by revolving about OX an 
arch of the cycloid x= a(¢ — sin ¢), y=a(1 — cos 9). 


8. Find the area of the surface formed by revolving an arch of 


the cycloid x = a(¢ — sin #), y = a(1 — cos ¢) about the tangent at 
its highest point. 


9. Find the area of the surface formed by revolving the lem- 
niscate r? = 2 a? cos 2 6 about the initial line. 


10. Find the area of the surface formed by revolving the lem- 
niscate r? = 2 a? cos 2 6 about the line 6 = 90°. 
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90. Work. By definition’the work done in moving a body 
against a constant force is equal to the force multiplied by the 
distance through which the body is moved. If the foot is taken 
as the unit of distance and the pound is taken as the unit of 
force, the unit of measure of work is called a foot-pouwnd. Thus 
the work done in lifting a weight of 25 lb. through a distance 
of 50 ft. is 1250 ft.-lb. 

Suppose now that a body is moved along OX (Fig. 113) from 
A(x = a) to B(x = b) against a force which is not constant but 
is a function of x, expressed by 


f(x). Let the line AB be divided ~G 4 MN AT Ag 
into intervals each equal to dz, Fic. 113 


and let one of these intervals 

be MN, where OM =x. Then the force at the point M is f(x), 
and if the force were constantly equal to f(x) throughout the 
interval MN, the work done in moving the body through MN 
would be f(x)dx. This expression therefore represents approxi- 
mately the work actually done, and the approximation becomes 
more and more nearly exact as MN is taken smaller and smaller. 
The work done in moving from A to B is the limit of the sum of 
the terms f(x)dx computed for all the intervals between A and B. 
Hence we have dw =f(x 


and Soar 


Example. The force which resists the stretching of a spring is pro- 
portional to the amount the spring has been already stretched. Fora 
certain spring this force is known to be 10 lb. when the spring has 
been stretched 4 in. Find the work done in stretching the spring 1 in. 
from its natural (unstretched) length. 

If F is the force required to stretch the spring through a distance 
x, we have, from the statement of the problem, 

joa ape 
and since F = 10 lb. when x = xr ft., we have k = 240. Therefore 
[P= 2D) ay 
Reasoning as in the text, we have 


W =" 240 x de = § ft-lb. 
0 
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EXERCISES 


1. The law of force is F = 3s — 5, where s is the distance. Find 
the work done upon a mass in moving it from a point where 
F =1 to a point where F = 25. 

9. A positive charge m of electricity is fixed at O. The repulsion 
a Find the work done in 
bringing a unit charge from infinity to a distance a from O. 


on a unit charge at a distance x from O is 


3. Assuming that the force required to stretch a wire from the 
length a to the length a+ x is proportional to - » and that a force 


of 1 lb. stretches a certain wire 48 in. in length to a length .04 in. 
greater, find the work done in stretching that wire from 48 in. to 
80 in. 


4, A block slides along a straight line from O against a resistance 


2 
equal to esi! where k and a are constants and z is the distance of 
the block from O at any time. Find the work done in moving the 


block from a distance a to a distance aV3 from O. 


5. A cylindrical tank 10 ft. high and 10 ft. in diameter stands 
upon the roof of a building 50 ft. high. Find the work done in pump- 
ing the tank full of water from the level of the ground, through a 
pipe to the bottom of the tank. 


6. The section of a bowl made by any plane through its axis is a 
parabolic segment of height 3 ft. and base 4 ft. How much work is 
necessary to pump all the water out of the bowl if it is originally 
full? 


7. Abody moves in a straight line according to the formula x = ct?, 
where « is the distance traversed in a time t. If the resistance of the 
air is proportional to the square of the velocity, find the work done 
against the resistance of the air as the body moves from x= 0 to 
EW 

8. A particle is moving along the ellipse x = a cos kt, y = b sin kt 
against a force which resists with a magnitude directly equal to the 
speed of the particle. Find the work done by the particle in moving 
along the arc of the ellipse in the first quadrant. 


9. Assuming that above the surface of the earth the force of the 
earth’s attraction varies inversely as the square of the distance from 
the earth’s center, find the work done in moving a weight of w pounds 
from the surface of the earth to a distance a miles above the surface. 
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The resultant attraction: is then 
ey X2 + y2 
and acts in a direction which makes the angle tan~! + with AX. 


Let it now be required to find the attraction of a solid of mass 
m upon a particle of unit mass situated at a point A. Let the 
solid be divided into n elements, the mass of each of which ma y 
be denoted by Am, and let P; be a point at which the mass of 
any one element may be considered as concentrated. Then the 


attraction of this element on the particle at A is pot » where 


r; = AP;, and its component in the direction of 4X is dn cos 0;, 
where 6; is the angle between the directions AX and Ape Also 


the component in the direction of AY is k 
have 


ue sin 0;. Hence we 


a 


2d Wien 3 kp SOS ers Am =k ff ae Fam, 


aes] 


Stay ine Am = kf 2 dm 
ae) a t 


Example. Find the attraction of a uniform wire of length J and mass 
M ona particle of unit mass situated in a straight Y 
line perpendicular to one end of the wire and at 
a distance a from it. 


a] 


of . Q 

Let the wire OL (Fig. 121) lie in the axis of y P 
with one end at the origin and let the particle of r 
unit mass be at A on the axis of x where AO=a. 

Divide OL into elements of length dy one OLR; ae 
which is PQ, where OP=y. Then if p is oe Fic. 121 
mass per unit length of the wire, dm= p dy : a 
Draw AP. hea ‘cote gopaaliee ae OAP, cos 0 = witean 
sin 6 = ——H{—. Hence the formulas become 

Va? + y? cee 
A= pk f paren ee 
D(a" 07) 


ni 
Pests (a2 + y?)3 
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To integrate, it is convenient to express y in terms of 6. Then 
=a tan 0, and 


x = PE "cos 640 = FE sin «= EF sin a, 
a pee Spire — Mky_ 
= ay sin 00 = ** (1 — cos a) = (1 — cosa), 


where a = OAL, and M = Ip. 
If R is the resultant of X and Y, and 8 the angle the resultant 


makes with OX, 
R=VxX?+ y? = 2 ME in 3 


eo Toe ee 


ie 
= lig ee 
and p= tan xX = tan 


EXERCISES 


1. Find the attraction of a uniform straight wire of length J and 
mass M upon a particle of unit mass situated in the line of direction 
of the wire at a distance c from one end. 


2. A particle of unit mass is situated at a perpendicular distance 
c from the center of a straight homogeneous wire of mass M and 
length 1. Find the force of attraction of the wire. 


3. Find the attraction of a uniform circular ring of radius a and 
mass M upon a particle of unit mass situated at a distance c from the 
center of the ring in a straight line perpendicular to the plane of 
the ring. 


4, Find the attraction of a uniform circular disk of radius a and 
mass M upon a particle of unit mass situated at a perpendicular 
distance c from the center of the disk. (Divide the disk into con- 
centric rings and use the result of Ex. 3.) 


5. Find the attraction of a uniform right circular cylinder with 
mass M, radius of its base a, and length / upon a particle of unit 
mass situated in the axis of the cylinder produced, at a distance c 


from one end. (Divide the cylinder into parallel disks and use the 
result of Hix. 4.) 


6. Find the attraction of a homogeneous hemisphere of radius a 
and mass M on a particle of unit mass in the straight line perpen- 
dicular to the base at its center and at a distance a from the base 
in the direction away from the hemisphere. 
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7. The top.of a homogeneous right circular cylinder of radius a is 
zut away into the form of a spherical surface of radius b (b > a), the 
center of which coincides with the center of the base of the cylinder. 
Find the attraction of the remaining portion of the cylinder on a 
particle of unit mass at the middle point of its base. 

8. A solid of revolution of mass M is formed by revolving about 
OY as axis the area bounded by the curve y? = x? and the line y = 3. 
Find the attraction of this solid on a particle of unit mass at the 
origin of codrdinates. 
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1. Find the area of the sector of the ellipse 16 x? + 25 y? = 400 
cut out of the first quadrant by the axis of x and the line 
15y—16x72=0. 

2. Find the area bounded on the right by the circle x? + y2 = 12 
and on the left by the curve y? = x3. 

3. Find the total area of the loop of the curve az? = y?(a+ y). 

4. Find the total area bounded by the curves 27 ¥2 = 16 x3 and 
y? = 8(5 — x). 

5. Find the area bounded by the curve xy? + a?b? = a?y? and its 
asymptotes. 

6. Find the area bounded by the curve y?(x? + a?) = a2x? and its 
asymptotes. 

7. Find the area bounded by the curve x = a cos 0, y = b sin?6. 

8. Find the area inclosed by the curve x = a cos?6, y= a sin®@. 


9. Find the area of a loop of the curve r? = a? sin nf. 
4 


10. Find the area inclosed by the curve r= ————, and the 
4 1 — cos 0 
tes Tnton 6 


11. Find the area bounded by the circles r = a cos 6 andr = asin 0. 
12. Find the area in the first quadrant between the first and the 
second turns of the logarithmic spiral r = e”. 


13. Find the total area inside the curve r = a sin 2 8 and outside 
a 
2 
14. Find the area bounded on the outside by the large loop of 


the curve r=2+ sin § and on the inside by the small loop of the 
aame curve. 


the circle r = 
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15. Find the area of the segment of the cardioid r =a(l + cos i) 
cut off by a straight line perpendicular to the initial line at a dis- 
tance 3 a from the origin O. 


16. Find the area cut off i the lemniscate r2 = 2 a? cos 2 6 by 
aNv3 


the straight line r cos 6 = Es 


17. Two parabolas have a common vertex ana a common axis, but 
lie in perpendicular planes. An ellipse moves with its plane perpen- 
dicular to the axis and with the ends of its axes on the parabolas. 
Find the volume generated when the ellipse has moved a distance 
h from the common vertex of the parabolas. 


18. Find the volume of the solid formed by revolving about the 
line x = 2 the figure bounded by the parabola y? = 8 x and the line 
Ze — Li, 

19. Find the volume of the solid generated by revolving about 
OY the area in the first quadrant bounded by the axis of « and the 
eurves y2 = 4 ax and y2=4a?—4 az. 


20. Find the volume of the solid generated by revolving about 


the line y + a = 0 as axis the area bounded by the curve x? + y? =a? 
and the axes of ~ and y. 


21. The plane sections of a certain solid made by planes perpen- 
dicular to OX are squares with the ends of one of the diagonals of 


each square lying on the curve oe + ys = a3, Find its volume. 


22. Find the volume formed by revolving about the line x = 2 
the plane figure bounded by the curve y? = 4(2 — x) and the axis of y. 


23. The sections of a solid made by planes perpendicular to OY 
are circles with one diameter extending from the curve y? = 6 x to 
the curve y2=6—3 x. Find the volume of the solid between the 
points of intersection of the curves. 


24. A right circular cylinder of radius a is intersected by two 
planes, the first of which is perpendicular to the axis of the cylinder 
and the second of which makes an angle 6 with the first. Find the 
volume of the portion of the cylinder included between these two 
planes if their line of intersection is tangent to the circle cut from 
the cylinder by the first plane. 


25. The cross section of a horizontal pipe is in the form of a semi- 
circle of 4 in. radius, the diameter of the semicircle being at the top 
and horizontal. The pipe receives water from a roof 40 ft. above the 
top of the pipe. If the conductor leading from the roof to the pipe is 
full, what is the pressure on a board closing the end of the pipe? 
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26. A horizontal gutter is.U-shaped, a semicircle of radius 4 ine 
surmounted by a rectangle 8 in. wide by 4 in. deep. If the gutter is 
full of water and a board is placed across the end, how much pressure 
is exerted on the board? 


PH The vertical end of an oil tank, 4 ft. tall and 6 ft. broad at its 
widest point, is made up of two parabolic segments with their bases 
horizontal and coincident. Find the total pressure on the end when 
the tank is full of oil which weighs 45 lb. per cubic foot. 


28. The gasoline tank of an automobile is in the form of a horizon- 
tal cylinder the ends of which are plane ellipses 20 in. high and 10 in. 
broad. Assuming w as the weight of a cubic inch of gasoline, find 
the pressure on one end of the tank when the gasoline is 15 in. deep. 


29. Show that if y is a linear function of x, the mean value of y 
with respect to x is equal to one half the sum of the first and the 
last value of y in the interval over which the average is taken. 

8 a3 


30. Find the mean width of the part of the curve y = ————. 
ao? + 4G? 


above the line y = a. 


31. An ellipsoid of revolution is formed by revolving the ellipse 
9 x2 + 16 y2 = 144 about its minor axis. In this ellipsoid is inscribed 
a series of cones of revolution with their respective vertices at one 
end of the minor axis of the ellipse and their bases cutting off equal 
distances on the minor axis. Find the mean volume of these cones. 


32. In a sphere of radius a a series of right circular cones is in- 
scribed with their bases perpendicular to a given diameter of the 
sphere and so placed that they cut off arcs of equal length on any 
circle of the sphere made by a plane through the given diameter. 
Find the mean volume of these cones. 

x? rs yee 1 


33. A series of rectangles are inscribed in the ellipse at Be 
(a > b), with their sides parallel respectively to the major and the 
minor axes of the ellipse. If the sides perpendicular to the minor 
axis cut off equal distances on that axis, find the mean area of the 
rectangles. 


34. A particle describes a simple harmonic motion defined by the 
92 
equation s=asin kt. Show that the mean kinetic energy ead 
during a quarter vibration is half the maximum kinetic energy, if 
the average is taken with respect to the time. 
35. In the motion defined in Ex. 34 what will be the ratio of the 
mean kinetic energy during a quarter vibration to the maximum 
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kinetic energy, if the average is taken with respect to the space 
traversed in a quarter vibration? 


36. A quantity of steam expands according to the law pv?-8 = 1800, 
p being the pressure in pounds per square foot. Find the average 
pressure as the volume v increases from 1 cu. ft. to 4 cu. ft 


37. Find the total length of the curve x? + y? =a’. 
38. Find the length of the curve 
x=acos¢+ad¢sin ¢, y = asin ¢ — a¢ cos 9, 
from ¢6=0tod=4T. 


39. A given area is inside the curve r =a cos @ and outside the 
curve r = a(1 — cos 0). Find the length of the boundary of this area. 


40. Find the length of the loop of the curve 3 y? = x? — x3. 
41. Find the total length of the curve x = a cos? ¢, y= b sin? @. 
42. Find the length of the curve 
x=2acosd?—acos2¢, y=2asingd—asin2¢d 
between the points for which ¢ = 0 and ¢=2 7. 
43. Show that the length of the logarithmic spiral r = e?° between 


any two points is proportional to the difference of the radius vectors 
of the points. 


44, Find the total length of the curve r = a sin? g. 


45. Find the surface area of the prolate spheroid formed by re- 
volving an ellipse about its major axis. 


46. Find the surface area of the oblate spheroid formed by revolv- 
ing an ellipse about its minor axis. 


47. Find the area of the surface formed by revolving the curve 
x=acos® ¢, y=asin® ¢ about OX. 


48. Find the area of the surface formed by revolving about the 
line x = a the portion of the curve x = a cos? ¢, y = a sin? @ which is 
at the right of OY. 


49. Find the area of the surface formed by revolving about the 
initial line the cardioid r = a(1 + cos 8). 


50. If a center of force attracts with a magnitude equal to - 


where «x is the distance of the body from the center, how much work 
will be done in moving the body ir. a straight line away from the 
center from a distance a to a distance 8 a? 


GENERAL EXERCISES 297 


51. A body is moved along a straight line toward a center of force 
which repels with a magnitude equal to kx when the body is at a 
distance x from the center. How much work will be done in moving 
the body from a distance 2 a to a distance a from the center? 


52. A central force attracts a body at a distance x from the center 
by an amount ‘. Find the work done in moving the body directly 
away from the center from a distance a to the distance 2 a. 


53. A bag containing originally 80 lb. of sand is lifted through a 
vertical distance of 8 ft. If the sand leaks out at such a rate that 
while the bag is being lifted the number of pounds of sand lost is 
equal to a constant times the square of the number of feet through 
which the bag has been lifted, and a total of 20 lb. of sand is lost dur- 
ing the lifting, find the number of foot-pounds of work done in lifting 
the bag. 


54. Find the foot-pounds of work done in lifting to a height of 
Z0 ft. above the top of the tank all the water contained in a horizontal 
cylindrical tank 10 ft. long and 2 ft. in radius, the tank being full at 
the outset. 

55. Assuming that below the surface of the earth the force of the 
earth’s attraction varies directly as the distance from the earth’s 
center, find the work done in moving a weight ot w pounds from a 
point a miles below the surface of the earth to the surface. 

56. A wire carrying an electric current ot magnitude C is bent 
into a circle of radius a. The force exerted by the current upon a 
unit magnetic pole at a distance x from the center of the circle in a 
straight line perpendicular to the plane of the circle is known to be 

2 Ca? 
(a2 + a2)? 
infinity to the center of the circle along the line just mentioned. 

57. Find the center of gravity of the arc of the curve e+ys=a 
which is above the axis of x. 

58. A wire is bent into a curve of the form 9 y?= 23. Find the 
center of gravity of the portion of the wire between the two points for 
which x = 5 respectively. 

59. Find the center of gravity of the upper are of the curve 
9 ay? — x(x — 8 a)? = 0 between the ordinates x = 0 and x=3a. 

60. Find the center of gravity of the solid formed by revolving 
about OY the plane figure bounded by the parabola y? = kz, the 
axis of y. and the line y = k. 


- Find the work done in bringing a unit magnetic pole from 


2 
3 
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¥ 
61. Find the center of gravity of the solid formed by revolving 


2 2 
about OY the surface bounded by the hyperbola = - o = 1 and the 
lines y = 0 and y= b. 

62. Find the moment of inertia of a parallelogram of altitude a 
and base b about its base as an axis. 


63. Find the moment of inertia of a plane circular ring, the inner 
radius and the outer radius of which are respectively 3 in. and 5 in., 
about a diameter of the ring as an axis. 


64. Find the moment of inertia about its axis of a hollow right cir- 
cular cylinder of mass M, its inner radius being 7, its outer radius re, 
and its height h. 


65. A ring is cut from a spherical shell, whose inner and outer radii 
are, respectively, 5 ft. and 6 ft., by two parallel planes on the same 
side of the center and distant 1 ft. and 3 ft. respectively from the 
renter. Find the moment of inertia of this ring about its axis. 


66. The radius of the upper base and the radius of the lower base 
of the frustum of a right circular cone are, respectively, 7; and fe. 
Find its moment of inertia about its axis. 


67. Find the moment of inertia about OX of the volume formed 
by revolving about OX the area bounded by y = 4 x”, x = 1, and the 
axis of x. 


68. Find the moment of inertia about OY of the solid formed by 
revolving about OY the area bounded by the curve x? = y? and the 
lines y= 1 and y= 3. 


69. Find the attraction of a homogeneous straight wire of infinite 
length and mass p per unit length on a particle of unit mass at a per- 
pendicular distance c from wire. 


70. Find the attraction of a uniform straight wire of length / and 
mass M upon a particle of unit mass situated at a perpendicular 
distance c from the wire and so that lines drawn from the particle 
to the ends of the wire inclose an angle a. 


71. Find the attraction of a wire of length | and mass M on an- 
other parallel bar of the same length and mass so placed that the 


lines connecting the ends of the two bars are perpendicular to the 
bars and of length c. 


72. A ring of mass M is cut from a homogeneous spherical shell, 
tne inner radius and the outer radius of which are, respectively 
4 ft. and 5 ft., by two parallel planes on the same side of the Comte 
of the shell and distant 1 ft. and 3 ft. respectively from the center. 


TABLE OF INTEGRALS 


I. FUNDAMENTAL FoRMS 


a: feduae f du. 
2. fut dot dwt--)= faut [aot fant... 


3. wdo=uo— f vdu. 6. Pg a g tant. 
4. f urdu =e. O25 0 & pop ag me 
5. {#—Inw. 8. [= sin 
9. Ivece=™ (u + Vu? + a2). 

10. fosin udu =— cos u. 16. f sec? udu = tan w. 

Lt. fcoswdu = sin w. 17: f ese?u du = — etn U. 
12. J tan udu =—In cos. 18. see w tan udu = see u. 
13. fctnudu=Insinw. 19. feseuctn udu=—esew. 


14, fsecudu=In (secu+tanwu). 20. fexdu = ew 


ED. J eseudu=In (ese u—etn 1). 21. faordu=. 
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II. EXPRESSIONS INVOLVING Va + bz 
22. [Var bedx = =, (a + be)? 
23. [aVva+ bed =— Pago (a+ bx)’, 
24, i 2” Va + brds = 2arte-t ta) 


(2n4+3)b 

Se eile iVa+ bade. (2n+340) 
6. [oe 2 a+ be. 
26. Je oe ee, 


x” dx _ 22" Va-+ bz 
Vatbe (2n+1)b 


2an elds 


27. 


Tipe aan (2n+1+0) 
OL Sean a + bx —Va 
hl eepae Na itcaasae Oo 


Za 2 a+ bx 
= +t eg 
aks J (a <0) 
99 if dx ___Va+bzr 
a” br (n — lax! 
_ (n—3)b ¢____ da 


TOIT Maa (n # 1) 


III. EXPRESSIONS INVOLVING Va? — x2 


30. | Va? — 2?dx = Va +2 sin 12. 
a 


31. [eV =e dz = — Ha? — 29), 
32. feva 2— 2tdx=— 7 (a?— 2) 3 4 CV + © sin, 
8 a 


ALGEBRAIC 


33. lee pa ne de 2 ee ahah 
n+2 
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ag BDO fave —x dx. (n+24£0) 


n+2 
34, {Pa = int 
Va? — x2 a 
PU el (one 
oo IJ#=- eee 
2 
36. (5 = EVE +E sin. 
ar — 2 a 
37 oede  _Na? — 4? 


i (n—1)a? ( x"-2 dz 


n Urge IE.) 


33, | —#&--imetve—e vee 
x Va? — x? a x 


39 fj. = — _ Na? = 2? 
JS or Va? — 2? (n — 1)a?x-) 


n—2 


- 


IV. EXPRESSIONS INVOLVING V2? + a? 


dx 
(n— Dales a? — a2 


eS 1) 


40. [VP Eee =F VP EO +S In (a + Vx? + a2). 


41. fx Vx? + ade = + (x? + a2)? 


42. fe Vi Ede =! @ 40°) FLleVeP ee 


-£m (a + Va? + a”). 


“ : 5 __ g"-1(x2 + a2)? 
43. fx Vier+4 Ae nomena 


(n — 1)a? n—2 2 2 
zante fe VeLedr (n+240) 
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pels dar a Wee 2 2 
44. | wie +a?). 


eee Nee, 
45. [ a oF 
Sih ol al x 2 2 a~ Vx? + a? 
ON rem ae a5 V0 ta In (2 + Vx? + a?). 
ff 2 des a NI Oe 
Vx? + a2 
as = (m= Vo? ¢_arT*de_ | (4 20) 


n Via? + a? 
ag (a Va? + a? 
eV x? - a? a % 
dt ges 4, 
1 a cae 
50. | ares (n — 1)a2a"-! 
—2 dx 
ep 
(n— 1)a?J x22 Vx? + a? 


V. EXPRESSIONS INVOLVING Vax? + bx +c 


Reduce to expressions involving Va? — u? or Vu? + a?. 


VI. TRIGONOMETRIC EXPRESSIONS 


51. fsin axdx = — ; COS ax. 


52. [si 2aaedr = = — Sin 2ax, 
sin? ax dx = 5 mE 


ar i sin? ax dx = — 1 cos ax + os cos? ax. 
a 33 Gh 


54. fosintaxds =3a— 2 sin 2 ax + = sind ac. 
8 4a 


uf 
55. f sin” ax dx = — a sin”! ax cos ax Mas <> fsint-? ax dx. 
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56. ib cos ax dx = ; sin az. . 


57. f cos? ax dx = = 4 sin 2 a2 
2 4a 


58. {i cos? ax dx = 1 sin ax — 10 sin? ax. 
a 33a 


59. Jeotendenps ggte tert gpgtntes 
8 4a BVA 


u 
60. J cos" ax dx = — cos" ax sin ax + “== | cos"? ax de. 
na 


61. J sin a2 cos ax de = $2" ae, (n+1+40) 
62. feos an sin ax de = — S08" A. (n+1+40) 


63. f tan ax dx = — ! In cos ax. 


64. f tant CL OL = tanve Nar — ftane-® axdx. (n#1) 


pols 

(n—1)a 

65. foetn andy = ; In sin az. 

66. f etn ax dx = — peel CU 0 = fetnr? axdx. (261) 
(n—1)a 


i steal —1 
67. f sin" FOR GR 


(m + n)a 
io zt J sin ax cos"? ax dx. (m+n # 0) 
n 
Ph oh . See sit or COS Ox 
68. fsin an costar d7 — Genie 
+ m+ n+ 2 sin” ax cos"t2 ax dx. (n # —1) 


n+1 


. sin@e! 02 COSta GF 
69. fsinn ax cos” aa dx = — 2 >_— 


(m+ n)a 
+ Mot | sinn 2 ax cos” ax dx. (m+n #0) 
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sin™t1! qx cos"*! ax 


(m+ 1l)a 


“ ee sin”*? ax cos"axdx. (m~#—1) 


70. ii sin” az cos” az dx = 


VII. MISCELLANEOUS EXPRESSIONS 
71 jee da = 2" eax — m (an—tere de, 
a a 
79 fe sin be da = ¢ (a sin br — b cos bx) | 


a? +b 

73. i e*= cos boda = Cocos be + bin be), 
74, sin! ax de =e sin! ax +2 V1 = aa, 

® sin! god, = 2 ett gee ow [i 
v5, fersin™' ards = sin-tae— ay [Faas 

(n#—1) 
76. fIncdz=2Ine—z, 
a0 n+1 

sal ae ga ; é 

v1. fi nxzdz Peres @ aE (n= 


: ipl 
78. fe sin ax dx = — q COs ae +8 [29X08 ax dx. 


BS as . 
719. a cos ax dx = 7 on ax — yf et tsin ax dx. 


ANSWERS 


[The answers to some problems are intentionally omitted.] 


CHAPTER I 
Page 4 (§ 2) 
ile FACE. 3. 164 ft. per sec. 5. 2.51. 7. 158. 
Pay (PEE 4. 157. 6. 1462. 8. 471.2. 
Page 7 (§ 3) 
1. 128 ft. per sec. 2. 160 ft. per sec. 3. 96 ft. per sec. 
4. 84 ft. per sec. 5. 104 ft. per sec. 
Page 8 (§ 3) 
6. 42 ft. per sec. 7. 6 ft. per sec. 
Page 9 (§ 4) 


26¢+4 3.42. 4. 3 ??. 6.62+1. 62+ 7.3243. 
Page 11 (§ 5) 


1. 37; 8. 5. 21 ft. per sec.; 19 tt. 
2. 5 ft. per sec.; 5 ft. ah 
: ‘ tk sec.2 6. 9 £G2 c 18 ihGe . 11 ft. K 
4. 60; 37. sec.? sec.? sec.? 
Page 12 (§ 5) 
1s eng atest 8. 48 ft.; 20 ft. per sec.; 4 tt. 
sec.? sec.? sec.? sec.? 
; ft. ite 
10. (a) 72 ft.; (6) 18 ft. per sec., 58 ft. per sec.; (c) 14 aa 26 ae 


Page 14 (§ 6) 
1.—. 2.4772. 3.8 mr. 4.34%, x =length of edge. 5.6 mr2. 6. 18. 


7A Ay 
Page 15 (§ 6) 
Ue VA a 11. Lo(a + 2 dt). 
8. = 2 2 c= length of side. 12. 3 me h = total height. 
9. mv. ' 
10. 12 7 — wh?, h = altitude. 13. 4 w(t? +12 ¢+ 86), ¢= thickness. 
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CHAPTER II 
Page 19 (§ 7) 
1. 5(2¢+1). 2.922? -—22. 8. 423 — 
2 fom Ri sy L—2? 
bo my 5.38 2 rot 6. @ +4)? Ms @ +2)? 8. @ +)? 


Page 22 (§ 9) 
1. Increasing if x > 8; decreasing if x < 3. 
2. Increasing if x > —2; decreasing if x < — 
3. Increasing if x < 2; decreasing if x > 4. 
4. Increasing if x > — 1; decreasing if x < —1. 
5. Increasing if x < 2 or x > 4; decreasing if 2 <a <4. 
6. Increasing if s << —1 or xz> 8; decreasing if -—l1<2< 3. 
7. Increasing if x < 0 orx> 4; decreasing if 0 < x < 3. 
8. Increasing if — 8 < « <4; decreasing if x< —3 or x> 4. 
9. Always increasing. 
10. Increasing ifs < —1lor0 < 2x< 1; decreasingif—1<2<0orzr>1. 
11. Increasing if x > 3; decreasing if x < 3. 
12. Increasing if « << — 2 or —1< x%< 8; decreasing if—3<2x<-—lor 
«> 5. 


Page 25 (§ 10) 

1. s increases if t > 2; s decreases if ft < 2. 

2. s increases if t > — £; s decreases if t << — 

8. s increases if t << #; s decreases if t > 4 

4. s increases if t< 1 ort > 2; s decreases if 1 <t< 2. 

5. s increases if t< —2ort> 2; s decreases if —2<t< 2. 
6. s increases if t > 1; s decreases if t < 1. 

7. Always increasing. 

8. Increasing if t > 2; decreasing if t < 

9. Increasing if t << 2; decreasing if t > 
10. Increasing if ¢ < 0 or ‘ So Es ieressine fy OR<uteaeee 
11. Increasing if t< — 2 ort >0; decreasing if -—2<t<0. 
12. Increasing if t << — $ or t> i, decreasing if —-3<t< i. 
13. Increasing if f > 3; decreasing if t < 3. 
14. Increasing if t >> — 3; decreasing if t< — 
15. Increasing if t > 2; decreasing if t < 2 
16. Increasing if 0< t< 1 ort> 2; decreasing if t< 0 or1<t< 2. 
17. Increasing if 1<t<2ort> 8; decreasing ift< 1or2<t< 3. 
18. Increasing if -2<t<—i or t>4; decreasing if t<—2 or 


colt colo 
4 


Page 29 (§ 12) 
eels 4. — 0.47. te Uses PRU 
Pas INPAL 5. 4.20. 8. — 1.66; 1.12. 
3. — 2.21. 6. — 1.88; 0.85; 1.53. 9a OMe 


Page 33 (§ 18)- 
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1. (3, = 435). 6. (13, 4), (3, 8). 
2. (= % 34). 7. = 2, 0), @, 933). 
3. (— 2, 16), (2, — 16). 8. (3, — 11). 
4, (¢, 4), (13, 57). 9. (eS as +8), (0, 1), (2, =a 7). 
5. (— 1, 8), (12, — 1338). 10. (1, 5). 

Page 35 (§ 14) 
1.22x—y-6=0. 5. y= 5. 
2.52+2y+4=0. 6.2—-V3y—-1-4V3=0, 
3.14%+y—31=0. 7.6x2+6y—5=0. 
Ae 8.8%—-—12y4¥+17=0. 


Page 36 (§ 14) 


944%-—-8y—-1=0. 15. tan7!7, 
10.5%+4y-—27=0. 16. tan—!2. 
11.10%7+9y+7=0. fe ee 
“12. tane!.3.. 18. tan12; tan1,4; tan-1(— 7). 
us 19. (+, = tr). 
13: 4 20: 12° 
14, tan-1Z, 


Page 37 (§ 15) 
.20x%x—y—10=0. 


-9x—y+20=0; 9x-—y-—12=0. 


.y=0; 16x2+y—32=0; 4u—y+8=0. 

1172 4+27y—17=0; 2972 +27y—13=0; tan-139. 
272 +27y—-58=0; r+y¥—2=0. 

. (2, —1); (— 4, TH); 82 —y—7T=0; 8lx2—27y4311=0. 


Ooh O&O De 


Page 38 (§ 15) 
7.15x—y+70=0; 15x¢—y-—38=0. 
8.82—8y—2=0; (—2, —1). 


Page 39 (§ 16) 
I (= oy) 5), G, 3). 
2. € 3 547), & - 244). 
3. (— 1.24, — 7.4), (8.24, 37.4). 


4, (— 2.4, 11.6), (0.4, 0.3). 
5. (— 1.4, — 0.4), (0.7, 4.3). 
6. (— 2.1, 5.1), (0.8, — 7.2). 


Page 42 (§ 17) 


1. 564 sq. in. 

2. Side parallel to wall twice as long as side perpendicular to wall. 
3/3 

3. 10 ft. 4, 75. 5. fre. 


* The symbol tan-1,8, denotes the angle whose tangent is <j (cf. § 47). 


356 ANSWERS 


6. Depth is one half side of base. 
7 


. 2 portions 8 ft. long; 4 portions 2 ft. long. 


8. Breadth = ok in.; depth = 


21V6. 
3 in. 


9. Altitude = ae base = a where p is the perimeter. 


10. 2000 cu. in.; 2547 cu. in. 


11. Height of rectangle = radius of semicircle; semicircle of radius = 


Page 43 (§ 17) 
12. 2V3 in. 


Page 46 (§ 18) 


7. 0.0001; 0.000001; 0.00000001. 
8. 0.000015001; 0.000000150001. 


Page 47 (§ 19) 


1. 96 sq. in. 

49 + ae tee A 
2. 130 cu. In.; 15 sq. in, 
2 © ou. in,; 2 eu. i 
3. 5 cu. in.; 25 cu. In. 


Page 50 (§ 20) 
1. 144 ft. 
2. 48 ft. 
Yy=ui +h? —4 2. 
8. y=55 +62" —§ 4? —ig3, 


3. 45 ft. 
4, 822 ft. 


Page 50 (General Exercises) 


5 4x 
1 eae 
@— 2) Sra): 
pee aS, Le eA 
(a +2)? a (2 — 1)2 


Page 51 (General Exercises) 


ll. t¢< —2, or —2<t< 2. 
12 el OL pleat one 


9. 0.000003 sq. in. 
10. 305.8 cu. in. 


. 8.0086 cu. in. 
. 28.28 cu. in. 
. 606.0456. 

. 0.0004. 

. 5.99928. 


Onan 


5. 400 ft. 

6 y=2r? +324 3. 
9. 4y =x? — 17. 
10.y=42% —i4?+27+4 92. 


5 1 £ 
ne 
2Vex Varz+41 
oe 
242 


13, 5022 ft. 
14.1<t< 5; 102, 


15. Up when t < 93 sec.; down when 93 sec. < t < 183 sec. 
16. Increasing if i < — 4; decreasing if t> — 4. 


17. Increasing if t > 4; decreasing if t < 3. 


18. Increasing if — 5< t< —2ort> 42; decreasing if t < —5or—2<ti<1, 
19. Increasing if -4<t< —lort> 2; decreasing if t< —4or-—-1<t<2, 
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Page 52 (General Exercises) . 


24, A(z — m1) + Bly — ym) = 0. 27. (—'3,:0), (1, 32). 
25. Bia a X1) = Aty = Y1) = 0. 28. (— 3) 67), (14, = 64). 
26. (v2 — m1) (y — 1) = (Y2 — yi) (@ — M1). 29. (— 8, 81), (2, — 44). 


33.4%—y+2=0; 4e¢—y—2=0. 

34. tan-,28,. 

35. (— 0.2, 1.5), (2.9, 20). 

36. 182. 

37.32 +y=0; 784¢—4y+175=0; 9x -y—-T=0. 


Page 53 (General Exercises) 


38. 16. 43. 62 ft. long. 44, Altitude of cone is 4 radius of sphere, 
. £1A ho, 414 k2 

45. Altitude = 4 /=—; =+/—.- 
itude 943 side of base OT 


46. 2 pieces 8 in. long; 3 pieces 1 in. long. 
47. Side about which rectangle is revolved is 5 in. long; the other side is 


10 in. long. 
48. 2 ft. 
49. _240_ in. . 240 + 60 © in. 
8+7 84+7 
Page 54 (General Exercises) 
51. Each side = 5V2 in. 53. 0.00629. 58. 18.17. 
52. 0.00038. 57. 3%. 59. 1844 cu. in. 


60. 403.83 k, where k is the proportionality factor. 
Page 55 (General Exercises) 


61. 0.09 cu. in. 65. 38.0144; 32.9856. 69. y=27?+32—-— 13. 

62. 7.988 cu. in. 66. 24.0024 sq. in. 70. y¥=16+ 8x —x? — 2, 
63. 0.6. 67. 600 ft. Tl. y=? —4? —4 +1. 
64. 0.66 ft. per sec. 68. 56 ft. 72.y=16+12%—-—~<2'. 


CHAPTER III 
Page 58 (§ 21) 
i, zk, O10, SkOB @o7K08, Geil, GRAB RS “weds EBZIER 


Page 64 (§ 22) 


12. 3. 214. 5. 422, 7. 40194, 9. 14 11. 144 

2. 645. 4. 12. 6. 114. 8. 38 10. 36 12. 134 
Page 66 (§ 23) 

1. 144 ft. 2.1938 it: 3. 205 ft. 
Page 67 (§ 23) 

4,—1<t<2; 104ft. 6. 4 ft. 8. 150,000 z ft.-lb. 


5. 1088 ft. 7. 4500 7 ft.-lb. 9. 12,000 a ft.-lb. 
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Page 70 (§ 24) 
1b, CEE, GEO Gh sy ah 1 epee: Us, Ub pee Ah 
2.217 T. 4.217. 6. 152 T.; 134 T. 8. 2603, Tb T2se Le 1Oe0diese 


Page 71 (§ 24) 


Vik, TH Ah, 12. 1.6 ft. below top side. 
Page 74 (§ 25) od 
1. 64 7 cu. ft. 2. Jee, 
Page 75 (§ 25) 
BE tml Gig 6. 72 cu. in. 8. 12. 10. 16 7. 
128 7 128 128 7 32 T. 
4. 105 te ie 9. ka 11. mie 
5. 16,920 7. 
Page 76 (General Exercises) 
5. oe 8. 57h. 11. 182. 14. 14 ft. 
6. 102, 9. 208. 12. 4 ft. 15. 192 ft. 
7 21a. 10. 574. 13. 322 ft. 16. 642 ft. 
Page 77 (General Exercises) 
eel on Ge 9k 4 F . 
18. 358,5933 7 ft-lb. 22. 3 where k is the proportionality factor. 
19. 35834 a ft.-lb. 23. 2500 ft.-lb. 


20. 27,3334 7 ft.-lb. 
27. 3 wa’, where w is the weight of a cubic unit of the liquid. 


Page 78 (General Exercises) 
28. 625 lb. 
29. 3 wV3, where w is the weight of a cubic foot of water. 
80. Twice as great. 
Gil, SS AN. 
32. 16 w, where w is the weight of a cubic unit of water. 
39. 3414 cu. in. 


Page 79 (General Exercises) 


40.1000 V3cu.in. 43, 162 7. 45. 36 V3. 48. 16. 
41, 1293. 35 46. 18 7. 49. 35.1 7; 18.9 x. 
42. 8.1 1. 44. 6271 3. 47. 8. 
CHAPTER IV 
Page 86 (§ 27) 
l.e?+y?+4x—6y—23=0. 4.54%—8y-—8=0. 
2.27+y?+62%—-8y=0. 0. Sie y= 288s 


8.67—4y+19=0. 
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Page 87 (§ 27) 


6. 36 x2 + 20 y2 = 45. "8. y2=16 2. 10. 22 + y2 =4. 

7.y?—8x+16=0. 9.3"27-—y?+62—9=0. 
Page 88 (§ 28) 

1. (— 2, 5); 4. 2, @ os 28 
Page 89 (§ 28) 

3.38a2—-—2y+4=0. 9. V7. 10. x? + y2—39=0. 
Page 92 (§ 30) 

Ieee tO 3. (3, 0). 5. 44 ft. 7. 252 ft. 

2. (0, 2). ADO) 14), 6. 5 V10 ft. 8.42 V6 in. 

9. y2 +102 —25=0. 10. #2 -—42—-—14y+11=0. 


Page 95 (§ 31) 


1. (45,0); (4,05 Bo Ont Oh he dt 
2. (0, +5); (0, + V21); 2. 6.922 +5 y? —20y—25=0. 
7. 18 x? + 49 y? = 687. 
V2 V2 
3. (+1, 0); (4%, 0) eee 8. 16 x? + 25 y? = 400. 
9 


3822? +4 y2 = 108. 
10. 16 x? + 25 y? = 400. 


+ (Fs), Go), 


Page 99 (§ 32) 
1. (45, 0); (4 V29, 0); 2245y=0; a 
2. (42, 0); (+ V29, 0); 5e+2y=0; a 
3. (0, + V3); (0, + V5); Vix VEy=0; VIB, 
4: (64,0); (E4V2,0)) 924 = 0; V2. 


5. een —- 0); V3e+4V2y=0; Ue 


6. (0, £1); (0, + ¥3); 2ety—0; 05. 
7.20 22716 y2-—60”%+25=0. 9.3 22 —y2=12. 
8. 21 22—4y?2+16y—100=0. 10. 8 x? — y? = 82. 


Page 112 (§ 36) 


LS air 28 oe 8. (a? —1)(x + 2)?(7 2? + 8 x — 3). 
2.10244 2127243. 4. (x —8)(422?-—82—-—7). 


360 ANSWERS 


AED 
16x 1 P 13, ————-- 
ele 9, ————_———. I 
5 +4? (+1) Ve—1 (+28 
6(3 x + 1) (4 +2) 2Q— x? Qxet+2x2-24 
ee ear ene OS ce ne ae 16. ae 
hee (x? + 2)8 (x2 +2)* (a3 —2)8 
babe a, a ) 1 2@aee=l |, 2 
o\ Vat x Vai ' Va? = 2a 22 23 +2)? 
= = 3 
yee ie ee 1» sett SIE a. iq 2 
V302—6x2+1 (9 2 + 4)? V4 — x? 
17. (622 +1424+1)(@?+42"+41)3. 
3 5 
ee $0) = — ee, 0 ee 
(x3 + 3 x?)3 (73? — 3)3 (x8 +3)3 3 22(x + 4 x8)5 
2 15 x? 
——_—<§—§_<—: 21, 
ic (2 —2) Vx? —4 2Ve—1 
Page 114 (§ 37) 
geet ; y 9 - Lae) 
Lay? —oey= 1 Sar yt’ y? 
Vyte—-Vy—2 g yt2. 2yt4 yt. at 
co ee aoa FEE 6. 2 +3’ (x +3)? 10.— =; Re 
Baty 1 2 a 
Stay Loyal (eyale alle — ee 
p= (y — 6) 
4 ee seer 8 2u+y. 0. 
“2y2—-2x-1 “2y—2 
Page 116 (§ 38) 
1.3%+4y—19=0. 8. tan?! 2. LP tanet2- tanec. 14, =; tan-7. 
2.0+2y—2=0. Gos tan seeds : 
3. tan-14. 2 2 15. 2. 
rie eo yy, 10. tan-! 2. 13. tan-!3. 2 
Page 120 (§ 40) 
Lee 81 yee Valo ita. 2.(y—2)? =a; V4i2+4+1. 
3. 5y=6x—2202; V6l — 240¢+ 400 2; (13, 3). 
4. (y —2 x)? = 6252; 20 t? — 200 t + 625; (25, — 75). 
5. (y—2)2? = (4+ 3)?; tV44+98#; (—8, 2). 
6.27 + y2=2; 8 V1—214+2?; (1,1). 
Page 121 (§ 40) 
Vor SiN 2 Cae T = ee 
8, ————=; 5 a. 9. ve 10. y=x tana Tat cont 


Page 124 (§ 41) 


1. 0.2 em. per sec. 3. 0.26 in. per min. 5. 8V 2 ft. per sec. 
9, 20.9 sq. in. per sec. 4. 64 cu. ft. per sec. 6. 4.1 ft. per sec. 
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Page 125 (§ 41) 


7. go in. per min. 


8. Circle; 2 ft. per sec., x = distance of point from wall. 


9. 2.64 ft. per sec. 10. 6.6 ft. per sec. 
11. a Aa ft. per sec., where x is distance of top of ladder and y is 


distance of foot of ladder from base of pyramid. 


Page 127 (§ 42) 
1, 16 “3 v2 ft. 2.12:ft. 3.423=(8y+10)2, 4.224 y9?=13, 


Page 128 (§ 42) 


: e 16 7a? 
5. cy —22+1=0. Tee Sint. eres 10. é 
Aloe 6 oe 15 35 
11. 2591 w, where w is weight of cubic unit of liquid. 125325) ls 
Page 128 (General Exercises) 
1, DEV e = a? 7, reer = a ae 
aVu? — a? y ; f y 
a? Stee oe 
Way + a2?(x% + Vx? + a2)? xe 3 xsys 
224 — 3 a7x? H2 at 9 ice Se Datat 2 
; 2 _ q2)\s ret gee pee 
pee Aide ied Sy 
4, 15 a: eg +a’, Bop) zy 
a 2 3 
yp ——— = 2 OLY 
BE WOR = a 11. y2—axn’ (y2—ax)3 
aed Saal 1, Low. 2w=VEs+y), 
* (a2 — 42)? * Reap” (2 xy — 1)8 
Page 129 (General Exercises) 
37. Circle. 
Page 130 (General Exercises) 
41. A straight line perpendicular to line of centers of circles. 
43. = VA(a1? + 12) +2 Ga +2 Fy +C. 
44.3 22+2ey+3y2—12x%-—12y=0. 49, ny Sx + yi 3y = a3. 
45.322 +2ey+3y?—16x—16y=0. 50. 21°12 + yi” ly = a", 


46. 29x%—3y+16a=0. 
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Page 131 (General Exercises) 


56. tan-! 2. 60. ft 64. y= 222; 2V14+ 642. 
57. tan“! 22. ; : 65. 2.1. : 
a 61. tan! 42, 66. x? — y27 = 9; 1.8. “; 
58. tan-! 4. 5 ; 
ee 62. tan-14. 67. (y—1)? =4(a@—1); +4, 


a. 1.2 
ao ie Sen ae 63. tan-14. 68. (x — 3)2 = 3(y — 2); 3.1. 


Page 132 (General Exercises) 
2 


69. 1< t <3; semicircle; Lapeer FOE 
70. 23 + y3 =1; 31. 

2 2 4 {2 
ripe ie oe ee 


2+ 4’ (#2 +1)? 
72. (© +2)? = (y—1)3; 4 V9t4+4. 
38 - 
73. ——__— ft. per sec., where s is the length of rope between the man 
oa N/e? = A00 
and the boat. 
74. 5.8 mi. per hr.; 28.8 mi. 75. 11.4 mi. per hr. 
eye te nee es 
76. 9x? + 36 y = 4096; 3 peer en 
78. Increasing at rate of 2 in. per sec. 79. 0.06 ft. per min. 


Page 133 (General Exercises) 


80. 0.08 ft. per sec. 82. 0.01 in. per min. 84. 1 in. per sec. 
81. 0.08 ft. per min. 83. 42 sq. in. per min. 

85. eee ft. per sec., where x is the distance the man has crossed. 
86. Sides equal. 88. Breadth = 9 in.; depth = 9 V3 in. 
87. Base = 4 ft.; side = 3 ft. 89. Side of base = twice the depth. 

Page 134 (General Exercises) 
90. Each dimension = 3 ft. 95. 4 in. 
91. Inner dimensions: radius = 2in.; altitude = 4 in. 
92. Radius =3in.; height =6 in. ee 
98. Radius = V30 ft.; length = 2 V30 ft. 97, 26 
94, Each 3 in. eke toa 


98. When the passenger is landed at a point 13 mi. from point of shore 
directly opposite the vessel which is 4 mi. offshore. 


Page 135 (General Exercises) 


99. 8 mi. from point on bank nearest to A. 
100. He should travel 432 mi. on land. 


101. a — 


bm : bn : 
A/ abe ot ml. on land; qm se mi. in water. 
== n? — 


102. 148 hr. later. 
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103. V100 mi. per hr.’ 


104. Speed in still water = 


105. Base = a V3; 
106. 4. 


altitude 


Page 136 (General Exercises) 
110. y — 1 = ky(x — 1), where & is the factor of proportionality. 
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11. x? — 4? = c?. 113. 68 min. 114, 20 sec 115. 4 
32 ma? 
BvAlley. neve . 
116. 214 7 105 
CHAPTER V 
Page 146 (§ 46) 
PESicOs 2s 5. cos? 5 @. 9. + cos® i 
2. sec2 = 6. 3 sin? 4 x cos? ie fe ees, 
ie 3 sec — tan = ah 3 3 
8. 3 sin 6 x. 5 2a 
4. tan 2 x sec? 2 x. Sanemverey ys 11. £2 cos 22 3 
12. 4 ese 2 x(ese 2% — ctn 2 x)?, Se, 
13. 3 cos 6 7 phonon: 
: ; is, — 4. 
14. tant 2. 
8 19, Sec?(w@ — y) + sec?(x + 9) | 
15. sec 2 x tan 2 x(1 + sec 2 x tan 27x). " sec?(a — y) — sec?(x + y) 
16. 6 sec 2 x tan? 2 x. 20. ¥. 
* 
Page 151 (§ 48) 
‘piel Ee gia 2 eta ET Wey) 585 
V1—42? w+4e+8 "1 +a)V2x 
2: sel i aa 9. — ee 16. ioe ee 
aV9x?—4 (2? +2) Va2+1 N/a 
1 2 2 
3. ——_—__—— : 10. — Cae eng 
1—22+22 a +4 Os cuarer ye 
1 4 Near 
— ————————— 1], + 18.4¢V1—<a*. 
(7+1)Va?2+22% 4+ 4? 19 6—2z 
(eas (oo "Va(4 — 28 
xV9ux?—-1 I op ae 9 
1 54 20, — ——— 
——— eee —2)Vx?—44 
(2a+1)V22+2 (a? + 9)? a) 
Vt Boe Tae 
V4 x — 2? x Vx? —4 
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Page 153 (§ 49) 


1. +87 ft. persec.; +87 V3 ft. per sec. 4. 4 ee TH a rad. per sec. 
g, 15, 

a 5. Z rad. per sec. 
8. 4 rad. per sec. 5 


Page 156 (§ 50) 
1. s=4sinZ. 6. —4.V12s —s? — 82; 16(6—s). 9. §. 


2. 28; 10. Le eS se sec. 10. 4 V2 ft. 
3.20; 4. 8. 5 ft.; 2 msec. 11. 2 1 V3 sec. 
Page 158 (§ 51) ; 
bsing A = -19. 
peer ry Oe a 
Page 161 (§ 52) 
1, Saves, ees 7 ae 
_ rea teni 8. 2a. 
7 7 . axy)s. 
cle ¢ 1217 9. 4V2. 
aye 
Page 162 (§ 53) 
jee EN SUG 7. 
Bean Ges 5. 4 6 
fia +4a 
3. 27. 6. (16 +8 V2 —8 3 V2). ut mati. 
9 7(8— 7). m(8+7) 
; pe 2 
10. oe where w = weight of cubic unit of water. 
Page 163 (General Exercises) 
—s2asini4 we 5. etn 3 (ese 5 — etm 5): 
1b ” 7 4 2 
2: oo a 65-4 costae: 
7. ax? sin ax. 
3. 9 cos?3 x —6cos3 a. g, cos 2 x 
4. 8 cos?2 x sin 4 x cos 6 x. “cos 2 y° 
9. 4. 13. 17, Le 
x ; a? —1) Vx? —2 1+ x6 
10. ——_—. r 16 ee 
14, -- _—________... 3 
Ce OEE. (eb 1)\V/eieom (4 — x2)3 
11. — eae 9 19, Jo = = yy), 
x 15. — ————"————. x(1 + %? + y?) 
2 
12. 2 (w+2)Va2+4a 90, UY. 


2V922—4 16. 16 x sin-12 2. | yt & 
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Page 164 (General Exercises) 


35. k Va? sin? kt + b2 cos? kt, 39. 5 m sec. 43 16 wee 
36. 24 ft. 40. 40 ft. Ute pie 
5 Sar 5} mw? +1)? 
87. V84; 5 e + tan aE 41. 20 V3 ft: per sec, 44 tir. 
ath iS ee 42. 60 ft.; 60min. 45.24 V3. 
Page 165 (General Exercises) 
ag, (+b)? 4g, 18. V13 
2 ab V2 3 
47. 2(1 + cos? o)?; x2 =4(1—y). 49, 22. 
IE Sigh ie é 2 
51. “9 ‘mi. per min. 
52. (bsin 6+ es times angular velocity of AB, where 
Va2 — b2 sin? 6 


6 = angle CAB. 
63, F204 WB a1; V9sin?1 +4 cos*i; when t= (2h +1) 5. 


64. —¥ = 1, 6 see 3 t Vtan23t+4 sec? 3t. 
55.6sin2¢. 56.abd. 5%. 2y=4; 12 V2. 58.2y2?=(2—-2)%; V34- 


Page 166 (General Exercises) 
595 471 2 (2 —4y))s (6s 60. 0. 
61. 13 cos 6 sq. ft. per sec.; increasing if 0 << 0< ae 


decreasing if e <i) Kay 
62. oe 63. a 64. 5 V15 ft. 66. V2 ft. 
67. At an angle tan-!k with the ground. 
Page 167 (General Exercises) 


68. 16 in. 72. tan-12 V2. 77, tan-1 24 V3 —1). 
69. 5 V5 ft. 73. tan! 4, oe V3 44 
83 (AO setanmeouN os V3 
SO oe a (oa tanee es retanes 4: V2. 78. tan” ; a me 
Gils BY S/S} THR 76. tan-!2; tan7!-s. 
CHAPTER VI 
Page 174 (§ 56) 
2 ie 2e+6 . 
1. Se, See in aaa. rere ea) 
Fs ze In a gant 20-4 


2.3 (2 —@), “1+2? : 202+8a+9 
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3a — @ ~3v 17. 2 sec* x. 

igi Ss 11 octet Se). . 

x?— 16 eo7 Re 1 ‘ 

1 12. e-37(2 cos2x—8sin2 2). 18. PV ey 

sae Ne es 

8. Vo+9 13. — tan“! x. (ene 
14. 4 x7e?7. | are 
5 aps x+ ary erty 

9, ==. 15. 10 e3* cos x. 

V25 2? +1 gee ne 90 1—y(e+y). 

10. 4 esc 2 x. “et +e “ax(a+y)—-1 
Page 175 (§ 57) 
. (3 In 5) ft. h _h 
7 as = - 6. area —e ah 
3.5 =3 el" 7. 3(27 — 36 In 2). 
sane 5 2h 2h 

4.1 (f= 1), g, 7a? (oa = i) + rah, 

a 
5. 4 In 2. 9. 7(18 + 16 In 2). 

Page 177 (§ 58) 
xe 

1. y=6e8. 2. y = 54.8 €0.012, 3. y = 8 60-352, 4. $448, 


5. P = 10,000 e9-93!‘, where P is the population at any time t. 
6. C = 0.01 e-9-937!, where C is the concentration at any time f. 


7. 90 sec. 
Page 181 (§ 59) 
1. y = 0.62 x — 0.76. Jal 000017 1D: 
Page 182 (§ 59) 
3.4 = 0.30(2.7) =. 5. a = 0.0000000048 13-98, 
4. c= 0.010(0.84)*. 6. pvi-35 = 10. 
Page 182 (General Exercises) 
1 4 2 eb 
1. ———_.- 5 SSS 5. é 8. a tan? ax. 
1+ 3: Vien +1 le 9 ee 
2. st 4. eee 6. (In 2 x)?. 10. 3sec 13%. 
1-4! 49 x? —9 Wapenvanins Ae 
Page 183 (General Exercises) 
25. V2 e!. 9g, 1010 $l. y= ax". 
z 3 9\f3 Pons oleh. BPs Gri) = (0 
a6, @2+1)?, 8V3_ 33. 38 — 6 In3. 
¥ 99, (1+46?)?. 34. 1(42 — 40 In$). 
27. 8a. ; 8e 35. 1.24. 
Page 184 (General Exercises) 
36. 16.5 hr. 39. p = 0.018 t + 24. 
37. 1090 sec. 40. Load = 190 — 6.5 length. 
38. p = 14.7 e-0.00004h, 41, s = 25(0.40)'. 


Page 185 (General Exercises) 
42 c=0.010(0.83)'. 43.t=0.1V1. 44.1=0.023V6. 45. y= 0.402154, 
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: CHAPTER VII 
Page 190 (§ 60) 
14. Origin ; EMS n). 18. r? sin26+4=0. 
19. r = 2 a(cos 6 — sin 6). 


15. Origin; (2 ie as 20. r-+2acos@ =0. 
16. Origin; (2, 0). 21. r? = a? cos 2 0. 


22.4 =a. 
17. Origin ; 2. aus ony 
rigin (+4 ) (4% 4 Neer oe a) 
(+3 a “Tr: 24. xt + x?y? = a?y?, 
2 4 25. (x? + y?)? = 4 a2ax?y2, 
Page 192 (§ 61) 
1. rsind=a. Pei k sacs k é 
2. r cos (@—a) =a. 1 — cos @’ 1+ cos0 
8.7 12a sin O- 
Page 193 (§ 61) 
Kee Crs a : 7. 75,000,000 mi., or 25,000,000 mi, 
im a2eecosg | 62 cos 0 8. 1.2 million mi., or 4.8 million mi. 
Page 196 (§ 62) 
1. 0. 4 At a “i 
= =] =. Slee ot 2 ae 3 —1(—1),. 
2. 7 — tan WE 3. tan 2° 9 4.035 5.6 tan-!(— 4).; 
Page 197 (§ 63) 
3 1a? 
1. 2 a?. 3. our Lys UIE sip on Liles 
ma? 4, 597, g, 37a? | 8. 40 7. 
“an a? 4 9. 7 + 16. 
10.47—-8V3 ,. 8474+3V3_ 
3 ¢ 38 
Page 198 (General Exercises) 
15. (CEE ay (bs 82 a), 20. Origin ; (+24 t): 
Z 4 2 4 4 
_ 2asin26 
16. Origin; a, +2). Dh eer 
oe ate i 22. r=a ctn 6. 
17. Origin ; Ge sin~! =)" 23. (x2 + y?2)2 —4 aay =0. 
Ve Spar 24. (x? a y? — ax)? = a?(~? + y?), 
boos 7 T 
18. Origin ; ee x); (22,52) 26. 0; a tan“! 2, 
19. Origin; (= tan"! 2) av. =; 2 
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Page 199 (General Exercises) 


28. re 29.0; 2; tan13 V3. 
6 
80. r = ce*, where k is the tangent of pe angle at which the curve inter« 
sects a radius vector. 


31. 72 =2(0 + 2). 33.2 a7. 35. 2.07; 
of. nO — 1b) = Ie Ca (8 — m)a? 
34. ek ame 36. * a 


CHAPTER VIII 
Page 205 (§ oe 


Lite+e+e+- 4. 2 ee rere 
Ane ata Ba ee 
8.04 Soe et Jai ee a ae 

geet 

8.1—2 nT ae. 4 

9.442°.2 425. 2" = + 

As ghee 
10 Deeg oe 
M1. 145-02 7-4 ‘4553 et. : 


Page 207 (§ 66) 
ib aE +(@—5)4+& oe 5), oa |, 


3! 
Le @—1 ev @= 1)? es 
aos we age aoe 
i 3 T il 2 /3 3 
6h ede SS pS eS pe EN a ES i owe 
2 > (# 4 an 4 Tee art : 


4. Kipmwranee ea! 


P| 
6.2 af? gildina as eee oD 
me =. 4 ioe 12 7 
pvifisect seat Nanms,, 


8. V8 44 (a— 5 | 4 4v8( =e 40 (oS a\) eee 
3 *3) aos \ lee niga 


i j 2 
9a in? eal A 2 foe eee 
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Page 209 (§ 67) 
1. 0.0523. 3. 0.4695. * 5. 0.8746. 
2. 0.9781. 4. 0.6947. 6. 1.6487." 


Page 210 (General Exercises) 


3 5 7 
SS ae ..). 
i are 
2145428 Oey... 
eee 
dee f-28 135 
7S 5? 4 
Pi ee age mor AGe 
We 1 3s 1686 
Sepa yt ee is 
PORE GRE Oh AO.cdeG 
6 (0) 
1 3 eres 
1O0te ee! 1 8 | ae 
ou due io aang 
3 4 
Cy ae 
+2 3 rae 


14. 1.2214. 16. 0.0875. 18. 0.40547. 


15. 0.5736. 17. 0.3643. 19. 0.69315; 1.0986. 21. 0.8473; 1.946. 24. 3.0366, 
3 5 vé 
PS 5g ut OC a 
—30n * BD TT) 
x3 x Ol 
Cee Gol) 6 Tia) 
iL ae, Woes gt, ihosjouy Gee... 
oo Word 700 ech 6 10 se 
CHAPTER IX 
Page 214 (§ 68) 

1.524423 27y? + 92; ted ie cy 

2x3y+4 ry? —5 yt. (w—y)? ay’ 

ye aye eye ae cy 
0G? =a)? (G2 — 27)? (G@—y)? 2—-y 
Cpa ede aed x x? sin ¥ — y? cos ¥ 

ipa I sb ar ". eu x “Ne 
4 y : L ; xy 

V1 —x?y2 V1 —x?y? +| y? cos ¥ — x? sin 4 
Pp tac (ease ee ee PS 

Ley) y(e2 7) xy? 


———__— . 78 1 oss, 


369 
7.3.0042. 9. 3.14. 
8. 0.1823. 10. 2.0801. 
x4 x8 ee 
Ee i ra ea 
2 4 
5.1 = *. 
ORGS 
BltetS+ Ey... 
47 
ge 
°gl2 +e, 


20. 0.22314; 1.6094. 23. 1.9680. 


if y 
8, ————_—;; Go SSS See 
Var ty? (2 +Va0? + y2) Vert y? 
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Page 215 (§ 69) 


2 2 
fee 2.2 e7sin(y— 2). 
ep (y — 2) 


Page 219 (§ 70) 
1. 0.000410299. 2. 1.277; 1.279. 3. — +82 cu.ft. 4. 2;sq.ft. 5.3%. 


2 
| eS se 
(y +22)? 


Page 220 (§ 70) 


6. 0.007. 7. 1735. 8. +i 
Page 227 (§ 72) = 
-—2. Ca 3. 22. 
1 Zz 7) e 
Page 228 (§ 72) 
4. 0.53 sq. in. We Ue 
6. — 0.006. 8. In direction making angle 135° with OX. 


10. In direction making angle (2k +1)m7 + ay with OX. 
Page 2380 (§ 73) 


1 P Lhe 1 1 Sas 
og ater Oe PL Oia aa) 2 
6, L (sin ax — ax cos ax). ee 
oe Bee era 
Page 231 (§ 73) 
9. foe Leet ino (ee 10 es? (an 1 ee 
(a+1)2 : a? 
Page 231 (General Exercises) 
ve ay 2. 0. 13. 0.0325 in. 14.4. 
Page 232 (General Exercises) 
Lhoeee in: 18. 6360 ft. 
16. 9 ft. 19. 0.2887 sq. ft. 
8 V19 20. 17.92 k, where k is the factor of proportionality. 
L7aeleZ2osin 
Page 233 (General Exercises) 
on V6. ay 2.2 ed. in. per sec. 94 il -0, 25. Ags 0 
3° 28. — thts. Ve —1)?+(y—1? Ba 


26. In direction making angle tan-13 with OX; 5k. 
27. — 3(cos 6 + V3 sin ¢); 1. 


28. ma [(2 — ax?) cos ax + 2 ax sin ax — 2]. 
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29. + [(a2e? — 2) sin ax + 2 ax cos ax]. 
Qa: r 
30. + [ee*(aa3 — 8 a%x? + 6 ax — 6) +6). 
a 


31. CUNO. | ace hae 5 PGE ees a))) 


CKa, So 


a+l (a+ 1)? (a + 1)8 
CHAPTER X 
Page 238 (§ 75) 
1224430244. 10. 4 In(8 x + cos 3 2). 
2. 3(x — 2)x3. ‘a eel 
“i 6 xt + 28 a(cos ax — e%*) 
Va 12, - 4. 

2 1 V2" — cos2 2 
Deda: 11S Relat ia es Oe 
6.2 +E peti. 1g In tan ax). 

ek 15. 3 sin? 3 2. 
oe ae ae 16. } sin2(2 x +). 
ae 17. ay(3 sin‘ 5 x — 2 sin®5 x). 
8. 3(x3 + 3)3. 18. 4(3 tan 2 x + tan? 2 2). 
9. 4 In(e?7 — e-27). 19. —i esc?(8 x + 2). 


20. — #,[15 cos(3 x — 1) — 10 cos3(3 x — 1) + 8 cos®(3 x — 1)]. 
Page 242 (§ 76) 


1. 4sin-1 42. Wine 
3 6 «+6 
9. i sin7! tV 10. 12 1 eh 107+3-—- V2 
xe : V29 tent A 
oe tane! 18. tan-!(a + 4). 
Vv V5 eae erie Nea 
ed SNS at V31 
V21 3 15 ila ee yaa 
5. In(x + Vx? + 8). V3 V10 


6.4 In(22+ V4 22 —9). 16. In(w+2+ Vx?+42). 


te nos. 17. Inde +1 +2VEw +22 +2), 
1. 8¢—Vi5 1 A eh, 
5 i= 18. 5 In(x? — 4 aA In 
ta ene ( +2. 
9 _ sin-1 3x—2. Rese ot 22. 
ENS 2 8 6 3 
a cee, 
10. sin-1 2 an 20. — V9 — x? —2 sin ae 


a1. 2 aa 444 V3In(3 2+ V9z? +12). 
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Page 244 (§ 77) 


Le pare fay 4.1 In sin(4 x — 2). 
Ja “x —2). 5. 4 In[sec(2 «+ 4) + tan(2 4+ 4)]. 
38 22. 6. 4 In[ese(3 « — 2) — etn(3 x — 2)], 

j yin ee, 3 7. —tsec(2 —3 72). 


1 ctn(1—3 72). 
Page 245 (§ 77) 


9.8 tan ~- 15. sin 2 x — 4 In(sec2 x + tan 2 #), 
zl 16. 2 + sin £. 
10. 4 esc(2 — 5 2). 2 2 i 
x 
112 — g(42— 5sin “). 17. 55 (42 — 3 sin 5). 
8 5 V9 sin Z 
iQa[tan@e Payee lo Vere 
13. eve eos & 19. — +,(cos52%+5 cos 2). 
2 e 20. 
14, 4(3 x + cos 3 2). 2v2 
Page 246 (§ 78) 
La eee 6. x — 2 In(1 + e?). 2 eee 
: 10. —_— 
i 3 e. 7. — Ecos, IntO’ 11 
3. 4(e67 — e682) 127. 8. etanta_ ll ettbzeat+bs : 
4. In(e? + e-*). etl b(11 + Ine) 
= 9. e7 + c al 
5. In(e* + e-7). e+1 12. — e*. 


Page 249 (§ 79) 
1. Elz a Ve+3—V8 V3 
Ve4+34+V3° 
pA ESE es 
8. £ (e+ 10)V2e+5 +5V6In V2Z+5—V5 V224+5—-V5 


V2a+54V5. 
x ae 
a _———————— 
38V3 — 2? 27(4 42 +9)? 
5, (2.0 ewe = 25 11, (628 — 24) (a3 + 8)% 
75 x3 ‘ 40 . 
g, 2+8_. 19, 42? — 9)? 
Va2+4 were 
Pe Ee 13. VASP) 
4 Zee CAS wae 
§ eee 14, 1528 —2 05 
4Vn2 — 4 135(3 — 22)% 
9. sing 15.2 (Va 44 in Vai +4 —2 
V9 — 22 3 3\ 2 vet 42) 


e+4+2 
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Page 252 (§ 80} 
1 (22a), 


373 


.2 @lnz—1). 


2. 3 (9 x? — 6 w + 2)e37, 8.52°+42sin6x“%+,cos6 x. 
8. x cos! a4 — V1 — 2?. 9. 4(x* — 1)tan“ x — 4,(4? — 3 2), 
4, xtan-1x —iIn(1 + 22). 10. 3(4 2? sec-12 x — V4 x? — 1) 
5. sin 2 — x cos 2. 11. (x? — 2)sin x + 2 x cos x. 
6. 4 (1-222) cos 2a + Fsin 2x. Re ee 
Page 254 (§ 81) 
1.iIn #2(2 2 +8). Fi eee 
9 bi, MoO 1)? eect 
3 (8x%+2)23 aie — al 
8.042 Ge—e. @+2) 
ane Ae ) 720+ m2ete, 
Agee epein(e + 1)(2 2 = 1)? —4 
2 3 8.22 +41n 7189 22 — 4), 
il 5 aH ap al 
9. = In x4(x? — 2 + 2)3 + ~ tan-! . 
2 V7 V7 
1 V3 ca ll 
10-4 = 2 24 V9 tan-1 =. 
3 n(i2¢—1)(402?4+2x2+1)?4+ 1 tan Ve 
Page 257 (§ 82) 
1. 35. 7. In 3. 15. (6 —2 V3). 
2. 3. _ 8. 4(e — 1) 16. 5. 
3. 2V2—1. 9. 1(e? — 1) 17.37 
6 10. $ In 2. ; 
Are fee 18, 2314 
Zz - V3 Va 19. 13844. 
5. eel Sa 20.1 —In2 
ss ise. Q1. 4. 
re 14. 3,(9 V3 — 10 V2). 92. 2(In 2)? -21In2 +3, 
Page 258 (General Exercises) 

4 yal 2, 42-1 
ee Inte 3. — tan“ . 
oa V7 V7 

2 V3 tan-1*.. - 301 
2. 2 In(a? + 8) + V3 tan Ee 4.7 in eter 
2a _22+1 
5. In(@w? + 2 + 3) + —— tan}! —__. 
Vi1i1 Vil 
4 -424+83 
6. In(2 #2? +38a%+ 5) +—=tan™! . 
V31 V31 
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7.41n(6 2? +625) +—S—1 


3 11 = 
8. = In(2 «2 —x +1) + —— tan"! 
4 2V7 


9. sin 
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n O&+3—V39 
4V39 624+3+V39 
4x—1 


Vi 


a ee S 


1 
10. ~-In(27+2+V42?4+ 82-10). 
v2 


1 : 
12. — n(3z2—-1+V922 —62 —3). 
V3 


SEAT VC ee Ge ‘ SA Seen 
18. V322+22+1—2V3In(32+14+V922+62+43) 
149 —Scin =V1—42—52?. 


oO 
15. 26 sin-1 32@=1 __1 Voy ae—3 a3. 


13. 2 in(s 2? +24 x +15) — 


3V3 WT 8 
5V6 ),42+6-V6. 
48 424+64+V6 


17. 3sin%- sin? 2 
3 3 


18. — 2(8 ctn a + ctn? 3): 


19. 2,[8 cos'(2 « + 3) — 5 cos?(2 x + 3)]. 
20. 2.[8 sec5(a + 3) — 5 sec?(x + 3)]. 


91, V2 in V2 cose +1, 23. —ictn3 24-2. 
4 V2 cosx —1 24. sin 2 x. 
22. 2(tan cL ee 2) aes 25. i(sin 4% + cos 42). 
2 2 26. In(ese x — ctn x). 


Page 259 (General bxercises) 


27. i tan 2 x. 35. y(2 23 — 3)(1 + 23)8, 
28. 4(8 cos x — 2 cos? x). Wy ae : x 
: 36. — —=—~_ — sin7! —. 
29. — 4(cos2x%+sin2 2). x V2 
1 (422 + 1)2 
30. 21 —2 ————s 5 
n(x y+ aE, 37 B xe 
31. 3(5 22 —6 "+ 6)(2"+4+3)3. 38. 2(x3 —2)V1 4 23, 
gone Ne ee $002 oe +-sin- 
9x 3(5 — x2)? V5 
33. — & tan"! - - poo a = oS Que paca : 
ae) b(4. a? — 1)3 
34, 4(3 « + 8) (38 x — 2)4. 41, 4(2t — 8) Vat + 4, 
42. + n(3 2 + VOa? +4) — x 


9V922 +4. 
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43, (3x — 9)e’, Ae inG@e 2) ( w+ ty. 
73 a 2a—1 
44. (8 in82—1). 2 
Ye _— 49. In(a + ws(F = ap 
45. > tanta — 7 + - Ina? + 1). os 
0.20+mna?./ 2-3 , 
46. In 2% +3)? , 5 \ 
eee 2 q : ae 
x? 1 Eo Fe ee we TEES wa 
47. +2e+5In@ x —42). e+e+l V3 V3 
52. 4(In 3 — 1). 60. =. 67. NB. 
58. In 2. 4 ae 
54, 34. 61. 3. 68. ‘Aa 
55. =. 62. (4 V2 — 5). 69. 4, (35 — 2-V35). 
8 63, 15 7 + 44 70. 2(9 V2 —7 V3). 
oe ‘2; In 192 ier 
ea) : 71. 3(3 V3 — 1) 
-3in2 + : 64. ——= In3 72. In 3. 
Ee 4(9/3 11). 8 V2 73. 4. 
et a 65. 22,55 14. 7 — 2. 
v2 66. 2485. 75. 3:(5 r —6 V8), 
CHAPTER XI 
Page 270 (§ 86) 
12V3 3 1a? Tas 
1.——. ———. 13. ——. 
5 f 2 15 
2. 4. 8.3(27+3V3). 14. 64 2. 
3. 3 7a?. (5 ikke 4 
4.30—16In4. 10. 3(120 + 9x). 15. Ha, 
aS iltsk, 11 a? (3V3 ) 
ae ai mel: 16. 48 [V3 —In(2+ V3)]. 
Stee ato 3/3. 17. 32. 
Page 271 (§ 86) 
i, BE 20. 2 (87+ 9V3). 
19. 1.40 T. ily SEMEL S WORN IE, 
Page 273 (§ 87) 
1. =", where a is radius of semicircle. 4. 17. 7. 100 .p.m. 
4 ma? 8. 2. 
2. 2a, where a is radius of semicircle. aa 9 2 ka 
Tv se 
3. 22. a ee S 
hag 6 10. 6.93 lb. per sq. in. 
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Page 276 (§ 88) 


2 
1 3 (13 V1 =") i 5, 7a. 8. m(E+*). 


2. 1 V2. 6. 8 a. 9.4 V3. 
3. 3,(229 V229 — 8) ft. : a( A -*) 
4, V2(1 —e-*). 5 to orate 


Page 278 (§ 89) 


1. 2 rah. oe ( 22 
2. 4 12ab. 4, Fa (ee My ) 42 rah 
2h 2h h h 
=) ue. 5. re Ge Puy. —2 7a? e: = o +2 mah. 
6. re [36 V5 —In(9 +4 V5) ]. 8. ee 
7 64 ra 9.4 ra2(2 _ V2). 
ans 10. 4 ra? V2. 
Page 280 (§ 90) 
TLOaS 3. 10662 ft.-lb. 5. 2,700,000 ft.-lb. 
9. ™. 4, Tha, 6. 1178 ft.-Ib. 
“a Te: 


7. 2 kca®, where k is the proportionality factor. 

8. nm (a? + 82), 

9. wak 
R+a 


Page 281 (§ 90) 
10. 1.17 ft.-lb.; 0.97 ft.-Ib. 
Page 284 (§ 91) 
ale + 4¢? = 1)\ 4a 
SL ae ) 4. (xa, ; ). 
5. On axis, distant 2 of radius from base. 


6. On axis of segment, distant 3[2 uae act ial I ae = iy’) from centey’ 
of sphere. 4[3 a?(h2 — hi) — (he? — 3)} 


mi.-lb., where R is the radius of the earth in miles. 


waOn axis, 5 from base. 8. On axis, ae from base. 
9. On axis of solid, distant 2 from base. 
Page 289 (§ 92) 


1. 3, Ma?. 2. 4 Ma?, 3. 4 Ma?, 4.1 Ma?; 4 Mb?, 
5. MWb+3 a). 6. & Ma?, 8.4 M(re? + 71?) 
6(b + a) 7. ty M(a? + 62). 9.4 M(a? + 62). 


Page 290 (§ 92) 
10. 4 Mr?. 11. 2 Ma?. 12. £2 M. 
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Page 292 (§ 93) 


{ee 4, 2keM (1 1 
cle + 1) a \c Ta): 
2kM 
2. ———_.. 2kM es 
eVP +408 6. 5 + Ve + a? —V e+? a7], 
keM 
3. ———_. kM 
(c? + a?)# chy iehec HF 
Page 293 (§ 93) 
7, 3kab—aM_ 9, SkM 
2 b[b? —(b? — a2)?] west 
Page 293 (General Exercises) 
i 10'sing? +: 6. 4 a?, LOMZIS; 
in-l 2_4V2 3 mab 11; og 
2. 12 sin ae 5 "7, <. ss mi—=eZ), 
8 a? 1 ee 40 ce 
3, 5o. “fs mat, 2. -— (et™9 — 1)(e"" ~ 1). 
4, 20h. a 13. s (27 +3V3). 
9. —. 
5. 2 mab. n 14. 16. 
Page 294 (General Exercises) 7 
15. S (8 +r +9V3). 16. ee 


= Vkike, where ki and ke are values for k in the equation y? = kz. 
18. nee Be type Re | 4, 2a Ghat 3 64 V2 


by ans os "105 Nae 
23 32 TT 24. ma3 tan 0. 
5615 25. 438 lb. 
Page 295 (General Exercises) 
26. 7.49 lb. 31. aoe. 33. un 
<- 1440 Ib. Aer 
.125(8 r +9V3)w. ~ ras +3 
aa a(2 7 —4). "6 
Page 296 (General Exercises) 
Z a V3 b3 — q3 
36. 957 lb. per sq. ft. 89.24 (7+12—6V38)- 41.4 oa 
37. 6 a. 
38. 8 12a. 40. 5. 42. 16 a. 


2, rah 


44, ome. 45. 2 mb? + ——— sine, where e is eccentricity of ellipse. 


60,2 wat 4 2 nae haa Vey — 02, 
Aho 
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12 ma? 18 ma? 32 ma? 9k 
._—-: 48, ——_—-. 49, ——_—e 50. ——. 


Page 297 (General Exercises) 


3 ka? Ww beer: 5S) (452.0). 
51. = 55. OR (2 aR — a), where , (te, Aa 
52, 2& R is radius of earth. iy 2 

8a?" 56. 2 rC. 60. On axis of solid, 
pete 5 Saale 57. (0, : seh distant “ from base, 
54. 54,000 zr ft.-lb. 5 6 


Page 298 (General Exercises) 
61. On axis of solid, 64. 4M (re? + 112). 69. 2 kp. 


distant 22 from ‘65. 482 M. c 
. 3M /r25 — 115 70, 24M sin 2. 
smaller base. 66. ite le Oe 
Det fi 
62. 4 Ma’. 67. 42M. 71, 2 (Ver +0 —c). 
63. 32 M. 68. 4223 M. 72. ds oon 


Page 299 (General Exercises) 


78. 8; kM(2 + V2). 75, 2 kM(1 — cosa) 
td af 2(di? + aid2 + a2?) 


CHAPTER XII 
Page 302 (§ 94) 


iepin goa Nila 2); 8. 4(2V2—7). 11 

2. 3. 6. =n 4. 9, 5 : 

3. & —4In 2. 4 712 rae 

(3) TaN Oia 10. a(r — 2). tte 


Page 311 (§ 96) 
1. On axis of segment, ae from vertex. 


2. On axis of quadrant, 4ave2 from center of circle, a being radius of 
circle. 31 
: : wT 1 
3. Intersection of medians. 4. (5 4): 5. (52, 52). 
6. On axis, 4a’ +3 mab + 6 b? 
ey: from base. 


Page 312 (§ 96) 


a. (54, 0). 10. (%, 0). 11, (Seba UND) a(8 m —11'V3) 9), 
16(3 Vide 1) 


ANSWERS 379 


Page 313 (§ 97) 
2. On line of centers, (11 + t2)r2? from center of circle of radius 7. 
11? + 79? 


° ee 
3. On axis of shell, eee from common base of the bounding 
hemispheres. (1? — 1 
4. Middle point of axis. 


Page 314 (§ 97) 

het — hyt 
A(h2? — hy3) 
6. On axis of cone, 2 of distance from vertex to base. 
7. (533, 533), if outer edges of square are taken as OX and OY. 
8 
9 


5. On axis, from base. 


. On axis, 4.9 from corner of square. 
. On axis, 3.98 in. from center of cylinder in direction of larger ball. 
10. On axis, 3.4 ft. from base of pedestal. 


Page 316 (§ 98) 
8. 4 base x altitude. 
4. 8 mab 


ne 4 rab 


» where a is altitude and 6 is base of segment. 


» where a is altitude and 6 is base of segment. 
6. 2 7a2b; 8 mab. 
Page 317 (§ 98) 
7. FO (b +8); m[2ca +2 be +b? + (2c +b) Va? +b? |. 
Ys WOE Ai 
9. mabew, where w is the weight of a cubic unit of the liquid. 
10. a, where w is the weight of a cubic unit of the liquid. 


11. es where a is the altitude and 6 the base of the segment 


and w is the weight of a cubic unit of the liquid. 
12. Increase of cw X area, where w is the weight of a cubic foot of water. 


13. On axis, ae from base, a being radius of semicircle. 
T 


14. On axis, 2a from center of semicircumference, a being the radius. 
1 


Page 319 (§ 99) , oe 
1.223. 2.1(51207—8192). 3.3(18—57). 4. ee 5. = 


6. ee 7. o (152 r+185V3). «8. 3(1792 + 297 7). 


Page 320 (§ 99) 
9. & (333 — 167). 10. 22(20 + 21V3). 
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Page 322 (§ 100) 


1. § Ma?, a being radius 4. 6395.3. 8, 3483. 
of circle. 5. 3; Ma?. 9.4 M (re? + 3 11”). 
2. 1875.6. 6. 44 Ma?, 10. 4 M(rn? + 38 72). 
8. 3751.3. 7. 4536. 
Page 336 (§ 103) : 
1.87. $5; 4. 7. 5. aan. 
Page a (§ 103) 
7, 2a “ 7 7a 8 7a a3 
aS 3 7 — 4). 8. ——. b - 10. — (56-87). 
Page 338 (§ 104) 
1 (g b ‘); 5. On axis of ring, 2 ft. from 
“\a’ 4’ 4 center of shell. 
9 3a 9a 97a a 26a ot). 
erated) 25 r 257 10 
3, (16.4 166 2c 7. (3 Dslr =4)5 Oe EE), 
ig 1b 3 7). 8m(2—V2) 8x(2—V2) 16 
3a 3b 8¢ _3 a?(2 b? — a?) 
—,—), —}- . ’ 0, 3] ]° 
tana, : (0 [be — (0? — a2)8] 
Page 340 (§ 105) 
1. 39 M. 8. + M(a? + b?). , 2a*(15 7 — 26) a4 
2. 4 M(a? + b2). 4,1 M(a? +02). 25(3 7 — 4) 


Page 341 (§ 105) 


6. 2 Ma?. 7. § Ma?, 8. 4 M(b? + c?). 9. 3 M(3 a2 + 2 h?), 
10. 3, M(a? + 4 h?). 11. 2; M(3 a? + 4 h?). 12. 42 Ma?. 


Page 341 (General Exercises) 


1. (3, F). 
9 ee e), a (a a 256 “), 6. (0. 264 
Pe dee 16 3157 3157 (07a saee) 
g, (2+40In2, 73). s. (42, Aad), 7, ( t0ssv2 . 
15 252 387 * \560 +357 . 
Page 342 (General Exercises) 
8. Gears OE 9. (— 2 a(88 + 15 7) , 0), 
w +12 15(16 +97) ’ 
10. On axis of loop, 128 ae from 0 
Tl 
11. On axis of segment, pa ied ks 


San from center 
of circle. 3| na? —2a’sin-! = —2 bVa? — aI 
a 
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. 2a 3 res 
12. On axis, ——+——— from base of triangle and away from semicircle. 
Br +2V3) f 
13. On axis, 4a? +2abV3 +b? from base. 
2(4a+bV3) 
14, On axis, 116 from center of circle. 


32 —37 

15. On axis, LIU Bee eS from center of circumferences. 
3 TT (12? = 1?) 

16. On axis of T-square, 8 in. from bottom. 

17. On axis, 2 we in. from center of original hexagon. 


18. On line through centers of square and circle, ai from center oé 


circle in direction away from center of square. 16 7 — 
2, 


19. On axis, from center of ellipse. 


c 
ab — c? 
20. On axis, 52 in. from corner of original square. 


Page 343 (General Exercises) 


21.42 M. 27. 5 Ma?. 33. 1(1024 — 12 7). 
22. 2,(264 7 —225V3). 28.4. M(n?4+5122). 34. 4(1024 — 12 7), 
23. 4 Mra?. 29. 125 M, 35. 2(1024 — 12 7). 
24. 35 M. 30. 425 M. eo 1B ee ey, 
25. 4 Mra. 31. 52 M. ree ke 
26, A,(681 + + 1792). 32. 125 M. 

Page 344 (General Exercises) 

4 ras 97 32 a? 48 3 mat 
cee © 45.4 7V2. 46." $a Sane 
49, © (8 m +20 — 16V2). i 

15 ra3 _ (8.415 m= 16) 9 a(815 7 — so, 
NOS re ve ( 1097-8) ° 8297-8) 


58. (0, 0, 38). 
Page 345 (General Exercises) 


54. 2M. 60. #;M(3b2+4h2). 65. $8 Ma?. 
55. vs Ma?. 61. Ge 0, to 66. 2 (105 7 + 64V2). 
56. 77. Ey aS 420 
ie os, 820° eto ore ae) 
ue el UE 68. 3 3a? 
5(r23 — 113) (2 av2 hs 2122), . 370%, 
59.4M(4b2+8a?). —“\ 35 ” 64 69. 12 Ma?. 


70. an [(2 ro? + 3 a?) (12? — a2)? — (2 712 +8 a?) (m1? — a?)?]. 


INDEX © 


(The numbers refer to the pages) 


Abscissa, 26 

Acceleration, 10, 18; sign of, 24 

Amplitude, of a wave, 141; of simple 
harmonic motion, 154 

Angle, between straight lines, 35; 
between curves, 114; circular meas- 
ure of, 188; vectorial, 186; between 
curve and radius vector, 195 

Anti-sine, 146 

Approximations, 46 

Are, differential of, 
codrdinates, 193 

Area, derivative of, 56; by summation 
58; element of, 61, 263; in polar 
coérdinates, 196, 264; of an ellipse, 
266; of a surface of revolution, 276, 
316; as a double integral, 402; as 
a double integral in polar coérdinates, 
307 

Asymptotes, defined, 81; 
bola, 98 

Attraction, 290 

Axes of codrdinates, 25 

Axis, of symmetry, 80; of a parabola, 
90; of an ellipse, 94 ; of a hyperbola, 97 


117; in polar 


of a hyper- 


Binomial theorem, 203 


Cardioid, 190 

Cartesian equation, 119 

Cartesian space codrdinates, 323 

Catenary, 171 

Center, of a circle, 87; of an ellipse, 94; 
of a hyperbola, 97 

Center of gravity, in general, 281; of a 
curve, 282; of a solid of revolution, 
282; of a plane area, 309; of a 
composite body, 812; of a solid, 337 

Circle, in rectangular coérdinates, 87; 
as a special case of an ellipse, 95; 
in polar coédrdinates, 191 

Circle of curvature, 159 

Cissoid, 84 


Compound-interest law, 175 

Computation by series, 207 

Cone, 326, 329 

Conics, defined, 100; 
101; special cases, 103 

Constant of integration, 48, 234 

Convergence of series, 200 

Coérdinates, rectangular, 25; polar, 
186; space, 322; cylindrical, 323 

Curvature, 158 

Curve, motion in, 118; parametric rep- 
resentation, 119 

Cycloid, 156 

Cylinders, 324 

Cylindrical coérdinates, 323 


classification. 


Definite integral, 64, 254 

Derivative, 16; of a polynomial, 19; 
sign of, 21; second, 38; partial. 211; 
higher partial, 214 

Derivatives, theorems on, 104 

Differential, 43; total, 216; exact, 220 

Differential coefficient, 43 

Differentiation, 18; of a polynomial, 19; 
formulas for, 111; of an implicit 
function, 112; of trigonometric func- 
tions, 143; of inverse trigonometric 
functions, 148; of exponential and 
logarithmic functions, 172; partial, 
211; of a definite integral, 228 

Directrix of a parabola, 89 

Distance, 84 

Double integrals, 300 


e, 169 

Eccentricity, of an ellipse, 94; 
circle, 95; of a hyperbola, 99 

Element, of area, 61, 263; of pressure, 
265; of volume, 265, 332 

Element of integration, 65, 260 

Ellipse, 92, 100; area of, 266 

Ellipsoid, 328; volume of, 335 

Elliptic paraboloid, 329 


of a 


383 


384 


Equations, roots of, 27; parametric, 119; 
empirical, 177 


Focus, of a parabola, 89; of an ellipse, 
92; of a hyperbola, 95 

Fractions, rational, 252; partial, 252 

Function, 16 

Functions, algebraic, 80; implicit, 112; 
trigonometric, 187; inverse trigono- 
metric, 146; exponential and log- 
arithmic, 168 


Graphs, of polynomials, 25; of trigono- 
metric functions, 140; of algebraic 
functions, 80; of inverse trigonomet- 
ric functions, 146; of logarithmic and 
exponential functions, 171; in polar 
codrdinates, 186 


Hyperbola, 95, 100; rectangular, 83, 99; 
equilateral, 99 
Hypocycloid, four-cusped, 129 


Implicit functions, 112 

Increment, 16, 216 

Infinite limits and integrands, 261 

Indefinite integral, 65, 234 

Infinitesimals, 261 

Infinity, 81 

Integral, 48; definite, 64, 254 ; indefinite, 
65, 234; double, 300 

Integrals, table of, 347 

Integrand, 234; infinite, 261 

Integration, of a polynomial, 48; of a 
power, 125, 235; of trigonometric 
functions, 161, 242; of exponential 
functions, 174, 245; by substitution, 
246; by parts, 250; of rational frac- 
tions, 252; fundamental theorem of, 
260; repeated, 300 

Inverse sine, 146 

Isothermal lines, 226 


Lemniscate, 189 

Length of a plane curve, 273 

Limacon, 188 

Limit, defined, 2; of ont, 139; of 


1—cosh i 
aes 140; of (1+h)”, 169 

Limits, theorems on, 104 

Limits of a definite integral, 65, 254; 
infinite, 261 


INDEX 


Logarithms, 168; common, 169; natu- 
ral, 170 


Maclaurin series, 201 

Maxima and minima, 39 

Mean value, 271 

Measure, circular, 138 

Moment of inertia, 284; polar, 287; of 
a plane area, 285, 317; about parallel 
axes, 320; of a solid, 338 

Motion, in a curve, 118; simple har- 
monic, 153 


Neighborhood of a point, 208 


Ordinate, 26 
Origin, 25, 186 


Pappus theorems, 316 

Parabola, 89, 100; referred to a pair of 
tangents, 129; in polar codrdinates, 
191 

Parabolic segment, 91 

Paraboloid, elliptic, 329 

Parallelism, 34 

Parameter, 119 

Parametric representation, 119 

Partial fractions, 252 

Parts, integration by, 250 

Plane, 380 

Period of simple harmonic motion, 154 

Perpendicularity, 35 

Polar codrdinates, 186 

Polar moment of inertia, 287 

Pole, 186 

Power series, 200 

Pressure, 67, 265, 314 

Projectile, 120 


Radian, 138 

Radius of curvature, 159 

Radius vector, 186 

Rate of change, 12; as a derivative, 
18; related, 121; of function of two 
variables, 223 

Roots of an equation, 27 

Rose of three leaves, 188 


Segment, parabolic, 91 

Series, 200; Maclaurin, 201; Taylor, 205 

Sign, of a derivative, 21; of a velocity, 
23; of an acceleration, 24; of an 
area, 61 


INDEX 


Slope, of a straight line, 29; of a curve, 
81; of a tangent to a curve, 36 

Solid of revolution, 72; volume of, 
72, 315; center of gravity of, 282 

Space codrdinates, 322 

Speed, average, 3; true, 4; as a deriva- 
tive, 18 

Sphere, 327 

Spiral, of Archimedes, 189; logarithmic, 
189 

Straight line, equation of, 33, 34; in 
polar coérdinates, 190 

Straight lines, parallel, 34; perpen- 
dicular, 35; angle between, 35 

Strophoid, 129 

Substitution in integrals, 246 

Summation, 56 

Surface of revolution, area of, 276, 316; 
equation of, 325 

Surfaces, 324 

Symmetry, axis of, 80 


385 


Table of integrals, 347 

Tangent line to a curve, 36, 114 
Taylor series, 205 
Trigonometry, formulas of, 187 
Trochoid, 158 

Turning-points, 31, 39 


Value, mean, 271 

Vector, radius, 186 

Velocity, defined, 22; distinguished 
from speed, 23; sign of, 23; in a 
curve, 118; angular, 151; linear, 152 

Vertex, of a parabola, 90; of an ellipse, 
94; of a hyperbola, 97 

Volume, of solid with parallel bases, 71, 
265; of a solid of revolution, 72, 315; 
of any solid, 332; of an ellipsoid, 335 


Wave length, 141 
Witch, 129 
Work, 279 
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